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PRKFA.OE l)K L’liDlTELIE 


Lcs volumes 22 ot 23 do la promiiro s<5i‘ic dc la eolleotioii Lkoniiaiidi t 

nia raascmblont Ics divers mcmoirea d’KuriETi traitaiiL plus particulicromonl 
)blcines relatifa aiix dqiialiona diftdi'eiil.iellcs el aux dquations aux ddrivdos parti 

0 partio dcs questions traitdca dans ccs mcmoiros sont oxposcoa, sons uno fornn 
idral dilTdi'ente, dans Ics tiois volumes dea I nsliluiiones calcidi hitegrali.'i. D’m 
3.sbiona iniportantos relatives aux inemos eujets no sont exposeos quo dana le Cah 
zgralis. 

En 1720, loraquo paraissenfc les jnciniors Irnvaux d’JOL'i/KH, Ics eaa d’intdgnil 
I’dquafcinn do Biccati vonaionb d’olro publida, la mdthodo do la sdparalion clcs vavio 
tdgialion do I’dquation lioinogduo du promior ordre, dol’dcjimtion lindairc, do I’dqiu 
Brrn’odlli, roiuploi, dans cortains cas partienliors, d’un factoui’ intdgi’ant on n 
jatour, dtaiont connua, ainsi quo, pour les dqualiom dilTdronUolles d’ovdvo supdv 

1 ons do rdduotion au premiov ordro ot I’intdgration do cortuinoa dquations lindaii 
mpoflsibilitd d’exprimor par dcs fonotions usuclles loutos les quaclraturua, j 
uti’d q\i’on no pouvait, quo dans dea cos trda particulioi R, obtoniv rinldgrixUou oxp 
I dquations diffdi'GntioUoa au inoycn do fonctions oonniios. Los rdsullats acquis 
ttaiont encore d’esperer quo Ton pourrait obtonir cotto integration par dos quadrat 

Los travaux d’EuLER out apportd uno contribution iniportanto a rintdgralioi 
mtions diH'drentiolles, inais ils parnissent avoir surtout uno imporfcanoo historiqi 
:oriquo. Eartant, en effot do solutions on do proeddds oniployds dans des ous 
•ticuliors, JUuleu on a ddgagd dos mdthodos gdudralos d’intdgration. II est dvidenl 
n’ost qu’on raison do la stdrilitd relative do ccs indfchodcs, quo, bion avant do poi 
ddmontror, on a adinis Vimpoasibilitd d’intdgrer los dquations diffdrontiolles pai 
idraturos. Le nombre restreint do oas d’intdgrabilitd nouveaux, obtonus par ]’( 

1) Voir, par oxomplo, pour cea questions: Encyclopedic des Scicncea mathimaliq^^ef^, 

'J\ II. vol. 3 p. 64. Paris et Leipzig 1010. 


ffiuinis^.snnt (.I’ijUt'gmtioii «ffe«tivo fjuc dans dcs o;i8 encore ])liis jiarticul 

nans le nic^inoite 10 (d’ftpr^s Ich mimoios (l’l'’i\cstriim) ]Ci;rnvU indie 
ens dc loduction freqnations du deuxiemc ordre an prenuer ordre. C'c; 
eli'iHjdqucs. 

Une Hcrie de inenioircs Mint eonsiicrcs a lu indthodo appelde })ai' Em 
pf'inpituliaLurn (:in’vanini“.C'on<hiit fortuitcnient, ain^i qu’il I’indicjiie dan? 
a hi re|)r{?sentation d’nne Kolution y(:r) d'nnc (Viuation din'dvcnLiollc 
i(\t(':gMdc (U'linio dans hiqucUo x (iguvo coimnc paiainclrc, a clicrcl 

ploi sVKtcmaliipic dc cc mode dc roprdnetitiition, dont il ])arnit avoir I 
roxemplc, ct doiit- Ics applicalionft bieti coinmcs out etd faites, eu particul 
(Jaiss, I'iL'i.iiR omploie cottc nietliodo dc deux manieres c 

le ni^inoiro UP), et dan8 le chapilrc XJ dc la partie. clii 2“ volume du Ct 
il ohtienl d’abord la solution considdido sous fonne <lo scric ct dvahie c 
do cettc s(^i'io an inoyon d’lmc in(6gmle dc I'cspccc indiipu'^e. Eumcu a 
une lu^thodo plus dirccU*. cn fornmnt IcipinLion dilTcrentielle vcrilido ]) 
dellnio douudu. dans laquellc x figure coiuino pai’ain6tic. C'cttc ?u6lliodo 
IcH nu^inoircs 44 ot 45, appliquec cnsulto dans 70, 274 ninsi que dans I 
ia If*’ pai'tio du 2*^ voluino du Cftknhs inleyredis. 

On pout raltaehor an mCmo ordic d’idt'os (dotonnination d’uno foi 
<l’op6mtionR douncca olTectiu^cs sur unc courbe) corlnins dcs rdsiiltata 
oil ICuLKTi doimc dos m<5llu»dos grapIii(|uos pour rintijgratioii dc certaine 
partioulicr <le I’dqualion dc Ricoati. 

[ilui.KR a doniu! un <l6voloppcnient imjiortant an piocddd du multiplici 
unn veritable inelliodo d’mtegration. Lcs mdmolre.s 200, 430 sent com 
do cetto nuitliodo pour I’intcgration des equations du premier ordre. L( 
420, 431, 700 traitent do son omploi pour les equations du douxieme a 
qiii ost, on grande rcpi-oduit dans Ics chapitres U ot 111 do la 2’"® s 
lutno du CUdculM inieymlis, nous trouvons un oxpoad ooinplot do I'inldgrat 
usiiclles du premior ordic, la plupart dos rdsnltats (5nonrcs ot dcs exoin 
rentes dans I’cnaoignoinont. 

Euler omploie ^galemont dc doux futons difTdrontes la mdthode d' 
Oil bien, partant d’uno equation difi'drcntiollo donndo, il chorolio a la i 

1) Voir la note do la |mgo 10. 

2) 1.0 ni6nioiio 11, reJatif h in mOnio quostioii, un fait qn’finoneoi- Ich i'6aultJ 


.si (l^coiivorts Hont’ rclatifw a cles (‘qiiations do fcinnoH as.so/ jmi ticiili^ros, inai« i’iin 
cc (le cctto notion dc inultiplunitour cT cto neUcinoit niontrco pai' I'Jofnni. T1 a 
r, (3n olfet, connnont. par Hon oinpioi, on lelmuvc Ioiik Io.s cns d’intc^grabiiilo con 
mnont la eonnai.ssance (run niultiplicalcur pennet- d'abai.ssor d’lino unit(5 ToKlrc (b 
infion et ooinnionl la connainsance do doiix niultiplicalcurs pour uno ('■qualiori 
ond or(li(! poianet do ramonor .son int(.%mt-ion ii dcs quadratures, 
f.o.s tncimoirch f)9o (it 7 j) 1, niontrent par doiix nu^thodos dillorontos, comnionl I’em 
fractions oontinucs ponnct d’ohfenir, pour n quolconquo, rint(5gration do rdqua 

KK-’OATI 

-j- ay^ — a ot h constanls 

d’on (Idduirc to\i.s Ioh ona oii I’int^gralo K’oxpriine on torinos finis. 

Dans lo.s ni<5nu)iro.s do ces volumes 22 ot 2:^ Kulkii ornploio frt^qucniinont des h( 5 
is jo n’ai pu rclovcr do ca.s oil une sdric aoif. donne^o eonimo roxprossion ddfinitivo d 
ution d’unc dquation (lifr(SrenlielIo. Ou bicn, conime nous I’avons d(^ja indiqiuJ, la t 
un internn^diaire oonduisant a uno autro cxprc-ssion do la solution considdrdc, ou I 
nmo dans 2H«1, Kulku indiquo oxplioitomont qu’il ii’utiiiso Ics ddvoloppoiucnts 
iM Ion cas criut(5grabilii6 oi'i lo noiubrc do loin's lorinos o.st (ini. 

Co n’OHt pas la, du losto un priiunpo con.st-ant ciui/, JOuLiiU, oai‘ ii s’on (•carlo dan 
ipitres VII ct VITI do la. proini^'ro partio du douxiomo voluino du Calouhtxt iuleg. 
bli(5 poatdriouroincnt a 284. 

L'applioation dcs miSthodos pireddentos a conduit lilui.KU a divors oas d'inl(^gralj 
Livoaux, uusai bicn cpi’a d’ol<5gautOH ddmoiwtrations dc can d’iutcjgrabilitiS oou 
,ous los divovues csp^cos d’liquations qu’il a lo plus freiiuemmont conHiddrdoK. 
!j’6quation (1) diuiB Ics mdmoives 11, 31, ol, 70, 05, 2G0, 284, 505, 751. 

Ocs (Equations dc IIk'.Oati do la form© g(5i\6rulc 

■' 'i' ='■ 

nfl left m^moires 51, 70, 95, 255, 259, 578, 734. J/6quation 

y£'^' 


na IcH mdmoiroa 209 ot 430. 


(«x2 + fir + c)d^y + {lx + g)dxdy + kydx^ = 0 


dans les nuradros 95, 274, 284, 431, C77, 078, cn vuolo plus souvont d’oi 
Tintdgration des Equations do Ricoati. 

Nona STons laissd de «6t6 dnns co qui pr(^cc<Io lea nidmoirea rola 
dee dquationa liiidnives d’orclro quolconquo. Dans le m(^nioiie 720 Jilu 
Ton a int^gr6 I’adjointo do T-.aoiiange d’uno equation difTeiontiollo 
qnolconqao Vly] 0, la solution de Vdquation lin^aii'C non hoinogfeiu 
tiont par des quadratures. 

Les ui6moirc3 02 et 188 oxposont. les n\6thodcb d’iuUgration des 
t\ coefficients constants: lo picmior pour les dquations honiog6nes, 
equations avco second wembvo. Cc dci’iiLcv cas e.st oncoro traite clans 
m^moire 680, oii Eulku dtudic les equations do LaOuanoe ct cortai 
do CCS Equations. Antdrioureinenl, dan.s 230, I’dtude dos equations d 
solutions 8inguli6rc5 avnit dl6 aborddo sur des oxomplca d’un caract6 
iLes forinulcs i’cnconti(5cs clans I’intdgratiou dos dquations lindaii 
ont conduit Euler a dtudior daiw 670 les transforniutiona des expj 


W X i9.T 

qdx \ rdx 
0 do 


t*x f»a 

\sdx \tdx 
♦Jo Jo 


renformant un noiubro quelconquo do signes d’intdgi'abions suporposd 
dtant dos fonotions donndcs do x. 

En particulior pour f = q = r = ... = s = i I’oxprcssion ost 6 
des tonnes contenant chocun un soul signe eVintdgration. La formu 
6t6 omploy6o dans lo m6moii*e 681 donb lo titro indique rintdgrabi 
dinV^i'ontiollo d’ordro frnotionnairo. Kuleu n’a pu, faute de notations ( 
dans toute sa g6n6valit4 la formulo qn'il obtient, qui n’est autre q 
coiinu : 

?/ = W.x- — z)'^-'^X{z)dz 
Jo 

vopT6sento, si g est un entior, uno Bolution de l’6quation 


ir q entier. 

Dca problemos relatifa a la rcctincation tloa courbes ct on partioulier lo probl 
it6 par J. Bkunoulli ot Hkrmank do la rccliorclio de couvbos algdbriqucb rcctifia 
. conduit Eulek a dtudicr dana Ics mdmoires 48, 246, 622, 060, 770 des (pications d’l 
3 inddtcimiudo. Lea questions traitdes duns cca tudmoircs routrent dans lo piobl 
idrulsuivant: Etant donndesun certain nombrodefonotionsP {a:, ?y), , 5(.'i 

blir entro x ot i/ unc relation lollo quo lea intdgralea j P{x,y)(lx, jQ(x,y)dx, 
{x,y)dx s’cxpriment simultandmont au moyen do quadvutuves denudes on, comino 
■tioiilior, soiont intdgrablea. 

Euler applique notamnient sea mdthoclcH A la rochorclie do oourbca jcotifiables 
it les ares aatiafont a certahios conditions. 

On pout rnttachor on jjartio a I’analyac inddtorniindc ot cn partio aux applicat 
la Ihdoi'ie du inultiplicateur lo numdro 85fi, oh il s’agit do trouver uno oourbo ta 
one pour un inouvcmont dans un iniliou rdsisUint. Lo piobldnio traitd dans 784, con 
»bl6me d’analyso inddtennindo, pout 6tro ramond a rintdgration d’lino dquation lind 
< ddiivdcs pai'tiollea du promior ordro. 

Lo indnioiro 322 est on majeuro partio consaerd a des considdrations Kur lea prino 
I’Analyao ot I’eniploi do.s fonotioiiB discontinues, maia uno intdgi’ation d’dquation 
ivdoa partiollos traildc dnna hos dornidres pages, lo rattaclio aux mdnioiros ooiisa 
• Euler a oos dquations ot dont il nous resto h parlor. Dans 286, do noinbroux 
itdgiatioii d’dquationH aux ddvivdcH particUoa du prennov ovdro wont traitds. 

Eui.er n’dtablit pas do indthodo gdndrnlo d’intdgmtion, il so sort do Tinldgra 
’ parties, ot do la roninvquo auivanto: Vix,y)dU n’est intdgrablo quo si V est fono 
V. On ne pout qu’admirov avco quoUo habiloM, par des artificcB assez divors, il rdi 
ntdgi'cr la phipart des dquations quo nous savons intdgror. Los oalouls auxquo 
3utit, sont cn gendral oeux qui rdsultent do la ixjcliorcho d’uno intdgralo oompldto 
proeddds classiquos. Los mdmoives quo nous n’avons pas oncoro oitds tvaitont do Vi 
.tion do cortaines classes d’dquations aux ddrivdes partiollos du second ordro ou d’o 
idrieur. Etudiant dans 319 I’dquation 

dp ^ X X* ^ 

T.Eii on montro Ics analogies avco I’dquation do Riooati, dans la rochorcho dos 
ntdgrubilitd. Le mdmoire 737 contiont uno thdorie gdndralo do I’oraploi des ohangem 


piobl6n-ic acs eordts vihrantes traite egulcmonl duns .im. 

I.es uicinoire.s VZl ct 785 (Iniincnt 1’iiil.t'grnt.iun omplMo .Ic rnt.viUf; 
lionH linoaiirs aux dcrivcc-s imrlielles trordvc (luclcosupu-, uuus d.‘ fonur. I 
Enfin. tliins 711, Kuixa u cherclie it dtomlio mix (’(]iiafi(iiis Iniciiii 
IHUlieilos a cocflicientH constaiils .su nitHluKlc (rinlogmli.m niualiu 
lincaii-cs a coeffieionls cnns.tant:s. 11 uUUcsit aiiw, dans nMlains ans, I n 
do CCS cfinatiuiis. Uea ramniiiemcnis oinployos mamiuoiil imrfoi.H dt' l igi 
II sci iiit injuslt' do lepmehcr ii d'otm rosU^ iulolo mix linUiUn 

daiia certains niisuaneinents cl de no pns avoiv toujouvs dniuu- a i Oiix-oi I 
aujouicnuu. CcH luibiUuIe.s cl-aienl lout a fait, dims la nuluro dos olmno.^ 


pour lo dcvclnppojncnt do VAiiidyse. 

On comprendrrtii nnd q«c, pliiws dcvanl ['immense dmnaino i[im It 
methodes uauvclles, los nnUhemiUitncns ilii iK'"*' siocle mi lion dox|i 
coinme il.s I’onL fiut, cos regioiif incoimucs sc IiismomI tout irnlmid noeup 
theories prelinhnaivCH pouv lours etudes. L'oxploialum du elinnip mnivea 
lyse poviuettait .'ionlc do (Idtecniiiicr (piolle.s seniieiif. Ich (lirnrioH idiloH el U 
il couviondi'iiit do Ics dovolopper. An roslo, eo n’ost gnero ipm dans low ip 
viouneni dcs series quo Ttui truuvo cUo/ IClii.v'.u ties luiMiunoinonls tlin 
du proloiigoincnt uiialyliipio linpHcilcmunl ndnuHO pur I'iUJ-nu fiminil. i 
in juKtilicntioii dos inductions hardie.s ipio Ton Toncontro dans enrlains 
Si ciuo\(pies vaisonnomonls d’Kv'i.vut )inviUKHetd lnctm\)iUUH, eelu h 
quo coitaliics l'a(,;uns dc rnisoimor, pmi iiHiL(ics aiijniinrinii, elnioiit 
siticlc, quo )c» aulour.s aeaient lieu da uroiro quo loa nUHnnnomonla si 
fnoilomeut votublis }«»»• Ics Icedoum. de u’ai pn volcver anoun can nil uuo uf!i 
.suit on ddfniit, lai>!qn’jl indkpio dans Jo eoui’s d’un raisnnMonioid. {{u’l 
ncccssairo snii.slc ddmontror. Souvont, bion (iiui, ni soh l•^UKonnol^onla, t 
n’iudiqucnl lu soUitiou tvoiiv^o d’un prohle.me. ooimue la sululitm la 
l)Out conHlalcr qu’il a bicu oblemi coUc solution gthuValo. Kui.i-iii a 
cRi-tnines nsseitions fondles sur dos raisonncinonlH ipi’i! avail donih'*: 
memo tomps leur lutmquo <lc riguour. 

[yC rapidc expoad qni pi'cccdo pennot a [icino do vnii' (piello est I< 
biemes abordcs pai- Eulku chins oc soul doinainc doa dqualioiiH dill 
equations aux ddrivdes partioUcs. Dans la pliipavl dos oas, on bion Eui.v 
a nbordor lea prohldmcs qu’il traitc, ou bion il on a donnd doa solnUon 
nidmoiroa do cos deux vohnneB soflisont a oux souls pour donnor ini 
progrds qui sent dus a JEuler, aoit dans los notations, soil dans los \\\( 


isi HO rciulre coinpte de la gnuide importanco dc sen tiavaux dans I’dlaboration 
os thdofies relatives aux Equations (UirdroiitiolloA ct aux (5quatiouH aux cl(5i'ivdus 


lo 10 juin 1024. 


H. Dulac. 
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Coiiiinc'iitarii ftwulomian Hoichtlarum reli-«)|i{)lilrttiiio (I72H), I7H2, p. 121— 1!{7 


]. Quando ad acqaationca din.'oroiiUales sccundi vol alLioria ciiii 
\m pcvYoaiiuit anal^'tao, in iin vcBolvemUH diqdiui }nodi> voranniur. 
liniiifc, an in prointu ait can intograro; id Hi fuorit, obUnuormit/, 
deiubaut. Cum autcni intogratio vcl ])rorRii.s iinpoHaibilia, vol Halioir 
ir vid(5tui‘, cojuuiLur oaa ad diiYoi*cutinlo.s ])rjini gratUis roducuro; ( 
luibna facnlius iudicaii polCBl-, an oonstrni qiioant, nullaoqno ncqiui 
ivouUalos, nisi pi-iiv\i gi'acUm, adlnic <*.oguitiH mctbodlK conBti’ui jy 
)d ad illud attinet, do eo hue diHsortationo explioaro non oHt propo.' 
modo autcin acqnationos dllVorciU-ialcs altioruin graduiiin praeaertij 
indi ad din'ci’cnlialcs priini gradna Hint roducondao, inothodnin (pu 
uc iniiBitatam, ct quae latisHiino j)atot, in setjuenlibuB .sum expositu 

2. Iain quidem saopenumoro Mathcinalioi, cpuiudo acqiialiouos 
lalca scciindi vol altioRuin graduiiiu ooeun’orunt, oas ad difloi'oi 
111 gradus I’cdiixei'unL, atquc doindo constrnxornnt; qucinadinodiiiu 
} in constrnctioniJjus oatonariac, eIa.stioao, proioctoriao in niedk 
quo reaistenti pluriuinquc aliariiin cuvvarum, qunrum aoqnationen 
irontialea secinidi vol toitii gradus aunt inventao. Ploraequc quidom 
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(Ua'crontifiles prinii gradiis Iiioranl iMiruii i ■ 

ratio ita cat cumpamla, ut vcl utnuiuo naltcu aK.'mti 
ipaa dosifc, cavum ciuavo diircrotiitlilam <.t 
tioncs taiifcinn iiigrcdiontiliiiH. 


3. Siautcin in aoqiiiitionc (lilTcronlio-dilltMontmli alli'nii 
caret, facile cat eiun ad sinii>Iicitoi‘ dilViMeiitialcin rcdiu'cir. ^ 
difforontiaHa q\mafciUtiB tlo(uiicuUH factutii i^x nova 
altormn cUaGiciitialo. line ciiini ratioiie, hi (iomhIiiiih (iiiodi 

fuorit poaitum, diffcrc3itio-(lift'orcniiali aiuivudo iuvoiiiUu’ khi 

tialc; Cj^uo Bubstituto acqmvUo luibcLur (lilUa'cntialiH piinii g 

aequatiouG 

--■Qdf’'' 1 ” (/(fa, 


iibi P ct Q aignificant fiinoLiojiCN ([iiaHnmuiiio ipHiiiH y, a1 
ponilur. Quia ipsa v non ingmiitiiv iiiMpiivtiouein, [iiit da 
dtlv - dzdy. His subBtitiiUa taU oritur atniiuLtio 

P dip Qz''ily" 1 - 2"- (///“' ' tlz, 
diviaaquo liac per clip * lata 

p (ly - Qz'' dy \- z" 

quae eat siinpliciior dilTorontiuli.s. 

4. AJiaa uequationcs clirforentio-dilToi’cntiiiloH, iuhi IniiiiHi 
quantum scio, ad difYorentialoa prinii gradua uni[uani red 
prointu fuei'it cas provsus integrarc. Ific auteiw luetluidu 
non quidom oinnes, sed tamon innumcrabiloH ac({iuiti()iuv 
rentialca utut ab utraque indotorminaia alVcijUu! ad Himjili 
veduci potei'uut. Ita voro in iis rodueondiH vc.rMor, ut cuh wv 
tutione in alias transformoin, in quibus alterutra iiidetc'rn 
facto opo Hiibstitutionia paragrapho praocodonle expoHila 
penitus ad diftcrentialca primi gvadus vodiicontur. 


6. Cum obsevvaasem cam oaao quanUtaiuni cxjionenl 
earum digiiitatum, quarum expouena cat vaiiabilia niaiua 
vata constanto, propriotatem, ut si dilTorontiontur, c1oiuk)(i 


lie c^(i\\ cUtl’crentio-cUffcreutialo c-' (rff/a: dx^), \ibi :v. noiinisi in cxpoiiou' 
[^reditu?-. Jlncc considerana porspexi, si in aequatioiio diO'erentio-difi’erenI 
30 indctcrriiinatarnni liuiuamodi oxponcntialia substifciiantiii’, turn ij 
riahilea taiit-mnniodo in exponeiitibus siiporfutiiras esao. Qno cognito oj 
b, ut oa oxponontialia loco indctcrminatai’inn subaiitiionda ita accoini 
nl-nr, \\i faeXa auhaUtuUonc ca. tUvisionc tolU qiicant; hoc modo alterv 
[torn iiulotcrminata cx ucqiiatioiio climiiiahitur, oiiiaque duntaxafc dilToi 
dia siiporcrunt. 

6. J-lacc quidem oporatio non in omnibus acquationihua siiccodit; von 
men cam tria uoquationum diffcrcntialimn 2“^' gradus genera admittero 
L’vavi. Prijnnm genus est omnium oarum aeqiiationinn, quae nonnisi duo 
nstant terminis. Altcrutrum cas comprehendiL acquationes, in qnarnm i 
lis terminia indoterminatao acqualcm dimonsionuin niimorinn constitiii 
quo voro indeterrninata ipsa solum, sed otiam eius difTeronlialia cuiuS' 
ad\i3 dimenaionom nnam constvtuovo oxistimanda sunt. Ad tortinm go 
s rofero acquationes, in quarmn singulis terminis altorutra indetonnin 
ndem obtinot dimonsiomim numcrurn; quorsum cadem pertinent, q 
odo do aestimationo dimenaionum allata sunt^). Omnea igitur aoquatio 
i liaoc tria. genera portinontes hie rcducorc docebo. 

7. Omnes acquationes ad primum genus portinontes sub Imc gone 
rinnla comprohonduntur: 

ax'^'dx^ — 

){ dx constaus ponituv. Et si onim in acquatiouo quapiam noque dx neqiu 
nstans acciplatur, sed aliiid quodclam diffcrontiale inde pendens, id n 
ffioiiltatis liabet, cum cognita sit methodus, quod constans orat clifToronti 
[.riabile faciondi ot vice eius aliud quoddam constans. Ad hanc vero aec] 
)nom reducendam pono 

X = c'*" et y = c'^t. 

1) In priinis siiis opciribiis, usquo ml annum 173‘l, utitur Eui.ruus littovn. o loco o. H. 

2) Vido Inalitulionum calculi inlcgralis voJ. 11, § 810, 700—811, 822 — 830; LnoNirAtiDi hh 

era oaini’a, Roric« I, vol. 12. H. 


ddx ■ a(f"{ddv \- adv-) 


et 


ddy v;'{ddl -I 2il!do I tddi) i /.f/ /'•’). 

iScd dim f/,c ponatiir c'oiistaiiH, die (///.j- 0 mlc(i((ii(w/da ( 

stituto loco ddv l\a!)ol)ilui' 

ddf/ -- o”(ddl I 2f//d/f I (I (t)fdi’‘']. 

fSurrogontur hi valoroH loco .v ot // iti iK'niial-ioiu* proposilii, |. 
ca ilk haiic 

‘•'’/"(f/i I /.di>)>’ ^ddl \ 'Idddu I 


8. lain a dctcrininai-i dobol ila, iil oxiumdiMnliji diviHioi! 
Hoo ut fiat, oportot ait 

uv{m -1 p) {», 1- p-^-1) iJ, 


inde colligilur a — iSuporior igitiir a(M[iinl.i() dnU'i’i 

fu 'r 'j) 

in sequontom 

Qua© pi’otinua ex proposita onita fniesot, hi posuiHHom 


(jC« U»- llPMm u») (\ij y , . 

Est antem a + p — 1 mimcrufi dimouKionum, qvukH y (ionnUtuit., oi 
Eacile ergo in quovia onsii parUcnlnri a dotorniinatiiv Htatimqiu 
tutio habobitur. In aequatione inventa, ouin abnit v, ponatur 


sed 


ddv ~ zddi -1- dzdlt 


Hinc invemtur 


ddv = — adijs 3 

m -\p 



1 — n — p 
in -|- p 


zd C^, 


{(It -H — 

^ ' m-\-p z 


o „ 


zdl^ - I 


’i-l±u,zdA 

m -I- p ' 


\ divisa per dabit 


-]l— ’V 
/ -I- p 


J (It r.^ i'‘(l -I- 


m \ q) z m-\-p 


). Kcduota ergo eat actpiatio gonoralia propoaita 


anc differentialom i)rimi gradna 


I - I" V 




Ul -I- p 


m. -I- p 


iplicata aoquationo inventa por z. liacc aoquatio uiiico aetii ox ca invenii 
it, poaito iu prima aubstitutioao loco u lioc Izdl. Fieri ergo debot 


X ■— (j( " • - l>/2rf <:( Ml I p) 


CO y poni debefc aivo, quod codem redit, ponatur 

,j. fjdi >)» -n/orf/ ot y = 

: aeqiiationc dilTcroniiali inventa itorum propoaita difforoniialis aeounc 
IS invoniri deboat, vidcamns, qualea loco z ot i subatitutiones adhibc 
lilt. Cum sit a' =^c‘” ' critc^®''* --= .r'-'** * "“'b qmire y = .r' 

5 habetur i -- yx "Oiujumm u*- u. Oeindo quia = rtuoi vp-d 


^zdi ~ — : 


1 


n p — I 


lx; 


j. dx 

zdi = 7 — ; -.-T-' 

{n \ p—l)x 


I] III his foriniilis z (loiiotut lunnoniiii praocodoiitoin z niultiplicatiiin por m -i- p. H. D. 




iff X ' '■ " ill/ 7 ' 

n i> I 

C()iiH(!(ni(‘r)l('r inv<iMiol nr 

2' -ih ; [{}>. \ p I) .»• <''■ <■ " ,/,/ 

.IV.r'M)muiiim aiil.i'ni pm|.. ni in / \ t-l / m i !ri m . i i i.mi i < i 
iiit('i' K<\ lialn'iinf'. iiivcniri |i(i;-:;r. 


10 . IKiiMl-n'inuM Inirr 
|mrl-i(Milari. Nil. 


<junr iviii'i'iii K « i Ml 
.nlfli/ i/ihh/, 


II' .1 


nMliidil-nr divitlniMlo ju'r ih/ ml lumc 

i/ih/ 'iiihj, 

Iluid ;r(!ii(irnli nrrnintiUMliiln. Inilicliit iir >/ 1. ,r I, 

lutiH hin in n(a|inilioiM' <lillcn'nl inli ininii j-rmln j'| iii, tir 
pnipoHiiii n^iliu’il.iir, 

/ (1 ■ ! I .\/f 

qiiiK^ nl)if> ill 

-ri/t 1 (.-•t/f 

Ad hiiiid itoiiimiioiMMn propoMiju 7 , 

(JoiiHtnioUii wf.,, ii(«|im|.i,>ini. i.m.l. i 

cIllIoniiitiiiliB invoiilni.; Im,'.; si <.„n;i(nii |„,|,-|||. ,.| , ,, , 

J'oiiiHa intoKnil.iliH, m ' 


].l. .Soisiimlmn (-oniiti ,1111111 

motlioilo ad (lill'or„n(.mlrM , 

C1U.UM,, ^ 



eat HoqucMiH 

.■ I I,,.,, „ ^ 

1) J'jilitid lorn m \ n |. j . , 

2) lilditiopM-jiRiJiiH: a... . ,,, n, .■ 1 ' ' 
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sent aclinic adili ex*'' //■''■ ct huiuaniodi c|iiotqHot libiiedt; pro 

aipla ])ai‘ticularia, ad cpiac roduccndagcneialisacconnnodari debet, plurib 
cioribusvc constant tonninia. Tres vero tenninos, ut dixi, asaiiinsis 
icit, cum plurcs aliinn rcduccndi inodum non rccpiirant. 


12. Acqiiationoin propoaitam redneo aiibstitiiendis loco x, c" et loco y, c 
:i igitur sit 


I’oque 


X - - c” (it y — 

(lx c*'do et (ly ■- -{•• idv) 

ddx -- c*-' {ddv -\ dv^) 


ddy — o'-' {ddl I- 2dtdv -|- Idv'^ -\- Iddv). 

;a vero dx ponitnr constans, ovit ddx — 0, hinc igitur ddv -• lia 

rom liabobitur 

ddy c" {ddl d- ^didv). 

lantiir hi valorcs in acquationc loco .t, y, d.r, dy et ddy, transforinabit 
n soquontorn: 

-1“ tdv)^‘^' 'f- bc''l~”~'dv'‘{dl -h tdv)'~^ -- c” [ddl d- ^dtdv) 
10 diviaa per abibit in banc 

((// -|- tdvY~^' -\- bl'^'~'dv'*{dl d- Idv)'^"^ -- ddl d- 2dldv. 
liac cum dcsit v, pono dv = zdl, orit 

ddv = zddl -f- (Izdl, 
ddv ~ — dv'^ = — z^dt^, ergo 

dill = -zdP -—- ■ 


z 


iVOVA AlfTHODC/S INKt.MIOKAIUnKS 


Hinc ista obtinebitm* acquatio: 

al- 2'V//'’ (dl -j- zidtf -i' -I- {dl ( zldlf •> zd 
soil haec orclinatior 

al-”-^zPdt(l 2/)'-” -[■ l>/-’'~^z''dt(l -I- ziy^ " zd 


la. Aequatio haec differentiaiis prinii gmduH imico uc. 
elici potui.ssct, si atafcim po.situm cssct 

X = el 1/ -- . (A'*''/.; 

unde forot 

fix ei d,j .-.ci='>i{dt ; Izd!) 

atque ^ 

ddx -h dzdl -|. zzdn (), 

quare ddt ~ zdi^ — dzdt-.z. Hoc m iisiiin vooaio h/tliohif-i 

dd)/ =^cf^<^i{zdi'^--dzdi’z). 

liopositiiin ait hoc oxemplum 

, . * . , . -- x'‘dx\ 

mutetiir id in 

ddj/ = 

Collato lioo cum gonemli aequationo fioC a .. l 4 , . 

-~-.zdl~~~ilz \ z. 


Sive haec 


Quae si constructionom adinitterf.f of ,rn- .■ 
construi posset. Notandum Pj=it ’ j- hihumk 


^4. Assmno aliud exemplum, 

yHdy, 

i'ano imluit fo„„a,„ 

^y~Hxdy ~~ y~^dx■^ = ddy. 


jnclcL ergo cxeniplo projjosito seqiiens acquat-io cUnerentialis 


l '^zdl{\ -\- z() — l~^z^(U -zdl (lz:z. 
pUcctur hacc i)cr l~z, liabebitur 

z'^dt h z^ldt — z^tdl zH^dt — fHiz 

z'^dt = zH^dt — l^dz, 

so))arata dat 

dz:z^ ~= dt[l^ — I): U 

tegiata lauic 

-■ 1 i 1 « ^ive alz - - 1 -- ■[* 2 . 

,'cro z — dv: dt. H.aquc 

atdt) — Idl - ■ t'^di) 'h dif 

V = Idl: {af -■ ll — 1). Quia vcro c" ~ .f, erit v- lxcil - ^:;i‘,erg( 
dv - • dx \ X ot dl “ {xdij - • ydx) \ 

ydif -|- xdx = aydx, 

acquaUo iteruin iiUcgrari potest, cum vero taiitmn iioto casnin, quoc 
" 0 oa tninficat in aequationem circuli. 

in. Accipio mine casiini, quo plurc.s, qiuun in gencruli aoquationo, .sin 
mi 

hIx^ q- xxdif^ — yxdxdif^ — - yxdx^dif -|- yx'^dxddfj — y^xdxddy — 0. 

cxempinm mode .supra exposito reduccrc liccliit. Cum dx ponatur con 
, maneant eacdcin substitutioncs scilicet 

=z c"; y c‘7.; dx = dy c^[dt I- Idv) 

ddy — C^^ddl -\- %dldv). 
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:[i\e 

{f- ]y-z \- t- n. -- a. 

n\o(lo omncft rtcqwatioi'ics dilYcvn^tmlrs, in qnibus altovwlaa vai'iabilis nnn 
)a flinit'iisioiics niisc|uam luil)ot, integrnri |})().ssuu(.J sou Raltoni constriiibilcs 
untur. Jlac clc industria inatlmdo sum nsns, quo ningis intclligafcur, quaiiti 
usim cxponcnlialia in traotandis acquationibiiR. 


17. Accjiiatio ad quan\ ost pcrvoulnm iiacc 0 . 9,1 

{I - I -|- I — ll -- a. 


'■ ullpi'iu.s irducatiir, iiL Landom aoqiia-lio inter a: ot 1 / nirsiis obtincatiir; 
liani orat dv ■■ zdl, rrit z — dv: dl; quamobrem acquatio abibit in 


voro in 


{t - - ly^dv \- Idt - - dill — adl, 


d v --- 


adl — Idl 
(i-iy 


0 dcniio intcgrationcfu admittit; inlograta vero bane habot fornmin 

— a l l — lll 
' ' 1 — 1 

lantc voro ndclita liano 


V — 


i — bi — iii 

i — r 


ivci'o estrr = c*’, crit v l.v. lilt cum sit y -- c'7, orit ij ^ tx ct idoo I y: x 
substitutis liabcbitur sequens acquatio 

— ax H- y — hy — yly -b ylx 

y-~ ^ 

0 oritur haoc 

(6 - (i)x b (1 — b)y = yly — xtx. 
xtur brevitatis causa h — a --- / ct 1 — h — crit 


/.T t- gy yly — xlx. 


(in :■ 'Ilflt-do-- tldtilv^ I iiituv^ ' lavaai - (Ufvaai 
Hie cum ilesit u, pomitur dv = zdl, ciit ut ante 

ddi - — zdn — dzdliz. 

Exinde repentin' haec acqiiatio in ordinorn rediicta: 

(/( -I- 2lzdt -Idz 1- ttdz =■--- 0. 

Quae, c;uin unicam lantum habcai dimensionom, Hcparari poteat 
Cel. loll. Jiernoulli*) in Actis Lips, tradita. Hcd sine ulla .suImJ.it.ii 
eique .similes quascunque statim integrare sou ad intcgiulom form 
rediicere jjossuni, sequenU inodo. 


16. Reclucatur aeqimtio nostra ad lianc 


• ^ tl~-t ’ 


ut (Iz miUo afleclumsitcoelficiente, turn sumatur id, quo z cst aAVel.i 

iZTf ' *“*^8*'*^^*^ 2 I Turn acqiiatio propositi 

orli, 

cotiir per c ct Imbobitnr 


of -n 

r>-' dz-\- 


2c , c 

+ -[pzr 


0 . 


N’uiie (uitoiH iieciualio iiitcgrabilis est fncta, duonim cnii.i nrioniin Ic 
•• {d.L 

mtegndeestc Kst igitur 


.yfd, 2f-2L 

•J it^t "• 

Sed cum 8itJ';4^, --:/((-l),erit 

of i.‘ 

/."Jf - 1 


A.. w... ....... 


ciHiio 10515, )>. 55 


{l~~ 1)23 I- I U -- (1. 


5(|UC 


; mo(U) omncH aequatioues (UllVvcivlialos, in quibus altcrwlra vavinbilis uv 
‘c.s (liinciiHiojics nusquain habol-, iiilegniri |j)t)S9niil| sou sall.oin construibil 
liintiir. Hac do inilustria iiietbodo smn iisus, (juo inagis intclligatur, quan 
usns cxponcnlialia in traclandi.s {leqnationibus. 


17. Acquatio arl quani ost ])orvont/titn liacc c.sl 

{i — ly^z -I- I - - It - a. 


'■c. uRorins rodiicatiir, nt tandem acqiiatid inter x et // riirsus obtinoatu 
niam oral dv zdl, erit z ■■■ dv: dt; qiiainobrom acquatio abibit in 


(/■ dlll-^adi, 


0 vci'o in 


, adl — dill 
ip— 


10 donuo intogrationcin admittifc; intograta vero haiic Imbet formain 

- -n \-l — Ul 


V - 


(... 1 


•itanto vero adciita hniio 


V - 




l—\ 


a vero csto; = c,'\ erit v - ■ lx. lOfc cnin ait y C-R, ovit y fx et idoo t //: 
substitiitis habobitur sequena acquatio 

hx — (IX -|- y--by — yly -|- 

lo oritur baec 

{b a)x -}- (1 — - b)y = yly — 
latur brovitatis causa b — a ■' / ct 1 - - 6 — (/; erit 


fx d- gy yly — xlx. 


18 . Tcrtiuin genus aeqiiatiomini, quanim liic rcclu 
tmdo, cas coinplectitiir, in qmiruin singulis tcnninis alt 
eiuKlein tenet <UincusiojAuin niunevnm. Uic duo disti? 
proufc vcl ipshis illiiis variabilis nbicpic euudem dimension 
tialo constans poiiitur vcl secus. Ad piitnuni casuni spec 
universalis 

In cpia X in singulis t-erminis ))i habet dimensionea, et 
Significant autoin P elQ fiinctiones ciiiascuiKiuc ipsius //. 
uniea siibstitutione opus cst; neinpc fiat x c% erit 

dx ^ C^dv ct ddx — c”{ddv dv"^) - 

ergo ddv — — di}^. His .snbrogatis habefcur 

4- Qdv^dij”^*'^-^' ^ dv’“dd 
postqimm niniirnm divisa cst per c”'*’. 

19 . Cum in aequationc inventa v non deprehondf 
tuendo loco dVy zdy. Erit 

ddv = zddjj 4- dtjdz ~ ~ clv^ -- — 

Ilinc inveniotui’ 

ddy — — zdy^ — dydz: z. 

Substituanfcur ergo in aequationo inventa loco dv et da 
habebitur Uaec aequatio 

Pdy"**^ -|- Qz^'dy’^^^ — 2 "' ■* ’ dy"' + 2 — 2"* 

Qiiae clivisa per (/?/'" + > abit in hanc 

Pdi/ 4- Qz’'dy ~ — z^'^^uly — 2'"-’ 

Quae est primi gradus, ut erat propositum. Ad lianc stal 
si posituin essot 




nine 


(Idff zdjf^ -dzdj/-. z. 

i valnres loco .1:, dx, dd y fiubalituti atatiin iiivenlam acqiiationem pracb^ 

20 . Alter caHiis acquationum atl gciiUH tcrtiiun iKM-thunitiuni rcs[: 
quentom goneralcin fuapiatioiioin: 

-I- (J.i:'"-' ■ ' ^dx”‘-^ddx. 

qua acquatione dy ponitur constans, 7 ' ot Q dosignant fnnetiojic.s ip.sii: 
lascunque. Et iit pcrspioimm eat .7; in siiigulLs terniinis m tenet clitiicnsioi 
inatiir, ut ante, x -• c”; erit 

dx r: c‘'dv ct ddx cj {ddi) -|- dv^). 

HV.O. in acquatione HubatitutiH roHultat imee acquatio diviaioiio facta per c 

/M?/'" • ‘ I- QdiEuly'” '' ■ dv^"^ ‘ I dv"'- 'ddv. 

leo aoquatio ut ultoriuH reducatur, oiini w dcsit, jionatiir cc/y, erit 
constana ddv ~ dzdy. llano ol) roin aoquatio ultima transmiitabitui' 

7 A/?/’" " -| Qz^dy“»'^ z">' Uly”>' ' -)■ z>'‘ -'dy"'d-z. 

LOO aiitom, 81 dividatair per f///"', dabit istam 

^^dy Qz^dy 2 ”* ' '<7// i- z''‘~‘dz. 

ndet ergo conatructio propoaitae ucquationis a conatruotiono Indus invent 

21 . lUx hisco, arbitror, iutclligitur, quoinodo acquationcs dilTei’entis 
Hindi gradua ad unum aliquod trium oxpositonun genua portinoiites tract 
:n'teat. Facile quidcni concedo raro adinodiim ad tales aequatiouea pervon 
quibus non altcriitra iiidctcrminiita desit; taincn a nomine hoc nom 
lifcatom huius inventi impiignatuin iii puto. Fieri potest, ut nevus aliq 
npus aperiatur problcmata suggerona, quorum rosolutio ad acquationcs tn 
;Uicat. Memini mo aliquando pliysicuin problema quoddam resolvent 
hanc pervenisso aequationom 

y^ddy xdxdy. 


'2'2. Hoo vcro pi’net(?rea dc assunienda constants inoiu 
ar(iiintinnil)us ad secundum genus rclatis nihil iiit(u'cst, quod 
tiale constiuis sit assumtnin. l^otcst id esse vol difl’ercntiain f’ 
I, ills, vol aliud diffcrentiale ex utriiisqne variabilis difl'oriui 
cnmpnsitum, modo id sit, ut natura rei exigit, homogonouni. 
geiioiiili exeniplo locum obtiinut; sod cx ilia oi^craliouo si 
(liuuiKulo, si diflterenliale constans sit qualecnnquo, atupi 
o|)nrtrat. Miter res sc habet in diiobiis reliquis generil)us ])i'i 
onini neccsse est, ut altcnitrius variabilis difFercntialo comhC 
Id si non fucrit, methodo exposita rcductio non snccodit. Hi 
ennstans debet immutari ct aequatio in aliam transfonna 
utrius variabilis diftcrcutiale sit conatans. 

2.‘b Metbodus in Iiac dissertatione exposita aof)iiaf.ioi 
sfcundi gradus ud siiuplicilcr dirfcrentialcs rodiicondi conniMt 
stitutiono quaiititatum cxponcntinlium pro indetonninatiH. 
iatius paid, quuin liic cst expositiun. Possuut oius bcuoliciti 
tioucs (liffcrontiales tciiii ordiuis ad alias, quae siwt tivut\uv 
icdiK'i. Et gcnoralilcr aoquationcs differentiales ordinis n ad 
(piao sint ordinis tantum n — 1. Aeqnationiun vero onhiaqno 
tialinm, quae bac methodo rcducuntiir, quoquo snnt tria goii 
Ciideinqiie, qimc Inc sunt exposita. Ex his igifcur otiam intol 
liiiiusinodi .substitutiones in aequationibus differentialibus ]) 
tiuidi.s usuiu luiberc possint. iSed dc his non opus cst pluni t 
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I-’ !<' 1']1IJA\T I A 1 .1 I'M QI! AR I N 1 ) I'lT ERM I KATA Rl); 
H E E A RAT I ON EM N ON A L) M I TT E N T 


CiiiDitti'iiliil-io ii iiidicis l<>.'i:HTi{oi;MiANi 
Nttva jifhi ('I’litlitoruin |». IIU!! — IHII 


ConHtruotioncH, qnibii.s Oeoniotrac ucl (loterminaiulns qiiaavis magni 
incH ulinitur, iluplicis sunt gonoiis; ad quorum altorum rofcrri possunt oin 
insti'uctinuoH (Acomctriouo, tam j)lanac, qiiain .soiidao ct lincarcs, ad altur 
sro ])orUuont oao constructiones, quae vol qimdratiiris ourvarum, vcl re 
liationibus ])Oi‘nciunlur. lllas acllubomus in (Jeometria comnuini ad ludi 
jquationum ulgebraicarum qimrnmcunquo oxpnmtmdas; id quod effioil 
bi (!on«tat, intcrHCctione lii^earmu vel rcetarum, vol curvarnm, prout acqiu 
blala i)oatulat. ]V)atcrioria vero generis construotioncs, quas transcendor 
ppollnrc Hoot, inscrviimt ad aoquationos difl’crontiales rosolvcndas, qiuu 
gohraicas tranumutaii ucqueunt. Aequationos autem, sivc algcbiuieae, s 
‘anscondontes, in quibus duao insiint quantitates indetorminatuo, Iniiusm 
jquirunt constructioiies, ut, altera iiidctcrminatarum pro lubitu assiin 
itora dctcrminctur; in quo efliciendo pro aequationibus algcbraicis, tanqn 
ostulatum, praemittitur, ut data nmgiiitudinc z, ciiis quaccuiiquc fum 
gebralca Z possit cxhiboi'i. Pro difl'orentialibus autem vcl transcendonti 
sqiuitionibus in8\ipor requiritur, ut, posita quantitate z functio eivm quucc 
ue transeendens jZdz, in qua Z signilicat functionom quameunque ipsiu 
VC algebraicam, sivo transcendentem, denuo definiri, atquo adeo taiiqi 
ata considcrari possit. Ifane ob rem igitur, quoties aeipiatio proposita 
otest trausfonuai'i, ut altera indetermiiiata, vol eius quaedam functio, acq 


ac;q\Kitionis constriictio erit in pronitu. Vocai'i autcm sc 
traiisnuitatio iiiclctermiiiatarinn scpaiatio; C3.\: cpio sim 
seinjier ad aequationos transocndontos coiistrueiidas hui 
sollicite reqniratur. In algchraicis (iiiidcm acqiiat.ioiiibu 
cst neccssana ad construotionein adornandain. Quoitio 
indeteniiinaUic sint ponnixtao, totuin negotiuin aecpie fa 
quod ad cUffcreiitialcs aeqnationcs attinct, jic* unica qui* 
quae construi, neqiie taiuen separari, qucat. Usitatau 
oinnes ita sunt coniparatao, lit ox iis ipsis scpai’alio indel 
alias fucrit invcntu difricillinia, sponto seqiiatiir. Hanc ( 
praestitissc arliitmr, cum luipcr in constvuctiones acq 
dilfeienticdium, quae indeterminatas a sc iiiviccni scpam 
disaoni, shnidcpic* coguovissc5in, has contnictionos plus 
ante conctdi aolei-e obaorvaveram. Priina aequatio, quae 
formae*): 


dy h 


)fdx 

X 


X d . 1 : 


in qua non solum indctcrminatas a so inviccin sopurart 
ipsa etiam constiuctio clcmonstrahit, huiusmodi sopar 
non posse. Si onim succedcret, per8)>icuum orit, conqian 
cillipsium dissimilium ex ca chso secutnram, qnao tarn 
conccssa quacU*atura, exhibori potest. Istam vero acqua 
construe. 

Viant super codem axe coiiiiigato infinitae ellipse 
transverso a se invicom discrepant. Kx liia conficiatur 
abscissae aeqimles capiantur axibus ellipsium transv 
aoquales periplieriis carundem ellipsium. Hoc facto, voce 
coTiHtans I, abscissa huius novae ciirvae, sen axis transv 
ponatur r, et applicatn, sen perimeter ciusdem ell 

nunc a* = /(r® — 1), oritqiie y = quae c 

data r per rectificatioiiein curvae cognitac habetur, 
Siniili modo deductus sum mux ad constniotioncm ceb 

1) Vide I,. liOLEHi CoinuientatloiiPin 28 incliciH Knestiooinifiiii 
(uquatioHum dilfertnlintUiui sim iMde«€ri»i{»afoni>n sepuratione, Coi»miet!l 
1738, p. IftS; LffoffH4iiDt Evi£Hi Optra omnia, soriijs J, vol. 20 p. 1. 


tin tradidit. Ooince]‘)9 ijnidcin vaviao coinparneiMini inoditati(.)»ui>’>, cinad an 
linos nihil aliud oonUticnl, ni.si iit cabins partiouliuc'S, sou valorcs loco ii s 
itucndoH, cxhihucrint, quiluis ista acquatio sopamtioncin ct into^ratioi 
loquc admittit. Nemo vcro, quantum acio, no uuicuin quidom ussit^iu 
sum, quo coiiKiructio porfici possit, praoter illos oxliiliitos. Ut tacoam ig 
livci'salcm, quictpiid n slgniricot.oonstnictionotn, qnao, nisi moac niotl 
iiiofieio, vix a quoquani ))Olorit invcniri: «o([ucnti rationo 0*40 istani aoc. 
^uoni rcHolvo^). (vliiantitas isla clin’erontialia-O 

n{)i I- £2)^'- I ■ -p 2 dz{\ - - ' (0" o'''”"') 

qua ost vavialulis, / constuns, etc umnerus, culim iogiiriUiiuus hyperbol 
t 1 , ita integretur, ul, facto 3 0 , lota evanoscat. Quod qiiidctn intogi 

iamsi ro ipsa oxhihori mupioat, tanion pei* quadL’alurns oonst-rui, idoo 
iiqiiani cognituni considcrari potorit. fii hoc dcinccpH intogmli ponatiir^ 
liaboliitur quantitas, quae orit fimctio quaoilain iiisins /. Scribatur ])< 
Irno fumstiouc ^ loco /, ct qnanUtas rosullans, (piao tota ox .rci consl 
bus orit oonqiosita, vocotm* l\ luvonto nuno ho(5 modo dico, 

--- > qui ost voi'UH ipaius y valor in iioquationo iiropoaitii 

ax"dx ~ dy | - y'^dx. 


1 ) rAOdi'd UidcA'i'i I7r>-i) I'l'iiiMis i|iii(l('rii pidlilf'tnu ciisiis HopiuiilnliM 

’iiili, Acta iriiil., Siipjil. I. Vll[ (I72.’l/-I), )». ca Aria frail. 172.'!, p. oOil, m’iI Dan. liiiiiNi 
7l)L)—1782) pi'itiiim Ikis ciisuM pul»lifi imiH Ada cnul. 1720 ]>. 'I?.'!. Viilo Coiiiiimtinitioiu 
, 70, Of), 200, 284 huiuH vnlnieiiiitM. Yiclo tofculi i/acfp-o/i/} viiK T, § 

>1. II, § S.*}!- H4I, 0(11, 020 -0(KI. Vicio porro J.. Mut.imu Cominciifiitioiu's ■lOl, .705, (I7S, 
ai.ilriicliu ai’qiialioni.s (liHr.renlio-diifcnuliaUs 

{(f-1 /kl) ,Ulz f/a.-) - 0 

lalo clcnicnln tlx cornttaulc.. AOjin’ coimnc.nl. ucmI. sc. 1‘ctrofi. 17, 1772, ]). 120. Sunuiuilio jraci 
iiliiiiKitt, cuius itulit'c.s protjrc.'isioHcm urilhnuiicain couslittiHul, dnm nuincralincs oiidks , 111111 uni 
li siniul rcsnlnlin iicijiiiitiunis iticcntiiome pr,/ /oiitjKmoch /mcO'ojirstlurrfU}'. Oj>u«c»fn cdkiI. 2, 1785, p 
lilwdus nora iiiuc.sllyandi omnes casus, qaihus hour, acffuatimicni dijic.rculiahin ddij (1 — 
■bxdxdi/ — cydx^ — (1 rcsolr-vrc licit. Insliiutioncn calciiH interjraUs 4, 1701, p. 522. Ant 
cilis acqiKilUmcm Riccalianam jier Iractiuncin coutinimiii yrsoltciidi. Mun. I‘clt.rsh. i\, 1818, ^ 
';n,\7//f«;)/ I'jtn.HHi Opera omnia, Koru-s J, vt>l. II, 12, 23. H. 

2) Vido L. liuMiui Coinmcntiitiunom 31, p. 21 luiinA vtfUiniini.'i. If. 

2) T’oik'iiiIo n loco z ol. “ ^ ~ ’i' 2 > otMlom osL lunnula ac in ('otiiiiuMiliili<i 

i-ipla § 17. Vido ]). 34, vidn 'luoijiio nottiiii 1, I'f. 
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3 


Nulan.liiin t-st nuU-iii, l\aiic 

.„s intm l,os U-vminos 0 ct -2 contontns. Al, l.uio 
am.itH-lur, ila. ut feta couati-ucho iiiliilo.niiiUH 
('iini enini, nti constat cx iis, (luac Cl. Dakikf, I 
in H.licain cdiilit, feta aeqnatio, si sit soiiarab 


,M ([Ui)f[uc |) 0 .s.sit in cnsu )i — 


— »i 


vcl n = — — 


I 

( ,^ii. MI, uHs inlra limitcs 0 ct — 2 contentos vccinci posso 
liiiiiit- -2 et - 4 compvehcmlunUiv, et luiuc ob rem non an 
antcni, forianiaiii iUain diffw’entisvlctn ' ) 


-..4).fz([ ~zT'^* ■]- 2dz{l - 22 )^" ' 


uiHitic'i '-■ ^sii vcl 0 vol minienis integer afbrmativuH, 

‘ J/i • 4 

iiitt-r.iri. Hoc vero aceklit, quoties fiierifc n — 
qiiciiiciiiKpie aflirmativuin iiitegruni. Quia deindo aeqnatio 
fsr - "-'i. ad banc tix'Ulx ■- dy + y'^dx potewt vednei 

qiifK^iio iutcgrabilis, ai fuerit n = ■ 

Atquosu! prodcMintilli ipsi ensus, iam ab aliis ernti, qn 
in iU'*inati()nc proposita a sc invieem possinit sepamri. 


1 1 Vi.J" imtutii 3 |». IT. 



('(BiiitiioiltiU in iilclicis I^.Sl:■•TK()]:M^\NJ 

('i)iiiiiU'Uliii'ii (U'iul<'ini(tu scii'iiliiiniii) r'otrojioHCuiuU' (I {l7;!2/;i), ITiiS, p. i21 — 1'(7 

SUMMAIilUM 

l‘]x uuuiUh(;i'ipliH m-iMloiuiiio ^<(liontinvlnn L'o(t'(i)iiililitiiiio iiiitic iiriniiini uililnin. 

Maximo agitata okI inter Ocomotras iatn noqunl.io ah illiistii ('omito lliiioati pri: 
roposita. Nemo vovo oius constmetionom, niai pro eortis litlorao n valoiihuH, d 
'aiito ergo magis faoionda osl. motluKlim jU) Kulero Iho projjosita cuius lumorioio oi 
uius I’oi cliffioiiltatOH suporavit, atquo univcmalom Imiu.s uoquatioMiii constnictk 
edit. 

1. Coniniiinicavi mijicr cum Socictuto') .specimen conslnictioiiiH aC' 
ionis cuiijsdani (liflorcntialis, in qua non solum indetermiiuitas a so invi 
o])arai‘(; non ])c)tucmm, sed oliam moiistmvcram ox i))sa constrnctionc lu 
iiodi Hcpavat-ionom omnino non posse cxIiilKu-i. Difl’crL (|uidcin moiia ibi d 
oiisli'ueiidi modus al) usibatis: aUauien iis noquaqnam ilium o.sso postjK) 
lum ([uililjct iiitclligot, qui Imnc schedani inspcxcrit. Ncque voro turn tonij 
lanc mcUiodum ultorius cxlonderc, atquc ad alias aeqiiationes accommo 
icuit, quia ox ])oaita coiistructioiic nd acquationcm demum pci’ycnoram, 
,utem vicissim data acquationo constructionom eruerc potueram. At dein 
um lianc rem diligonUus contcniplatna oasoin, voti moi compos quodamn 
uin factiis, ita ufc hanc methodnm invcricro, atquo propositao acqiuii-i 
onstructionem inveniro potucriin. 

I) Vido notaiii ]). 10. 


M 


qimni Clar. Combs XiiCfUTi*) pritniini G'ooinctris oxaminanc 
vcro consU'victioncin, i\isL pro corUs liUcrac n valovib 
nicthocli bcncficio omiios diflicnltates iclicitcr supcravi, 
huius uccjuatioois constnictioiietn iiiveiii, in qua nihil ouui 
Non soliiin autem uuicani haoc mothodus suppoditat 
phii'cs, iinino otiam iniiiimcrabiles. IMon'to igitur niilii 
lantain praoslantiam adsoribeve, )it. acl oinnP'H acquation 
striicndas, in quibus aliao inetliodi fnistra sunt adliibitai 
stratuva. 


.‘J. Quumndinoduni in suporiorD IXissortationo^) arcu 
ad coiuitrnctioncin luiius aeqimtionis 




x 


xdx 


ita pro aequalionc pioposita alia opus crit curva, loco J 
Quatn ut invoniam pono iinivoisaliHsimo cius cloniontu 
P cb H sunt {uucbioncs i))8iu.s z talcs, q\iac iiadom factis 0 [ 
in cleinonto clliptico, dcducant nd accpintioncin proposi 
series quaecUun in cousidcrationcni veniat, 

R \ d- AqQ d- d' AJiCoH^^ d' ARC. 

in qua aerie csl (,> fujicbio qnucdain ipaiiis z, g linca data 
curvac, /I, B, C, /), etc. oocfficiontcs constantes. Pona 


crit orgo 


PRilz dZ; 


Z - f jAgPQdz h jAlUfPQ^dz d- jABO, 


4. Ita autem P ot Q a sc inviceni peaidcant, uf- c 
possint ad jPrf? icduci. Sit ergo 


J) Viilo i>. 17 <‘t iiotiiiK I ji. 17. 
D) \'i<lo tjohun p. 10. 


J PQ:'(Lz -- a(iyf Pdz etc. 

uiotant hie Oi, ()■<, ():^ cto. quantitatcH algebraicas. Post poniotain hoo tn 
■c^ratiojicin ])()natin‘ z - h; cat autoin h tulis quaiititas, (jimc loco z a 
tula faeiat oiniKis cas qnaiU.itat.csalgeln’aicasf^,, 0^, O3 etc. evaiiescore, at 
ni (iat j - If, (|uai\titati prorsii.s coiistaiiti. Kx liis igitur, facto ] 

:.ogj-ationeni 2^ h, orit 

/j //(I -|- Afxij AHafUf -r ABPalP/(f + ‘'to.) 

icta iani parainotro (j varial>ill ohtiiieltiintiir inliniti valoi’C.s ipsiiis Z 
initis ipsiusf/, at([iio (ix dalo ('k'lnento PHdz poterit coiistrui eiirva, in r 
al).s(asHa(5 desigiiontui' littcau fy, applicatao sunt = • Z. 

5. 11 (Kj ilaipu; inodo pot.mt oon.strni sinnma serici 

1 -|" d- A PafUf AlUJafiyif -|- etc. 

lainvis foi'U? (^x sui ipsiiis consldojationo sninnia ])roi’HUH non possit do 
riari. LRor anteni ad siinunain huius sorioi investigandani niothodo 1 
ininao s('i'i(a’inn iiivc'iitinuom ad rosoliiUoiKun aecpiatiomnn rediicondi, (p 
no praetorito {>xp(mui‘), id. nan<d.scar ac([nation(‘ni, enins rosolutio a sc 
MH suinn\a iiondeat. I’erspicuum oniui cat, uUnnupio luicc aocpiatio ro.suU 
arit ])orploxa, oiuH tarnen (joiustnictiomun in ))i‘Ointn futuiuni. Nunc ig 
liil alind ost fa(!ionduni, nisi lit qnantilatc.s A, H, C etc. ct a, ft, y 
loiantnr (diiHinodi, nt Huininnc soriei i.stius inventio ad rcsolntiononi In 
([uationis 

ax.'‘dx — dy - 1 - }pd-x 

dneatnr. Hoc voro loc.o id oat cfficioiuluni, iit sorica 

I -I AyQ A 1- ABa(fQ^ d' 

iHsit in .Sinn main rcKligi, qniaaiias valor ipsiuK R non esact cognitus, ct proi 
togra constmetio inntilis. Quarnohrom non licobit loco /I, B, C etc. val 
losvis ])ro arbitrio acciporc, .scd tale.y, qiiao hanc Horioni sunimabiloin loddi 

l) I.. Mui,i;iti ('(jiiiini'iiliUiti L’fi: Mcthwlm ycurniU.i sinnmundi proyreasioncs. C'oimnonl. 1 
I’nlioji. (), 17:1S, ]», (IK. Vi(Ui (juiupto I nsiiluHonum calculi (lijjcrciUiati'i p. 2‘.iS. JA':u.\'iiAnnr ICi 
ent uiHMid, HOvii’H i, v»>l. ol 20. tr. 


ut ciiifi sLiimnalio pcrtUicatm* ad resoliitioncni jicquatioiiis 

ax^ulx dy -f- y^dx\ 

hauc ipsam aofiuationem in seriom resolvo. Q,u«d ufc coinmocliiiH 
pono *) 


iL 

^ Idx 


sinntoqiio dx constanlc evit 


ttx"dx «eit (ix'Hdx^ -■= ddt. 

lax 


Nunc inorn consucto subatitno toco t hanc sci’icm 

1 _j_ -I- " -I- otc. 


crit 


ddl ^ (a -V 1) {n -t- '^) + (2 n + :^) (2 -I- d) 

fj n -b 5) (3 -1- t>) dx^ -I- 

Huic igituv aci'ici ac<iuaUfiJ esse debet ux'Udx^, koii iyta sorics 
ax»dx^ + otc.; 

proptercaaccLualcs facto tcrniinoshoinogoneos dcterniinandis littoi 
pro arbitrio assnmtis, fieCque 


a St ft ^ 

^ (n -p' 1) (« b 2)’ ■" {2« a) (2?i + 4y ^ ■ {'in -h 6) {'in 


55 « 


Ponatur ax“*^ — / brovitatis gratia, erit 


/ 


/• -- 1 -j- y , I » /„. I ■ o\ d“ /«,. I 1 


/' 


(7t+ l)(n-|-2) ' (« 1 l)(7^^-2)(2n^-;0(2?l-[- 


[n d- 1) (7t -5- 2) (2n + 3) (2n -f 4) (liw P 5) [\\n H- 0) 


- - Cl 


Huiiio ergo seiici snniinatio pendot a constructioric ac(iuationi 

(ix*hIx — dy p y^dx. 

l) Vide hi^liuaioHum atlcuH iultyralis vol.ll § 9fi5, 1008 — 1080; Opera i 
203 ft. Vitlo qiioriuo p. 12 ot nntmn 2 p. 3. 


possii tranHiniiuin, iianoDitur sinuii eonstruclio aocjuauoniH propositau. 


iScd quo liacc Hcrics, ({iiippo rpiao nimia cat "(.nun’alis, aliqnatito niagia 
gatin’, ct (lotcM’ininalio littcranun arlntrariariini I'afnlior cfficialiir, pono 
iiula PlUlz initio assinnta 


p _ ct Q ^ — 


I’gO 


-.[(I rbr’ 


it antoin liaoo omnia into-gralia ad 
L![onoralittir 


priininn 



dz 

-I- hz/y 


rodnoi ; 


('St 


zOlUlz (* '»(n/2 I yJO U/tn 

I -Vrzff'i " h'/i{v I - -1),) (I -i /uMpdo'-i "■ o • i) ’ (i ■’* 

ol) nnn orit 

/' _ I /'_ dz I • s 

,1 (T -I- ' ' htv,} fi -I- ~~ h]iv[ I -I- ’ 

r z-i^dz _ 

I -M) f dz __ _ {{i l\)z __ 

.|. I)j {] -|. i,zi^y IPjihiv I- i)(l -I- hzt'Y bi>[v -i 1)(1 -I- i ■ 


it oi’go li ciiiHinodi caso quantitaa, nt loco .suli.stitnta [§4] Faciat 

^/tOl 1 

/* d z 

oro jioU'.rit caao h- ■ - 0, qiiiatnm plorninquo sininl qimntitas j j-p- 

■iccrot. Companitis iani liis rednctioiiiluia cum aupra nsanmtis, dotcr- 
tni’ littorao «, jl, y, d etc. Erit .scilicet 


(I “ 



1 


bfi{v -P 1) 


y = 


2/1 I 
bpiv d- 2) 


etc. 


factum ox diiobus factoribus, Iiaboro oportcrc. Quo aiib 

1 -I- AfjQ -i- AB(fQ^ ABCffCB -|- c 

)>OMsil. Binninai'i, facio 

^ 7 l{ 7 t -i- pj * ■" {71 -I- 2 p)( 7 C I- :]p) ’ {n -i- ip: 

iitquo tuiti series ope methodi iiioao ujiivcrsalis sei-ir 
suniinuri. I'oiio ])rimo brevitatis gratia yQ — (/-, orit 

Tj I .| , t 

' 7t{7l -f- p) ' Jt{7T Q)i7C I 2p)(;r + 

faci(Ujii<! It — 1 -5 Sy clit 

o ^ _j_ (A 

n(7r l'p) ‘ jr(Ji 4- p)(?f -1- 2p)(:T -1- 


;f — ;> 

Miiltiplico nunc ubiqne per gq^’ siiinoqiic diffcrontialia, o 

n-<f ?< .T H- 2 (> 

3 . = -L _ g I 

dq n n{7t + Q){n -|- 2p) ' 


fam per q multiplico .sumoqne douuo difforentinlia pc 
|)!*o<Ubib 




» + 0 


= „r + oto 

-y «-» , 5 j 

<7“ + <r ^ + " 


:i(7r-l-p) 7r(7tH'p)(;r + 2p)(7r-H 


Idabebimiis ergo restituto S loco seiici 


-7— -r— r -\- etc. 
7i{n -1- p) 


” -e >r-() TT-p 

Q^(ld{q « S) — q ^ dq^ A- q ‘^ Sdq^ 


l\anc aequationeni 


l-l' 

Q-ddV - r/ p dq^- j- 


3. Ad lianc aoquaiioiioin iiilcgmiidani poiio T ■- r.s‘, crit 
ddT ----- rdd/i -j 2 drda -|- .tddi\ 


iiH subf-ititiitis lia))otin‘ 

•' rJ’ 

Qh'ddfi 2 Q^drds \ (i^sddr -- q ^ dq- 1- r.<<dq^, 

» 

in (UuiH ac(i\tiiUoiu'.rt (Uno.^vpaUiv, 

(i-rddfi r- Tfidq^, 


i’ 

2 (fdrdN 1- (t^uhlr - q *•’ dq'^. 

\\w\ prior -jH'.r r divma alni. in hwm ifdds -••• por (h u\\ilU}>lioa 

hniu! 


H integral is tint 


(rd.tdd/t ■■ •= ttdsdq^^ 


Q^ds'^ - ■ fi'hlq^, 

hftcc qdH f<d<f, ([\nu*. deuno integrata <lat 

y 

qIs ■- ■■ q aUpio .s “ cji 


Dtanto c nuinenini, cniiiiH logarithinus (!al. I. lnv(Mito itaquo ft assin 
luin ae((uati()noin 

'Ija* 

2 (fdrdn -|- (fsddr — // ^ 

•I 

0 9iil)Htjtnto loco .‘f valore iiivento a® abit in iHlain 

'/ // v'-y 

2 QC'fdqdr -\- (fc'^ddr ~ ® 


latiu’ 


r/r \)dq^ orit ddr — dvdq 


loNiiAUDi l''.ur.Kiii 0|)ora oitiiiiu 122 {jiniiiiiniitulicmnH nimlytiyuo 


cuius integmlis est 


2 QC^vdq -}- q^rydv = q ^ dq, 

y 

qiiam luiilt-ipJico per r*, iit procleal 

~l 1 t' 

2 QC^vdcf -\- ilv = c^q ^ dq, 
h f a. iizii 

V = J c^q (Iq. 

1 — f 

V == -j c e /, 

1 /■ zl2 l‘ i>. 'IZi' 

jvdq sen r ==:^ ^ )c dqjc^q dq. 

\ S. c .Ji:' r 1 iii 
— T = ^ ° ^^7 J 7 ® dq 

\ 1 tz5 f r ± IzP. 

= Jc^ dq. 


Fit igitur 


et 


Frit ergo 


ct 


-S'? /• y_ 

c<^q^ dq, 


10. Quoniain in Uao forma invcntu duplex iuvolvitui’ into 

duin cst eas ita institui debero, \it tarn -S' quain = 0, posit 

achnoduin ox sei'tc, cui S cst acqi^alc, apparet. His observatia lu 

I J. li£ f ziil r 1 
M ~ 1 + 9 e J c 0 dqjc^iq ft dq. 

Eat vcro q =r, v'yQ. atqiic ob 


= i + AlS’ 1 = 
Dabitur igitur ex his fPRdz scu 

r Jlc/z 

J (1 -hiizf^y ' 


gzt‘ 


I -t 6 


Quavo si littoris tt, q, ;t et v tribuantur debit! valores in n, in pron 
tionis propositae 


constructio. 


ax'^dx = dy + y'^dx 


(iiuie ])Ositis loco .'I, a, /i, fit C, y, etc. clcctis valoribus transniutalur in 


I I V /* -r tj{/' _ _ _L p+p 

h/iv7t{7i-\-()) ' 2/0“{7r T ;j£?j ’ 

cuiuH liaco cat lex, ut tormimis inclicm 0 + 1 divisiiH per tcnniiium indici 

_ (7(l + (0— 1)/0 

' hfi{v + 0~ l)(?r + (20 - ‘2)Q)\jt -h (20 - l)p) * 

If) aorio voro, qua.)n § 0 ex acqiiatioiic proposita elieiiinin.s, cst siinilis q 
termini indicia 0 -\- 1 pci' terminum indicia 0 divisi 

__/ 

(Om 4 20— 1)(0« -I- 20V 


Quo igiiur hac duae aca'ies congriiant, oportet ut hi duo (pioti sint in 
iicqualcM. Fiat ergo prime 

I = / sen (/ ■■= l>l, 

hoc po.sito dobe.bit ohmo 

_ _ _ _ 1 ... 'LL 

{On I 20 - l)(0)i I 20) {/ir -I- ftO — /() {-7 -I d- 20(i — td 

Undo Hi ac<|uatio Hocundum dimonsionos i)>8ius 0 ordinctiir, ct cooffici 
[juiuHquo iimius 0 potoutiac pojiantnv ~ 0, })rodiI)unt (jiuituor ao(iua1 
^x quiluiH /It Vt Tit et q detonniim-buntur in n. Ncquo vero miica datin’ ho 
^ 0(1 aunt (piatiior divormio quae ad nostrum in.stitiitiim })ortincnt. 


Frima dat /i ™ j j , v — 1, ti ~ a -|' I et p r- 
(Secunda dat /i — — — , r — 1, tt - ot q — 

n w 


n -I- 2 
2 

n -\- 2 

0 ’ 


,M n-\-\ n-\-2 . w + 2 

-l.oi'tia dat {i — 2, v — — , n -= ct p — ■— — 

Quai’ta dat‘) ^ n-=n-\-2 et q = — ^ 

a I « " 


U * 1 * fi 

1) I'Milio piiticops: /i -- J, tt — (« -J- 2) ^^2, <» = . 


(.'onoxit J 


x,i\ \ 


^ftO \ i 

(■| .LT^y \f> 

eva-iicBCore ctcbeafc facto z =• h. i‘’it hoc qui<lcm ai ;; — 0, aci 
alius leciuinitur, facile apiiaret, id non ovcnii’o ]X)s.sc, niwi \ 
quolibefc igitur casu ipsius a talis cligeiida cat aolutio, ut 

2J10 1 1 

hat = 0 posito z = (x>. Denotat hie aiitciu 0 nunicruin qui 
affirinativuDi non excepta cyplirn, quamobrein cfc v nui 
nnmerus negativus, quia alioquin binoniiiiin I -|- hzi'- in mi 
At tarn affirmativinn quam ncgativinn niimonun Hignili 
duplex oxistit Iniius rci consideraiio, pvout fnevit vol af 
vel negativus. 8it priino fi numcriis affirmativna ^ •[ A, [ 

^AOhl 

lial •— 0, posito z = co, oportcrc maxiniiitn i])siuH s uxp< 
natorc, qui est h \ XO, maioroin esse oiiisdom z oxpoiionti 
cat XO A- 1. Evit igituv Av > 1. 8in av\tcn\ fuorlt ft nun 
= — A, hot 

qnae quantitas ut fiat = 0 posito z — co, dobebit caai 
Xv XO > Xv-\~ 1, sou A 0 > 1, 

idquocl in casu 0 — 0 ticvi neqvnt. Qwocirca fi nunquain t 

nogativiis. In priina igitur solutione, quia cat I, ( 
•in -f 4 ... , . . , 

positivus, toties siniul esso dobobifc nun 

cxcipiuutui- igitur ii casus, qnibus|-’^-4^ est 1 vel unitatc 

contineatur intra hos limitcs 0 et — i prima solutio adhibt 

0 

solutione, quia iterum est v — 1, similiter oxcipiuntiir casui 


.aiuus fac(t umtatc minor. Semper igitur hacc soluUo locum habebil 
aiitum cxcoptiH oasibuH, qiiamio n contiiictiir iuka hos limitca — 4 ot 0. 
eriia^Holiitiojie, quia lam esfc numcrtia positivus nempe -= 2, dobebit tan 

- ^ csso nuiiionia mutate maior. Hac igitur Honqior uti poterimus, n 
ontineatur iutra boa limilca -2 et 0; quotics ergo scounda locum habet, t. 

fcUud.iapotciituaurpari.inquartadcniciuosolutiojicsquia/uiuoqucostiuim 


riirmativim, scilicet “>), requiritur, ut sit numerus unitate main 


uod accidit, quotics n ooiitiuetui' intra hos limitos — 2 et —4. In liis jr 
isibuH quanta solutioiio uti conveniot. Ex quibus inviccin eom])aratis 
)ioitur, somjier iioe modo aecjualionis proposiUio constnictiouom c.xhi 


oss<;, nisi n eoutiueatur intm bos angustos limites - ot -- 2 

3 


Id. Quo autom totuin hoe negolium evidentius pcrcipiatur, accom 
i.bo, quae liactoniiH trarlita sunt, ad ensum parfcicuiarem, quo obt n ~ 2 
nqm; coiiHtniouda sit Juice acquatio 

ax'^dx = dy ■\- y'^dx. 

fo lioe unsu oligo .solutiouom tertiam, critiiuc propierca 

a 


/( = 2 , r = — Q — 2 , 

is valoribiJH HiibstituUs l!al)obitur 

S ■■= c" <^dq, 

/' 1 

llJst vero j c^dq = 20^ t, oi-go^) 
j c-'Ulqjc^dq ==j2c^'dq f ij C'^dq = -- c^ — fc -v .j. /-. 


1) Kdiliu pniK-i-jw: b lnco lot-o ot iiifni- loco -1. 

2] C’uiiiH foi'nuiliio ]iiw(.oniui tihojiIjiiiih omoiiduixj opoilot. Jlal)i'ljiLui' 


(.'oiiC'xit n. 


/.• V i 





'Ic * — ic~^ Ic 


i ^ y 


ot in foi'iiiiilis Kcqnoii 
/^=:2 


j'pltdz='- 





CoiTC'xit 11. I 


Conscquenter prodit 


o ^ T ’ ^ ' 

4 '1 4 


Quia iam posito q -■ 0 dcbct cvancsccrc S, liabcbilur ista acq 


k i \ ^ 7 I , • 

7 — 7 — 7 =.= 0, sou !c = \ -h t. 

4 4 4 


dS 


Poi'i'o cum debeat esse = 0, si ^ -- 0, provenict i d- k 0. 


i 


= \chlq -(- dq, 


et klcirco facto g = 0, sit 


dq 8 8 


Ex his igituv conditionibus invemtur i ~ — ot k ~ ;;; (luiui 


-'I 


1 Z2 

.. _c»-| c5 1 [\ r>'-i r/2 

&- -3 j, atqiie 7? - -I- 


H 


Qnoninm voro cst // = 2 et // = hf, erifc 

/ I 1 »/ii£l r ’ 1/ 

Coiisequentcr repeiitur 


PUdz = 


y 


3 /' dz , I clzio- I 

, i" gj ~ 


(I +62*)‘ 

Quod integi-ale ita capiatur, ufc posito 2 0 ipsum fiat - 0 

T 7 quantitas, cpmc ut functio ipsius / potest i 

doinflc/ vnimbihs, eiusqueloco pouatuv orit ista functio poi- 


({UO 


(vicio §0). Atquo invento hoc i erit , = q,, vonos vah 

ac{[uatione projjosita 


ax‘<lx =-- dy -h y\lx. 


iiiodo n non contiiiCRtiii’ intva Iios liniit-os 0 ct - 2. Uti ciiiiii potcriuiu 
done tortia, in qua ait 


/I = 2 , V 


n -\- 1 


n - - '2 


n - - '2 


o ’ 


7 t Q . 


icitnr 


1 «. /* .> 1 
S ^ J c ® dq ) dq. 


^ratione aimili quo aiipra rnodo iiistitiita, reperitur*) 



' (it h ox Ilia a(5qnationihuH clol)ont tleliniri k 1 1- i, et k i = 0, cat erg. 
nte i — — et k — Qua])roptev cat 




2 q 


Z 2 

,CC 


* * 
[)OHito l(»eo Q valoi'c 


o 

- habcibitm* 


voro ut ante 


•in zls 
,j nin H- 4) -I- 2c'“ - -f- 2c'‘+* 
" (« •l-tT ’ 


7 =^ 1 / 


h/z^ 

I -|- kz^ 


» 


at Pdz =• 


(Iz 

>i< 1 

(1 -|-622 )»h "2 


]) ]ii htu! ronnniii <■(' in fortiinliH KCHpionl-iniiR (i^ mippriiUDiuIiiiii csl, Vido iiolam ]>. 20. 


!L 'J. _S. 

C° -j- C 0 7> „ ® ® 


R 


.l 5 _ zl?. 

grt+i yi 

2 


I' C dz ( 

J inUz / ^ -h c"+V 

J 2(1 + 6z2)«T'2 


Coiroxit H. D. 


ul)i loco rclinqiio q. Tntcgmlo liiiiua Plidz ita capiat 

=^{) ipsum cvanescat, quo facto ponatur 2 = c\j, doiioi.oUpi 
pvovenit, si tantum 

dz 

I ” 

J (1 -I- bz^f +- 

lioc nindo intcgretur, ut fiat = 0 posito 2 = 0, ot postmodiim pt 
1'uni ergo orit integralc ipsius PRdz pracscripto inodo acco])tnn: 
niuaZ § 4 finiotio ipsiua/. Aeqiialc id autcm crat positum (piaiitii 
scriem 

1 + A(i<j d- ARafig^ etc. 


niultiplicatac, C[uao series in sequentem est transniutata 

/ P 

' + (n + l)(« + 2) (n+l)()i-|- 2)(2n-|- ^){^nV^\) 

cuius sumina cat/, vide §6, ubi / designnt a.r’‘ Erit ergo Z — 
est quantitas constans, quia in ea non inest / adooque noc .r. 1^ 

, Z , , ill 


ergo pro ac([uatione proposita 

(tx^dx = dy -1- ipdx 

pvodibit y = . Ad illam igituv acquationem constniondain 

rcgulam: Intcgretur Imcc formula’) 


1 


dz 


(n + 2)3 


n+l 


n{n 


- 1 - 4 ) -p 2 -[• 2 ^ 


Cl-l- 6 z 3 y ‘'2 


1) Loco iiiiiuH foniiiilau SMl)stitualur: 


dz 

nt 


■ J-l/iZi’- 

^ 11+2 y i+tji 


2(1 + 62*)«+2 



Viiln iiolftm 1 p. .11, 


:)d post intogrationoni clobcat fieri -■ cv, is loco 2 siibstituat j ~ ct 

ftgrationoin poiuitur u ~ 1, quo faebo pi'o 'A idem i)rodil)it valor, qiii j 
laiuvi.s autom anal ytica pro A exprassio obtiiieri non potest, (piando t'orr 
. noil est intcgrabilis, tamon per fpiadraturas vcl reelificatioucR valor i] 
constrni potcrit. 

15. Quaiuiuani autein in Ime constriieiviono ii casu.s oxeliuhintnr, in (pi 
ontinetur inira liinites - 2 etO, niliilo tamcii minus liaec solutit) pi’o uni 

1 est habenda. Nani ({uia, si acipiatio jiotost rosolvi in casii n - m, reso) 
uqiie habetur in casn n -- m 4, ut eonslal') ox iis, quae do eaf^ 
larabilibu.y sunt dotoeta, per.s})ieuiim est, si m ail. iininerns inbra liinite.s 

2 coiitcnlus, fore ni 4in(.rab(n*iniiios -Seb 4 eomprohonsuni, adei 

solutione nostra eontincri. Quamobrem si oeeiirrat easu.s, ([iio ■)). eontinc 
ra 0 ct • 2, hie Htatiin reducalur ad alium pin* dicii um Iheonmui, qui i 

2 ct - -I eontiiKMitiir, lniius(jue eonstruetio oril. in ])roinpbii. 

10. In formula did'crontla-ii ^ U enita olmorvo, (piolies habiiorifr ■ 
iuHinodi formani /; | *, ubi /<• imnierniu int.ogrmn afllrmabivum doiu 

Jr 

egrain formidam posse intograri f§ 17), liano ob rum valorem ipsi 
ipsa exhiben. Jlis igitur in laisibuH valor ip.sins // ([uo([uo jiotm'it dolini 

piatio ini.egruri. Idol turn antem n <piotios ergo « talem luib 

’main, aoqimtio 

ax’'dx ■■■■ dy ■\- y\lx 

.egrationem admittet. Deiiulc (piia eaBiis, .si n vcl n = — m 

Inci ])otest ad ensiini 11 — ?w, iiitograbilis eliam crib aoqiiatio, si 

— 'U- , • - «I A: — ‘1 

” 2 * hH ■ -^-T- 


1) Vidii p. 18 liuiiiH voliiiniiiis ol. Institulhnum cakuli iulcyrnlis vol. I, § -18(1— Ml ot, \ 
)C -9(1(1; of. ([iiofpio § 8:n~81 1 ol. § 9 I9— U-13 ; Lkonuaiuu Kui.tun Opmi oinniit, sorion I. vol. 11 


..KUNUAUUI nui.mii 0[)urii oiniiiii I 22 L'uiiiiuuitla(.ioiiUH uimiytloau 


6 


17 


Ksse autein aequationem integrabilein, (iuoIk^h sit 


w + 1 - 1 


« f " 2 . 4-1 


hoc inodo oslcmlo. Pono 


bz^ ^ 2 . 

r+ ^ ’ 


crit 


z = 


— m'O 


1 + hz^ - 


I — 


i(leo(|ue 


dz = — ■ 


ilu 


O- - k'TV^ 


Kiel iiritur 


• 


'Hi p 6 
(I +bz^y‘*- 


Uaue oil rem fortuuUi § 14 iutegi*ancla tvanfiforinabitui' iti Iwiii 


2 iin 7 


+ 4)rfa(l - ■ U*)-*-' -1- 2c“"“ t;.w(l -u“) 


2c (ht(l — iP)''-') . 


([\iae, ut {acilc pcrapicitur, re ipsa integraii potoat, cpiotica k 
integer affirinativus*). Atquc hinc non parum prjicstantiae a 
huie ineae n\ethodo, quae tarn sit facilis et perspicua, nt casua c 
ivip.sa integrationein vcl separationeni admittunt, niio obtutu 


n l.ocu liuhu foriniilHP bubatituatur 

I / -iuM 

g n + 2-^lm __ 

Vi'lt) notHiii 1 [ 1 . 32. 

2) Cl. (.uiiiiiiC'ittattotunit 7U | H, lumvs VDluminis p. ICV. 


ill lUillU 




integralift est 




intern non adiioio, qiiia fiosito z ■- 0, .son qnofi eodcm I'cciclit n — 0, 
inlograio iain cvanoHcit. .Kiat nunc z -- o.* sou in nostro casu u I o( 
111* au : - loco /, haliolntur 




ivciito orit, lit iain ost ostonsuiu, // niffcrontiaio i^itiir Z ot diffc- 

’ ' Z(/x ^ 

li per Z(l:v diviso prodihit 


( ■i\a 

c. ^ -I- * 
c ^ I 


9 »/ — 

5ivC + , 


acquatio cst intogralia ImiiiH diffcrontmlis 


a.Y.- ^dx (hj \- 


flimili modo [iro reliquis casibus, qui soparationom adinittunt, aeqna' 
intcgrnlos invonhintiir. 


Conimet\f’uti{» 44 iiuli<«is I']Ni:sr»rn;iiiAN 
C'oinmei^tiwii ftca<U:i»«ae seiouUHriuu Potv<!\)oUtaiiao 7 (IT^M/o), 1' 


1. Ourvas cinsdem gcnciis liic voco tales ourva? 
dilTevuut nisiratioiie liueae ciuusdani coiistaiitis, quae 
assuiucns cas curvas dcteriniiiat. Linea haec const? 
inodulua est vocatus, ab aliis pnrametor: quia aiitor 
biguitiitem cieai'e potest, moduli vocabuluni rctincl 
linea constnns ct invariabilis, diiin ima infinitarutr 
deterniinatur; varies antem habet valores ct icleo vai 
curvas refertur. Sic si in aequationc ?/® — nx sum 
variabilitafco ipsitis a innnmorabiles oriiuitur para 
positao ct comrmincm verticem Uabentes. 

2. Infinitae igitur curvae ciusdcni generis o 
oxpnuumtur, quam modulus q^ui nobis semper littora 
Huic enim modulo, si successive alii atque alii vale 
contimio alias dabit curvas, quae omnes in una 
Aequationom hanc inodulum continentein cum Heu 
bimus; in qua igitur praetor alias constantos et eiii 


1) Tac. Hennnnn (1078 — 17SJJ), schc'liasma dc Irahctoriis dut 
ocourHutibtts. Acta orud. 17J7 p. 348: ..per modiiUim liic intolligo li 
UeincyuQ curvao socatvdno o^t cons.ta\v<, totl in divovRin c\u-vvs oiuadoi 
G.W. Loibiiiz, De linea cx lineis aumcro inlinitis ordinulim ductii 
Acta orud. 1602 p. 168: ..paminntri sou roctne magnituiUno const 
oequationis pro ipsa oalculum iiigrodiontos, quQ.o per a, b otc. dosigi 


odularctn invonirc. Nam - jPdx, nl.i P in a, z cl .1; qiioinodocuiK 
itiir, sen (iz Pdx, in t(na aequatione n iil coiustans considcrat.nr; intt 
lur acqiialinnoin niodiilarcin Imbcri, si inlegralis acijuationis ilz ~ f 
’tUKJ (li/Tcrcnliolnr, jjosilo ctiam a varlal)ili. 8 cd cum iiitcgratioucni pcrfic 
in liccail, oiuHinodi imilhodus dcsidoratur, qua difTcrentialis ac({imtio, qi 
■odii'ot, si inlogralis doiiiio diiJcrcntietiir posita etiaiii a variahili, invcj 
issil. 

4. Ad con.sli'ucndas qnidmn et cognoscendas curvaa acquatio 
ifficil. Nam (lain ipsi modulo n ccrto valoro conatnietiir aoqualio (h ■■ ■ 

10 faclo Jiabcldlur una cnrvantm infinilaruni, codcmquc modo aliac re 
;)nlui’ aliis iioncnrlis valorii)us loco a. »So(l si in his curvis cciia pimcta dcbe, 
wignari |n‘Oiil prolilcmn aliqnod postniat, tails acqiiatio c — jPtlx 1 
iflicit scd f('(]uirilut’ aoqualio a signia aummntoriis libera, iti qua si non 
gebraioa, ctiam dilTorcnlialia ipsins a insint. Ex data igitur aeqimti< 
ITci'onliali ]iro unica nurva dz • : P(l.\\ in qua a ul constans considcrat 
laori 0})orlel acqualionom dilToronlialcm, in qua cl a sit variabilis, liacci 
it modularia. llacc v('.ro moclularis interdum crit dificrontialis primi grad 
torduin seoiindi ot allioiis, interdum ctiam penilus non potent inveniri. 

n. Quo igitur metbodum tradam, qua cx aequatione different 
; • ; Pdr., in qua a cst constans, modulnris possit inveniri, quae a ut vai 
Icni contincat; pono prime P csso functionom ipsarum a ot x tantum, 

1 ) Conn nodi liit'iH ciiiihu nt. ad ijostariorom hniuH <loc(.riiino nsotn, I'luLiiRnM in Imc Conunf>ntiit 

<r!cpt(i foi’tftwo § H7) nihil aliiul oonHi<lomt iiwi nlgol)mic4ia ipsornin ;c, z 6ft « uinntioncts vnl integ. 
lotioiniin iiignhraicannii nnius vm-inhilw x. Vklo § 10. IJ, 18, 111, 20, 27, 31. Vidn quoqi/c Comt 
.ionniti 4fi § 3, 4, 15. Ailaiiic'n in lia« altom Coinmonlafiono Tini.niitrs onmis g^noris funoti 
:fipit. - 

2) Intogtald lion fPd.v orit, in ii« qimo boqiiuntiir, fjenctio ipsnrutti x. s et « ita detoMninaU 

anosont posito x - 0, vol x — x., Xo non poiidonto ub a. Vido /)i.'</j7i{Uf>ai<Hi caicali itilegralis vo 
[017. - 


6. Ad invoniencUim autom valorem ip.siua Q scqi 
Quanlilas A ex dtiahus variabilihvs I et u ulcunqite com 
jiosilo I consUinle hocqtie dilferc.ntiale dentio (lijjeroAiein 
variabili, idem resailat «c si inrerso online A primo dij 
slante}icicq\iedifjerentialedennodillermlietnrpn.^itotcoms> 

A " y - 1 - 

differentietur posito I constanto, habebitur 

11 udu 
- 1 - 11 Jd) ' 

Hoc denuo differentietur posito ti constaote et prodibit 

--nludtdu 
(P 4" 'll ^ 

Iain ordinc inverso cUft'erentietur y ~\- nit®) posit 
diffcrontialc 

tdt 

ViF'^nTd)' 

quod denuo diflerentiatum posito t constanto dabit 

— nludtd u 
((* 4 - ’ 

id quod congruit cum prius mvento. Atque similis co 
aliis GxempUs cernotur. 

7. Quamvis autem iiiiius bheorematis veritaterr 
ciant, dcraoiiBtrationem tamon seqiientoni adiiciam ( 


|- ai loco f. 01 u I- a u loco n muicuir \n jj. UjX iub poi's])iciuini es 
B Hcribatiir u -\- da loco n, provenire !)•, siiniliqiic modo si in C poii, 
r dl loco / pi'oditunun (luocjiio I). His praemi.ssis ni differoiitietur A pos 
iistanlc, prodihit, (J //, nuin posiLo u -j- dft loco ii ahit A In C, ddl’eroiii 
tom est C - A. Si porro in C — A ponntur I -\- dl loco [. prodibit 1 ) — 
arc diftcrcntiale {;rit 

I) B - C \ A. 

verso nunc ordiiie posito I [- dl loco i in A habcl)itur B, eritcpic diffcroni 
dus A posito taiitum I variabili B - - A. Hoc difl'orontialo posito u -|- du 
ibit in D - C, ({luirc eius difrorcntialc crit 

D—B C-\- A, 

cpiod ooiigrnit cum di/rcreiitiali priori opcrationo iiiveiito. Q. E. D. 

8. [stud aiitcm thcoroma lioc modo insorvit ad valorem ipsiua 
niendum. Cum B cl. Q sint functionc.s i()Hurum a ot .r, ait 

dP — df/x -|- Bda ct dQ Cdx -i' Dda, 

(pjcx; cum sit J Pdx, oi-itquoquc funcUo ip.saMim (i ot .r, positum auteur 

dz — i^dx -! Qda. 

m secundum thcoi'cma dilTerentictur z posito x eonstaute eritcpic dilfc 
do Qda, hoc porro dilTorentiatum posito a cou.stanto dabit Odadx. A1 
cratiouo dilTorcntialo ipsius c posito primo a conaUuito (jst J^dx, luiius 
ffercMtialc -jiosito x constanto cst Hdadx. Quai’O vi tJioorcnmtis aocpialia 
honlCdadx ot ljdadx,os.q\\o\\l(J - B. Datiir autein Boy.P\ diheron 
im ipsius P posito x constanto divisum per do dat B. Cum igitur sit 

dQ ~ Bdx |- Dda, 

it Q ~~ ^Bdx, si in liac integratione a ut conatans coiisiderctur^). 


1) Vidu JnstiliUiomim calculi diffcn-ntiolia vul. I. § 22IS — 2-10. I.hosiiauvi ICvixnt Ojicra o 

ics I, vol. 10. K. 

2) Vido 1.. I'iUi-Kiti CoinmcMdati»)H(‘»ii 4r>, liuius voliuiiinis p. 67. Cf. Inslilutionea c 
vfjrnlia vol. J , § 467 ; vol. II § lOlfl — 1067. LKn>/iiAiii}i KvLTiiii Opera omnia, soiica I, vol. 11 

}r, 


cxistente 


cJP - -I- 


{Si igitur Bdx integmvi potent, dcsidei’iita Uabehitiu* aco 
integmri non potest, aequo imitilis cst hacu aequatio 
utraqiie enim iiivolvit integialioncm clift'erentialia, in qi 
conaidcrari, id quod esb contra naturain aequationis me 
a acqiiG variabile esse debet ac .x cb z. 

10 . Quando aiitein Bdx integrationem non 
aequatio iuvenl-ji \ib iniitibs omnino cst negUgenda. N 
Bdx pewdeat a aequatio niodularis poterib oxhi 

^Bdx ~ a\Pdx -b 

cxistente K fxmetione ipsannn a et x algebraica, erit ol 

jBdx ■- az -f d(. 
et 

dz -TTL Pdx azda Kd(i, 

quae aequatio revera erit moclulavis. Quoties igitur 
integrai'i vcl ad integrationein ipsius Pdx decUici, a 
dulavis, quae erit differentiaUs pritni gradus. At si Pd:i 
quidem opua eat, sod 2 = I Pdx ent aiuiul aequatio me 

U. Si aulem \Hdx neque algebraice exhiberi 
potcat, diapiciciidum est, nuin \B(lx ad integrationci 
([110 a non incst, possit roduci. O'ale enim integrale, in qiu 
aoquationein modidarem, cum si libuerit per clifferontiat 
eodem iuic, si jPdx reduci poterit nd aliud integrab 
iiequidem hac ipsius Q dotevmiuatione opus cst, sc 
aequationem inodularein, ut si sib 

\Pdx --- h^Kdx 


Khdx. 


dz 


zdh 

“r 


Si autcni haco omnia iiulhim iiivcniant locum, indicio est, acqua- 
inodularcni primi gradus din'ci'cntialcni non dari. Qiiamobicm in 
gradus difrerentialibus quaori dcbcbib. Ad hoc cliiTorentio dciuio 
oneni 

dz ■ Pdx -j- da\Bdx. 

utem 

dB — Bdx 1 Fda, 


ito crit ipsius \Bdx difi’crcnUalo 

Bdx da^Fdx. 

ntiationo igitiir poracta ot loco \Bdx ciiis valoro ex oadcm aecjuutione 

poaito, liabcbilur 
da da ^ 


'dz 


rddx 


dPdx 


dzdda 

da 


Pd xddu 

da 


-P Bdadx -[• d(PjPdx. 


P„. ddz dzdda l*ddx dPd_£ . Pdxddu Bdx 
J ;i7r '■ ■' 'd<i ■ 

utoni sib ^Bdx — 7/^7 roduoi potcrit ad 

.lia ^Bdx Ob ^Pdx vcl ai reipsa- polorib integravi, habobiUii’ accpiabio 
n-is, (piao, orib dilTorcnUalis sccumli gradus. Ub si fnorit 

jFdx^ajBdxA fifPdx-^- /f, 

i cb (i utcuiiquo por a ot consbantcs, cb K per a ot a’ ot oonstantes, crib 
,io modularis haoo 


daddz — dzdda — Pdaddx -j- Pdxddu —d Pdadx 

-- - - 


adz — aPdx 
da 


-I- fiz + K. 


Bdx 
d a 


it F ex dabo P facile roperiuntur. 
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11 Si IFdx, quod autcin rarissimo cvonit, vcl non ainji 
tiiHMt a, vfl iid alind possit rediici, in quo a non iiiail, aoquatic 
lentiali-s .<(.-cun(lr gradus pro legitiina inocliilari potoriL luibor 
oiiintii noiiduiii succedaid', adliuc di/l'crentiatio (tsfc institiioncla, 
reiitiale ip^ius jFdx crit 

Fdx -\- da^PIdx 

posito 


(IF -r-. Odx ■}■ Ilda. 


Quo facto videudum est, vel an J lldx re ipsa j)ossit oxlnl)on, vo 
jiiaccedentilms \Fdx, \Bdx et \Pdx, vol an j) 0 ssit ox sigji 
a eliiiiiimri. Quorum si quod obtigcrii, liabebitur acqualio mod 
tialb tortii gradus; sin vero nullum locum habnorit, continiiam 
tiatio simili modo, donee signa summatoria potuerint cliininaii 


14. His goneralibua pracmissis ad apecialia accodo, caai 
quiljus funcliu F qiiodammodo detorminatur. Sit igitur P I'u 
tantiiiii, // [u'oi'.sus non involvens, quam littcra A'^ dosignabo, crit o 
(piac (luidom aequatio quia non contincta, ad imicam vidotur oni ' 
neque lul modularem praebendam apta ease. Seel cum in intc 
stantem addetc liccat, potent esse 


2 jAd.o; d- na 

sou diireieiUmndo 

dz =r-. Xdx -1- nda, 

■nme cat vera aequatio inodularis. Kadem aequatio prodiis 
icgulam X diflereidiasscm posito a; constante, imde prodil R i 
constanti, oita igitur csset aequatio inodularia 


cuius loco potius intcgralis 
Uburpiit\ir. 


dz ~ Xdx + 


s — JAc/.t -\- na 


tau uu.. Cun. ,g,t„r sit . ^ , P 

" debet cousiderari s - ^ r Y,l! n 

rentiulis ' ~ - Quae aeq 


I, i)oni potcHt ip.so modulus «, nam loco moduli cius {luietio cpinecunquc 
iuro j)i‘o modulo Imbcri jxjlcst. 


i. Sit A \- X littoris .d ot .Y eosdcm ut ante retinentibus valores. 

i-go 

dz - Adx -\- Xdx 

z - Ax )- \Xdx, qmic acquatio iam cst modularis, quia niocluliis A 
it in signo summatorio involuUis. Si quoin autom jXdx otiendat, 
titialcin ao( j uatioiinni 

dz Adx -I- xdA \- Xdx 

Ddulaii hahoro potest. 


^ Simili nitionc modularom acqiiationom invenirc licet, si fnerit 
P ^ AX I BY I- CZ -\~ etc., 

By C ot(5. sunt fuuotionos cpincounquc ipsiiw moduli d ct X, Y, Z etc. 
)nos quacciinquo ipsius x ct constantium ©xcopta a. Namquo ob 

dz AXdx -I- BYdx -|- CZdx etc. 


z “ AjXdx I- JijYdx -1- C\Zdx -|- etc., 

iintd cat inochdaris, ouin modulus a niisquam post .signiim summatoriuni 
itur. 


Sit P ----- {A Xy^ sou 2 -- jdx{A -p X)". Differentiale ipsius P 
.r constaiito ost n (d -\- X)”~^dAy id quod per dci divisum dat supei’iorcm 
m B (vido § 8). Erit igitin- 

dz - {A h Xydx I- jidAiiA X)--^dx 


^dx {A -I- xy-^ 


dz -'{A + Xydx 
ndA 


gitur sit 


jdx (A A- X)“ = 2 . 


otian, axiuiini potcrit, habebitur quod quacritur. bi ncutru 
diberentiatio est institucnda. Kst aute.u diftercnt.alo ipsu 


d 


(d (H - 1) 'W \(A + X)»-‘d.v - Diff. 


Eiii itaqwc 

J(/,r (.-1 - X)“'“ — ' ' n‘IA 


Qunre videndum est, an f</.r (,4 |- X)-^ possit vol ititc 
intepalia reduci. 


10. Si n fiierit mimerus integer ntfinnativns, tvoqi 
algel.niiea. Nam (A \ X)” potest in lerminos nnmero Itn 
cpiisquG in dx (liictiis integrari potest, ita ut modulus (t in si 
noil ingrediatnr. Eritautcm aeqnatio inoduloris haoo 

l^xaniinandum igilur restat, (pubus caaibus, si n non i’lv 
affirmativus, supra inemoralae conditioncs locum Imbcan 

*20. 8it primo X -= 6^:’", ubi b etiam ab a pond 

c = j (d -1- Haec formula pnmo ipsa est ii 

(Icaiguautc i uumcrum quemeunque affivmativum into" 

in — • His igitur casibus aequatio modularis fit algebi 

ubi h ab a iiou pendcre poteat, ilia qiiidem aequatio i' 
inittit Bed sequeus 

(ix -p ndAjdx {a A- b: 
eviuUt intcgrabiliB fitquc aequatio modularis differential 


dz = 


~1 

A f bx 


U Si lUivjae i vrtloiM lU'gftlivi attribuunlnr, intogralo torminis 
A<vHiatio modiiinris dicitiir iis tantnm casibus, qaihua integmlQ algohrai' 


2 t enim 


- = (A -! 

flz .v"’d.v (A -r I- n(lAjx‘'’(h: (/I -I- 


cl cst 

^x'“dx (/'I '|- bx'')" 


m -|- nh -|- I 


?iJtA 

m •[- V !{ -\- 1 


[A -} bx^)'*~ 


\ 

{/I -f- 


(«i r nk A- 1)" 
nkA~ 


-h hx'’)’’ 
nkA 


iiseqiiciitor luilxjbitur acc[uatio inocliilarm liace 

Akdz = (/I -I bx‘')‘^ {Akx'‘'dx --- |- {m -\- nk ]■ 1) zdA. 

nili modo inodulari.s c««ct invenU, .si fuissot 

2 “ H\x‘“dx {A -\- bx^)'\ 

a cnim non prodiisset diHorontia, nisi quod loco 2 scribi clcbiiissct ^ ot 
^ si quiflcni B al) a ctinm pcndcat. 


22. Missis aiitcin Iminsniodi liUorae P dotovminalionibiia, quippc r 
nijs lato patent, ad nlin.s accedo, qimo miilto.saopias iisui esso poasinit. ( 
icntnr lino dotonniuationos oa functiouis cninsdnm propositno pvopi’iot 
a fnnetio oundem iibiquo tenet dimonsioniim qnajititafcum \'ai’ial)il 
mcrum. Tales onini funotioues pccuUari modo cliiTorontiationcin adinitt 

. sit u fimctio iiullius dimcnsioiiis ipsanimaeta’, ciiiimmodi sunt—, 

aequo similes, in qnibus ipsaniin a ot x climcnsioniiin nutncnis in d' 
natoro aequalia cat numoro diinonsionum niimeratoris. J^ob antotn ■ 
ictio u cliffereniiata Rdx Sda; dico foro 

Rx Ba = 0. 

L.m si in furictiono u ponatiir x = ay^ omnia ii sese destniont ot in ca prn 
3t constantes nulla alia littcra remanebit. Hanc ob rom in diltorontiali 
tic aubstitutionom aliucl difTerontialo piaoter dy non roporiotur. Cum au 
X - - a?/, ei’it dx — ady ~\- yda^ idooquo 


du — Rady -\- Ryda \-S(la. 

I)ebel)it ergo esse 

Jiy -h S 0 sen R.v \- S a ~ 0. 


23. Sin vei'o fuerit ii functio ni cliincnsioniim ipfmriim a o 

dll — Rdx \- Sda, 

erit functio ipsanim « ct j: nuUius dimensionis. DifTcroiitict 
prodibit 

xdn — niudx Rxdx — miulx ! S.rdii 
— -^,, 7.-1 ■ 

Quod cum sit diffcrcntialc hinctionifi luilliiis climciisionis, (U‘it 


sou 


Rx’ ■ mux -b Sax — 0 
Rx -1- Sn = imi. 

Quare si fiievit h functio m dimensiomim ipsarum a ot .r, at.(p 

du Rdx + Sda, 

Rx + Sa = mu 


erit 

ideoque 


seu 


(lu= Mx-\-'^{mu— Rx) 
adu = Radx - Rxda -j- muda. 


24. His praeraissis in dz - Pdx sen j \Pd.x sit P fun 
Siom.m ipsarum a et a:, erit igitur ^ tails funotio dimensionum 
SI ponatnr dz = Pdx + Qda, erit 


Px + Qa = (m + 1 ) 2 , 

E. quo valor ip., ins ^ snbstitutna dabit aequationom modular. 


da 


' = crifc Jioe casu 

(n i)^Pdx - ajPdx r Px. 

)x quo pcrspicitur hoc casu integrale jihlx semper verluci ad jPr/.r. 


25. Radein aocpuitio niodularia proveniet (3x considcrationc sol 
‘osito oniin c/P ••• Adx ( Pf/a, orit 

n P - -| Ba. 

urn anteiii sit 

<lz — 2^dx -\- dapidx, 
rit 

(h Fdx -|- ~ j{nPdx -- Axdr), 

1 qua integratione a conslans habetur. Erit igitin* jnPdx ■ nz, ct 

■ - Px- jPdxy 

b lAdx — P, Habebitur ilaquo 

dz Pdx -|- {{>t ■!• 1)2 

1 quod promus cojigruit cum pracccdciitibu.s. 

2d. KotineuU; P suuin valorem n dimcnsionuin sit 2 • lAPXd-. 
I sit functio ipsius a ot X ipsius x taiiUim. Erit igitur - -= {PXdx. 

dP — Adx -I' Bda, 

n quo litlcra A cum altoni, cpiae cst functio ipsius a tantinn, non csb c 
enda), erit 

vP = Ax -| 

psius PX din'erentialo igitur posito x constanto evil BXda. Conscq 
abebitiir 

rf ■ 2 =■- P^ih: -I- dalBXdx PXdx + '^-^^inPXdx -AXxdx). 


Quare fiet 


, 2 Tiv j PXxdu , {71 ])zda . d 

Kihi igitur jPxdX retliici potent ad jPXdx vel pron 
inodularis differentialis primi giadus clari acquit. 

27. At si fuerit z existcnte li functioac 

ex a, X ct etiam ox z coaatante, at P functione ipsarum 

quia est = iPdx, erit 

sell 

Radz — zadR — - (?i d- l)Rzda = PR'^adx - 

In uiiiveisuia aiitem teneatur, qiioties z = jPdx ad ac 
rediici possil, totics etiam z = RlPdx ad aeiiuation 
posse. Nullum aliucl eniin discrimca aderit, nisi quod : 

casu dobcat esse Quare si 7^ fuerit vel quantitasalg 

cendena, ut eius differontialc posito etiam a variabili i 
oxhiberi, aequatio modularis per praecepta data repe 
poatevum tales oasns. ctiamsi latiiis pateant, praeterm 

28. Ponamus esse 

2 -= J(P ■\-Q)dx sen 2 ^-\Pdx 

et P esse Euivctionom ipsarum a et x diTuensionum n - 
caniudein a et x diinensionuin ?a — 1. Cum igitur dift’ei 

P{adx~xda.] , da r 

5 + 

et differentiale ipsiiis jQdx sib 


adz — {P Q) [udx — xtla) 
da 


11 — n\Pdx \ iiijQdx. 
porro difToveniiotur crit 


(I u 
jitur 


{nP-\- niQ){adx — xda) , da 
a ' a 

adu- {nP ■[ 

(ia 


{i}^\Pdx 



i)P\Qdx). 


t m-\Qdx. 

.iff intnc cx Jus fcnbuH acqijatioiiiliii.s ipsariim z, u cl i intograUbu.g 
IQdx proclibit hacc aoquatio 

mnz — \- t — 0. 

iqiiatio, si loco h ot I vulorcs asssumti aubHtituanUir, crit modnlariH 


Siniili nioclo, ai fucrit 

^ ■ I- P)dx 

ciio n — 1, Q functio m. •— I et R functio k- 1 dimoiiaioiuun ipsariim 
ponatur 

adz — {P -I ^ 'I' — xda) 

“ "" da 

, adu — {nl^ -r mQ h kR){adx xda) 

I _ 

adl — [n-P m^Q k^R){adx — xda) 

s . 

to crit aoquatio modularis hacc: 

kmnz — {km 1- kn -I- mn)u -1- {k m -\- n)t — s ~ 0. 
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30. sit |)on-o 


2 ^ = \{P -VQYdx, 


ul»i V sit fiinctio n climcnsiomim, Q vero functio m diniciisioiuim i])sa 
(juando igitur est 

(IP - Bda et dQ — Cdx -\- Dda, 

crit 

nP =Ax -\-Ba et 7nQ • Cx I- Da. 


JJitferentialc autem ipsius [P -\-Q)’‘ posito x constante clivi«uni \ 
k(li - D){P -f- Hanc ob reni crit 

(Iz = (P -fHP (•«« \-Da)dx. 

Cum autem sit 

Ba ~ nP - -Ax et Da — mQ Cx 
ot Adx ^dP et Cdx - dQ, 
oij (i in luic integratione coustans, erit 

dz r. (P ^ y.!i _ 

sen 


a ' I' 'r * {{nh H" 1) }*dx -(- (w/i 

I’onatur 


^da) - zdu _ 


erit 


kda 


U 


u -= j{nPdx + mQdx){P 


"•atio est conlinuanda. Fit autem 

, HU I^dx .'r [2kmn + _ 2 „„, + m‘)PQdx + km^QHlx) 


= l{lc}i^P~dx {2Jcmn '■ - -2mn -! PQdx kmH^^dx) {P-\- Q 

31. Cnin igitur habeantur tria iiitegralia, viclondiim cst, nuin ea a a 
3m pondeant, hoc enini ai fuorit, hahcbitur acqiiatio algehraica inter u 
A) dabit loco t ot u anbstitiitis nasiimtia vuloribus aequationom moduli 
croutialcin .secmidi gradus. Quoaiitcm facilius in casibiis pai’fcicularibus 
ji possit, an pendoant a so invicem, ad alias formas oas rcduci conv 
n Igitur sit z ■■■■- ^{P -j- Q]^'dxy erit 

n — VIZ (w- — m) j(P Pdx 

{2hm I- n — ni) it - — -|- m)i)z -\ (n ■ myik-- 1) / (P-\-Q]^'~^I 

fioreudum itaquo ost an 

iiP P^dx 

uci possit ad baoc J(/-' \-QY~*Pdx ot J(jP ! vel an sit 

iiP \-Q]^-^P-^dx -■= af{P \ Q)^--*Pdx b pj{P Q)^dx -!- V 

Ignarito V qiiantitatom algobraicam quaincunquopoj’ a ct .r datani, ot a 
i cooflioiontes ox constantissimis et a compositi. 

32. Fiat igitur V T{P huius difforentialo posito a const 

dT{P i‘{k-\){TdP -f TdQ){P 

dibit ergo sequens aeqiiatio 

'Hx - aPHx -I- aPQdx pP^dx + 2pPQdx + PQ^dx f PdT + Qt 
-f- i/c —1) TdP i- (k ~l) TdQ, 

lo per dx dividi potorit. At T ita debofc accipi, iit termini respondcutes 
truant, sumtis nd hoo idoneis pro a ot /? valoribus. 

33. At si per jPdx non absolute doterminebur z sed qiiantitas jQdz, 
tcunque per a et z, atquc P por a et a:, habebitur ista aoquatio Qdz — . 


ubi P sit functio n dimonsionum, Q vero furictio m dimeiisioi 
Quando igitiir est 


erit 


dP - - Adx 'h Bda ct dQ —Cdx -\- Dda, 
nP ^Ax -|- Ba et mQ — Cx -\- Da. 


Dillerontiale autem ipsius {P posito x constantc d 

k{B -|-£))(P Haiic ob rom erit 

dz = {P VQYdx t- —l(P •rQY-^ [Ba VI 

tt 

Cum autoin ait 

Ba — nP — vl.r et Da — mQ - - Cx 
et Adx —dP et Cdx - dQ, 


ob a in hac integratione coiistans, erit 

dz^{P-V QYdx -I- —■ J(P f QY-' {nl’dx. -|- mQdx ■ 

SOU 

(Iz = .i. J(P Q)1-1 ({nic -I- 1) Pdx 


Pouatur 


erit 


adz — (P — rerfg) — zda _ 

kda 

u -- fQiPdx -\- mQdx){P i 


Quare si integralo HnPdx-\- mQdx) {P ■} Q)^-' pendet ab in 
habebitur aequatio modularis differentialis gradus primi; 
tiatio est coiitinuaiida. Fit autem 

du = (nPdx + mQdx){P +QY-' + — — (nP V ' 

Ct ct 

'h *^~j{kn^PHx + {2k7nn + + m^)PQdx -f /t:?? 

Q/ 


I - Sikfi^p-^dx I- {2knin (- jt® — 2mn + m®) PQdx -l kvi'^Q^dx){P 

:u. Oniii igitur lial)eaiitiu- tria integralia, videndmii est, nnm ea 
vicoin hoc cnim si fticrit, habcbitnr aequatio algcbraica inter 

qna(! dabit loco I ct u snbstitiitis aasumtis vabribus aeqimtioncm mo 
dillojontialoin accufxli gradus. Quo aiitem faciliiis in casibns particulari 
possii., an pencloant a ao invicem, ad alias fonnas eas re.duci C' 
Oum igitur sit 2 - \{P -|- Q)>^dx, crit 

u mz -b {n —m) J(P -\-Q]’^-^Pdx 

c)i, 

t ■ (2/:?a ■ ■ ii- -m.)u ■ {km” — nP mn)z (a - — 1) 

QuaoronfUiin itaqne eat an 

rodiioi poH-sit ad liaec J(P -| Q)>‘-^Pd.v «t /(P l-Q)^dx vel an sit 

J(P -i-Qy-^P'^dx - af{P ■\-Q)’^-^Pdx -f pj{P -f- Q^’^dx -i- V 

dosignanto V qnaiitifcatcm algebraicam quamcunquo per a et a- datam, t 
aunt coofficientes ox constantissimis et a compositi. 

22. .li'iat igitur V -■ T{P -f (?)*"'» huius difforontiale poaito a co 
ait 

dT{P -b(fc -1) {TdP TdQ) (P 

Prodibit ergo soquens aequatio 

P^dx r.. aP^dx 4- aPQdx ^PHx f 2 ^ PQdx + PQ^dx -f PdT + 

+ (h — 1) TdP^ {k.-~l]TdQ, 

qiuio per dx dividi potorit. At T ita debet accipi, ut termini responden 
destruant, sumtis ad Iroo idoneis pro a et valoribus. 

33. At ai per jPdx non absolute doterrainetur z sed quantitas jQd 
Q utcunque por a et 2 , atquo P per a et x, habebitur iata aequatio Qdz 


niemui-iini poiiciKio cwam a variaoiii opt^ 


Kriti ergo 
seu 


(IP - Adx -|- Bdn ct dQ ~ Cdz h Dda. 


Qdz -- da I Oil z — Fdx da\Bdx 
Qdz — Pdx -\'du{\Bdx ~\Ddz). 


Qutic (loquatio, si [Bdx ct \Ddz potcrunt oUminari, dal 
quaesitam. 


34. Sit P fiinclio m — 1 dimenaiojiiim ipsjirum a ct .r, ot ( 
dimensioiiiim ipsarum a ot z. His positis erit 


HifC ^Pd'C t^ida^Pdx P[(idx — 


otOiiT. IQdz ~ i~Q{a dz — zda ) 

]Cx quo eruitur ista aoquatio 

im ~ - n) {Pdx _ B{adx~xda) 

^ ' da da 

iPdx - IQdz. 


ob 


Quarc si fueiit m — n, orit 

Qadz - -Qzda = Padx —Pxda, 
quae est aequatio mochilaris sou 

da Qdz — Pdx 


Qz — Px 


35. Sill vero 7n et n non sint acquales, aequatio modularis c 
secimdi gradiis. Nam cum sit 


hn — n) [Pdx^ 

’’ da 


1 ) In oilitiono priiioipo nnmeri ISO — 180 falso itemnlur. 



i - xda) ^ vi{m-n)da{ Pilx {m~-n)P{ailx- xila 

da (t ' a ■ 

^ — srf q) — n/'Carf.r -- - .f(/«) 

« 

1 ucqiialio ohI- iiiodulariR quacsita. 


10, Si in aoqua(.i<jn(^ piopoHitii rf- -\- Pdx 0 incletcrminatae non fnorini 
invi(;o!n HO])aratao, ita iit P sit fimctio iiivoiveiis x et 2 et u, dehehit pci 
tilaitom quandani P niulUpIicari, quo formnia Edz -'r PEdx \\i diflorac 
iti(;(jgraIisouiu9fia?n*S'possitconsiderari.Kntitaqiicd.‘? =Rdz I- PEdx - 0 
[uc S - : (Jonut. Sod ad qiiantiLatcm E iiivcnicndam sit 

dP -r: Adx Bdz ct dJi --^Dd.v -\-Edz, 


i ta.ntiaj)or pro oonstanto haOemus. His posibia erit 

d ■ PE {DP -I AR)dx + {EP P BE) dz, 


iroa (lobot OHso 
l> 


D ^EP^-BR. 

D — di? — Ed z 
dx 


fCdz l-BPdx BRdx =dE. 
voro sib dz \- Pdx -0, habebitur 

d a = BRdx. ct IR -■ IDdx. 

ibiim vcro oab B ox dato P, ob qiiiai^ ct z et x involvit, Bdx iiitegvari debet 
Lcquabionis dz d- Pdx 0, si quidcm fieri potest. Sit itaque ^Bdx ^K, 
ID Jt ]>o.sito le ~ 1, 

7. Cuin igitur sit 

(IS — P'dz -(- e^Pdx ~ 0, 

jqnationon inodularcm invenicndam sit 

dK = Fdx + Gdz d- Hda, 
ae 


de^^ = P' {Fdx 4* Gdz Hdu). 


e^'d-z -j- c" rcix -j- dajc. haz — u, 
sen diviso per liaec 

<lz -I- Pdx c-^da\o/Hdz -- 0. 

Alia aoquatio modiilaria invcnitur posito 

dP — Adx 1- Jidz r Cda, 

orit enim ipsius r" P differeatialo posito rfct coiistanto hoc cJ^{Cda 
Integretur P'dx[C -j- PH) posito tantiim x variflbili, quo facto erit 
modularis 

dz -r Pdx e~^dafe^'dx(C \- PH) — 0. 

Scd huiusmotli aeqiiationcs modulares, nisi R possit sine aequaiione 
dz -\ Pdx — 0 determinan, nuUius fere sunt usus. 


38. Consideremiis igitui* casiia particulare.s, sitquo in a 
dz -I- Pdx ~ 0 P functio nullins dimensionis ipsarum x et z, non C' 
const-antibus et modulo a. Foi'mula vero dz -|- Pdx integrabilis sempc: 
si dividatur per js Pxy qunmobrem erit 


Fit autem 


s .. Const. 

J z + Px 


/ 




Deindc posito z ix, hot P fimotio ipsius i tantum quae sit T. Quf 

quod per quadratures potest oxhiberi. 


39. Ad aequationem modnlarom igitur inveniondam nil aliud 

/ (i z 

dilTerontiofcur posito quoque modulo a varial 

tur igitur 


dP =Adx Bdz -b Cda, 


OHito tantuni a variabiU, erit eius difterentialo Deindo intogi 
Czdx , . . _ 

pxy •'*'■ pi ‘0 variabili habita, quo facto erit aequatio modi 

uaosita 


iinili inodo ox coof/iciente ipsiiis dz qui esfc prodit haec aeqi 

lodularis 

I qua intogrationo 2 Uintuin pro variabili habctur. Sive etiam haec 

dz -!■ = (z -(- Px)daJ~^^ , 

1 (lua D ot T per Rolum t ot a dantur. 


40. PractorjniUcro hie uoti j)ossum, quin gejieraleni aequationiim lie 
niotit'Liin, iiti a Crl. Ion, Bicunoulli*) vocantur, quae omnes hao aequat 
z - I- Pdx -- 0 coutiuontur, resolutionora adiiciam. Namque roperitur ex 

Hz -I- Px) = = I it -I. T) - J,-ry ■ 

,[ I .f fp _ p ]5i-odibit igitur 


u adiecta oonatante 



-f. 


(II 

+ 7'’ 


t si propoaita sit aequatio 


nxdz I- dx 's/iy? z^) — 0, 


1) Ion. JliCHNoutLi, De iutefiralionibiu aequationuw diflerenlialmm aine praeviu tiuleien 
se^xtratione. ConJOjoJit-. up/k). sc*. Petrop. I, 1720, j). 176. Opem o»i/i?a, t. 3, p. 1 Ifi. H. 


fial 

erit 


Quave crifc 


X J 


i -= 


nt -i- y{\ :■ tt) ’ 
|/(l -1- tt) == t I- 5, 


I — SA . - - (/ 5(1 6 A’) 

- :: — ofc a « — • 


'^S 


2ss 


, c ' — ?i s ( I -} Sfi) 

^ X {>t -( 1)5 — (rj. — i)s^ 


JIZJLls A. . 

n y I ' n -^ — l 




41. Quo tamen iisua calculi § 30 in casu spcoiali apparcat, ai 
])roposita 

(Iz -- pzdx ■ ijdx — 0 , 

qua p ct 7 vitcunquo iu a et a; daiitur. Quae aequatio cum il 
dz d Pdx ■ - 0 collata dat P ~ pz — 7 , ex quo (ici B - p ct i 
sen Ji Cum igitur Jpdx per qnaclraturas possit aasignari, C' 

valoi* ipsius Ji, iciooquo acqualio proqiosita pci‘ lUultipUcat 

grabilis; eiit igitui 

- 1 - eff'^^pzdx — - 0 

huiusque intogvalis 

Dift’erontiari itaquo clebcfc positis et a et x varit: 

dift’erentiale ipsi dz aequalo poni, quo facto habobitur aequatio 
Positis igituv 

d'p ■■■- fdx f ijda ot dq hdx -}- ida 
proclibit ista aequatio iiioclularis 

dz — (i -i^"^^{fdx I- da\gdx)le^^'^^qdx -|- qdx \- 

(?(b; -P qdx\(jdx), 

SDu posito brevitatis gratia ~ T evit 

dz — — - qdx -\- — c~^‘’'^^da 

Ex qvm operatione inteUigi potest ad aeq\iationem inodularem in 
id niaxime esse efficiendum, ut in aoquationc proposita indctorni 
invicem soparontur. 


ADDIT AMENTUM AT) DLSSEKTATIONEM 
DE INFINITTS CUllYlg KlUSDEM GENERIS 


Conimoulalii) -Ifi intliciH ExiiSTiioKMiANi 

C'ofnni<!»itftrii actiduinlao at^iontiariim Potiopolitaiiao 7 ? 740, p. 18-t — 200 


1. I?i suporioro diascrfcatione^), in qua raoUiocliim tmdidi acquati 
3 iiifinitia curvis eiuadoin geuedfl iiiveniomli, ipsius Q valorein in aoqiu 

dz = JMx Qda 

tcrminaro docui ox data aequationc.^ — fPd.v, Namqiio si P ox a; ct( 
astantibus utcunquo fuerit compositum, inanifestuni ost, si J Pdx differ 
L‘ posito non solnin a; sod ctiam a variabili, ])roditurain esso luiius fc 
quationom dz = Pdx -f- Qda, in qua valor ipsius Q necessario a qnim 
qiiao ost cognita, i^endobit. Doinonstravi scilicet, si rlifforentinlo ips 
aito X constanto fuorit Bda^ foro ipsius Q difTerentiale posito a cons 
lx, ox quo pendentia ipsius Q a satis pcrspicifcur. 

2. Cum aiitem inventus fuerit valor ipsius Q, aequatio 

dz — Pdx -1- Qda 

orimet naturam infinitarnm ciu'varum ordinatim datarum, quai’iim sin 
>rsini continontur aeqiiationo dz = Pdx, a so invicein vero differunt ( 
Tte paramefcri sou moduli a. Et liano ob rem aequatioiienv dz — Pdx -f- 
qua modulus a tanquam quantitas variabilia inest, cum Cnr.. Herm 
juationom modularem vocavi. 


1) Vide p. 36. Vido ciuoquo notam p. 39 adiootam. 


I 
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adsunt dincrenlialia, moduliiH a aequo variabilis ac x ct s p 
Sin autGin Pdx integrari iiequit, noquatio etiain niodularis in 
exceptis easibiia, cpiibus esfc 

P ^ AX d- BY -1- CZ d- etc., 

existentibiia A. B, C etc. fuuctionibus ip.sius a ct constautiii 
etc. I'unctionibus ipsius x ct constantiuin tanium, moduli 
gredientc. litiamfii cniin ipsa, aecjnatio dz - Pdx sit ditl 
aequatio modnlaria 

A IX dx {- BlYdx -\ C\Zdx etc. 
instai algcbi’aicae cat conaidevauda. 

4. Niai auteni P talem liabuerit valorem, acqiiatio 
dift’croiitialid giadiis piimi vcl altioiis griidus. DilTcrontiii 
grudus crit, .si Q vcl ovit quautita.a algobraica, vol intograle i}: 
hoc cniiu caau z loco | Pdx subatitvituiu toilet qiioquo aigni 
ita lit aequatio modularis dilTercntialis puiu ait proditura. 

5. Dcprcliendi vero in supcriorc dissortationc Q t 
habere valorem, quotios P talia fuerit ipsarum a ct x fui 
dimensioiunn, (pias a et x constitiumt, sit ubique idem atqii 
Px vel Pa fuerit functio ipsarum a ct x nulliiis dimensio 
observavi [§ 24], quotics in P liltoriic a ct x eundem tantiim i 
dimensiomuii iiumcniin, toties Q ab integrationc ipsius Pdx 
cum tarn cximia consequantur subsidia ad acqnationos modi 
maxime iuvabit iuvestigare, nmu forte aliao deiitur hut 
ipsius Pt quae iisdein pvaerogativis gaudoant. Hus igitur a 
constitui, quo aimul methodns talcs fuiictiones inveniendi u 

6. P est funotio ipsarum a ot x diinensionum - 
ipsai’um a ct x nuUius dimensionis, ostendi fore 

Px d- Q(f ^ 0 sen Q — — • 

Cl 


V/i I V 


(Iz — Pdx - - 


Pxdit 

a 


imobrom talis esHO dobobit fiinctio i|)saniiu a ot*. .v, ut (h: -- poi 

tijdioatuni cvadat intograbile. Hie autcai per iutegrabilo non fl 
lligo, quod intogrationc ad quantitatom algobraicam, sod etiarn 
qundraturam qiiainoiinquc rcdiicitiir. Si igitiir general iter invonci 

ntitatom, in quain dx — dnetmn fit intograbilo^ ca crit cjuaesitus 

Pv 

iis 7\ ciifs pj’Oi)rictat{8, ut sitQ — — 


7. .Kit aiitcni dx — integrabilc, si miiitiplicatur por , int.ogralo 

~ I c, dcsigiuiuto c quantitatom constautcni qiiamcuiiquc ab a 

:lontom. Quocirciq si / | ■ rj denotet fiinctionein qiiainounqucj') i 

c, fiefc quotpio f/.r integrabilo, m imdtipUcotuv por ~ -r 
ir cuiu flit maximo goucralis, crit 


P = I /(2 + c)otO.= 


Px 


(I 


vero /(" I'cj functio quaocuiiquo ipsanun a ct x nullius cUmonsi 

.mobrem quoties Pa fucrit functio nullius dimonsionis ipsarum a 
Px 

3s orit Q ideoquo aeqiiatio modularis 


dz 


Pdx — 


Pxda 

a 


1) Hie Eulbrus por elianietoros + /-^ fuuctionea ipdius ~ -\- c vol ~ doiiotul 

n jior chiii'ftctoics /. y, •}> : (.■« -f- ny) functiones ipaoruia y, x + ny (.lonotaf- Vido Coi 
loni 28G Iniixis voluminis, §21,28,38,41. II 


az = i T 


dz-Ada = Pdx--^"^. 


Jn qua aeqiiationccumrf^ — .^Irfwsitintegrabilo, dcbebit Pdx — 

esse intcgrabilc. Hoc autem per praecedentem operationo 

p = f c). Turn igitur crib 
a \a I 




Siinili ratione intoUigitur, si fucrit 


^ = ^ + 


denotante X fimctionem ipsius x tantum, fore 




ubi ut auto / + ejexprimit functiouem quameunquo ipaarum 
dimonsionis. 


9. Sit Q ■— — — , ubi n indicot numerum quomcunqno; oi 


(Iz Pdx 


nPxda 


Dol)ebit ergo P tabs esse quantitas, quae dx — — gi in id 
reddat integrabile. Fib aiitcm dx — integrabile, si ducatiir 

4 % X 

eium orib Quaro generaliicr crit 



tclUgitur oUam, m fuorit 


i-o quoque gcnoralius 



l)i ui. ante ot iu poatonnn semper / denotat functioncm qiiamcuncpie qi 
atis soqiieniia. At A est fiinctio qiiaccunqiie ipsiua a, ct A' functio qi 
iKpio ipsiuH X taiitiini. 


10. Quo igitur digNO.sci queat, an dati/s quispiam valor ip.sius } 

1 

rnnda iriv'cata coiititicaOir, poni dcbclnt a -- quo facto vidcndimi 
1 Ph fiat functio ipaarum h et x nullius dimensionis, vcl an prodeat ag 
tun\ cx functiono qnadam ipsius x tnntum ct tali functione. Quod si 
ohondcttJi’, lialjobit P proprictatem requisitiim eritque Q nequale 1 

ai functioni in — diictae una cum functione quacunque ipsius A. 

livcrauni autoni notandutn cst quantitatem P functione ipsius .r ut A^ ( 
netiono ipsius a ut A posse augcil Nam si fuerit 

dz = Pdx f Qda 

quatio inodularis, talis quoque crit aequatio 

dz Pdx -I- Xdx d- Qda + .4dfi. 

jsito onim du loco dz — Xdx — Ada liabebitur du --- Pdx -]■ Qda, q 
lu pi'ioro prorau-s congi’uifc. Hauc ob rern sujjei’fluum forefc in posternn 
dorom ipsius Q assumtum fimctionem A ipsius a adiicore. Quare h 
qjarontom gcnoralitatcm ncgligemus. 

U. Sit nunc Q ^ PE donotanto E fimctionem quamounque ipsiii 
:it itaquo 


dz = Pdx 4- PEda 


In qua arquatione cum dz — Ada sit integrabile, clobobit Pd.x^ 
c?se integrabile. Hoc autem per praecodontem oporatio 
p - i / cj. Turn igiUir evit 



Siinili ratione intelUgituiq si fuerit 

denotantc A' functioncm ipsiim x tantum, fore 

ubi ut ante / (^ + c) exprimit functioncm quamcuuquo ipsaru 
cUraenaionis. 

11 pK 

9. Sit Q — ubi n indicct numemm {piomciinquo; 

a 

■Oel)ebit ergo P talis cssc quantitas, quae dx — si in 

a ’ 

reddat integrabile. Fit autem dx — — integrabile, si diioati 

(i 

cniin erit Quavo gencralitor erit 


>lligitur otiam, si fuorit 




/ 


quo<|no gciioralius 



III anl(5 (jI in postcriini semper / denotat fiinctioncm quamcnuqiic q 
Us soquonUs. At A est fimctio qiiaccimquo ipsius a, et A'" functio q 
quo ipsius .T tanliim. 


10. (^,110 igitij?' digno.soi rpioat, an datns qjiispinjn valor ipsius . 

iiula invonta oontiuoatur, poni dobohil a = quo facto viflcndnm 
Ph fiat fuiictio i])sanini h ot .r milliua dimonsionis, vol an prodcat a^ 
nn ox fiii)cUo!io (piadani ipsiim .t fcantinn et t.juli functionc. Quod s: 
londetiir, habobit P proprictatom I'cquisitain ontq\io Q acqnalo 

fmictioni in ductao una cum functionc quaounqiio ipsius A. 

k'orsutn aiitoin uolundiun ost quantilatcm functionc ij)siuH a; ut X, 
:;tioiio ipsius a ut A jiosso nugcri. Nam si fucrit 

(Iz — Pdx -|- Qda 

uatio /nodularis, tails quoquo orit acquatio 

dz ~ Pdx -|- Xdx -h Qda ~\- Ada. 

ito cnini du loco dz — Xdx ■- Ada babebitnr die Pdx -\- Qda, 

\ prioro prorsus congruit. Tfanc ob rem suporfiuum forot in posterui 
)rom ipsius Q assumtum fuiictioncm A ipsius a adiicero. Quaro 
arontom goncralitatcin iicgligcmus. 

11. Sit mmc PE denotanfcc E functionom quameunque ipsii 
b itaqiio 


dz = Pdx -h PE da 


iSive si poiiatur \Kda 


A fucritquo P j (.r 1' A), crit 




ilA 

liu 


I (.f 


'-A). 


Niim autem datiis ipsius P valo]* in hac formula contiiic 
investiganclum: ponatur x ~ y - - A at quacratur, an pi'o . 
fimctio ipsius a ct conHtantiuui, ut P (i{it fuuctio solius y et 
modulus a non amplius ingrediatur. 


J2. Ponamus esse Q -- PY, ubi V sit functio qi 
moclulum a non involvens. Quo posito crit 

dz Pdx -h PYda 

ot P tabs functio, quae efficiat dx Yda intcgrabilo. Posil 

2: ) y -r a A ]- a, 

si ponatur I y •- A'. Quamobrotn crit 

P = .1 / (A' -1- a). 

Quoties ergo P huiusmodi habuorit vaiorem, erit semper 

13. Sit nunc gonomlins positum Q -- PE Y, evit 

dz - Pdx -b PE Yda, 

ubi ut ante E denotai fnnetionom ipsius a, Y vci’o ipsiuf 
si fiierit P =; y, forimilam ista.m diiferentialom cffici in 
enim 

z = l^y -f- j^Eda^ sou 2 — A + A 

/ (I U 

y — X. Qnamobrem crit 


uliiiiUn- in liiH foi-imilia olifun logai-ithmici ipsanim ^ ot .T vaiorcs, 
X - IT ot A - IF, 


r 


d'r_ T 

Tfh>: ’ >■’ 


et : 


~dF T 
Fda ' > • 


(n-H])ic:itur igitnr oninea iiaa formnlaa locum liahero. si aequatio 
uci-it vvA 


(h ” d X I {X -I /I) dz ~ ^ 

aeciuatio ])i’oi)usita ad has fonnan potcvit rctluci, siibstitncnclis 
itioiio quacun([UO ii^ius x ct A pro fuuctionc qiiacunquc ipsius a, 
a tin inodiilai’iH potorit oxliilmri: crit cnim prioio casu 

dz r-: dXliX -h A) d- (lAliX I A), 

I’u voi ‘0 oaHU 


, dX ,X dA,X 

I A— A I A- 


idoni in liis univorsalibus oxcinplis facile perspicitur, in spooialioribus 
> clit’ficiliiis. Quooii'ca maximum positum crit subsidium in redu- 
.)n.s ])ai'Uculai'ibus ad lias gciieralcs formas, id ({uod, si quidem talis 
ri potest, non diffioultor pracstatur. 


ponatur^? P U, clcsignante A' fuiictionem quameunque ipsaimn 

dz Pdx -! PRda. 

ndnm nnno valorem ipsiiis sumatur formula ds' + Eda, aen 
r - (• Eda 0 ooiisideretnr ei quaeratur, quomodo indeterminatao 
invicem poasint separari, sou quod idem est, per quainnam quan- 


Q -■ RSjT. Tfiu?c opciatio latissinie putet et omnes casus complcc 
Q cognitum et n 2 non peiiclentem habet valorem. 


10. Progi’cdianuir autom ullci‘iu.s et in cos ipsius P valorcs 
in quibus Q non solum a P scd etiam a \Pdx .sou a z pondct. P( 
primo 

^ niz Px 


donotante % nunicnim quemcuiuiuc. l<3nt ergo 


sen 


1 7 . nzda Pxda 

dz Pdx 

a a 


nzda P(l^ Pxda 

a ' ' a 


Multi])Ucetui' utrinquo per (pio prodoat haeo aoqimtio 

dz nzda __ Pdx Pxda 

(F ~ 7F^ > 


ill qua pi'ius membrum est intcgrabilo. Debobit ergo otiiun inti 
altennu uicmbnim 

Pdx Pxdci 

ft" * 


ox quo idoncus ipsiua P valor est quaorciidus. Evenit hoc, si P 
enim integrale -• -|- c. Quarc crit univcrsaliter 

(I 


P = 



id quod coutingit, ai est functio ipaarum a at x nullius dimer 
functio ipsaruin a et x dimensionum n — 1. Hoc igitur casu est 


nz Px -j' Qa, 
ut in superiore dissertatione ostondimus [p. 46]. 


dz - = Pdx PM Yd a 

a 


dz nzda l^dx . PEYda 


,n „»i + i ■ «« 


!*oni P ita debct acconiinodari, ut 


dx H- EYda 


• • • (i 

iiltiplicaturn cvadat intogral)ilc. b'it hoc autoni, si P -- 
cst I -y ■\~ j Eda sen X -h A posito ^ ~ = X efc | Eda ^ A. 


ebobit esse 


n'*ft Y 


\ cnaibus erit 




1 a logarithmis pcnclcant, prodibit P linixie v^aloris 


a'UlX .X 
Xdx ’ /I ’ 


mdobit 


^ nz (i^dA f X 
^ ■“ T Ada ^ A 


Si ponatur Q = Fz-\-FEYt ct F ot E fimcUoncs siiit ipsius a, 
psius X, tnm crit 

dz — Fzda = Pdx -j- PEYda, 

jFda — ita iit B sit funotio ipsius a, et dividatiir per B, habebitui 

dz zdB Pdx PEYda 

B B ^ B B 
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Cum igitur prius membrnm sit intcgrabilc, et alterum tal( 
hoe, si i’-- y , tuinque erit iiitegralo 

J I Eda sou X -\- A. 


Q\iocirca crit ipsius P valor quaesitiis 


Q vero erit 


iS(l\. t t \r I 1 \ 

Ml), 


z(i I Bd A / /'ir I |\ 

Tila - Ja- I 


Perspicitur qiioque, si fuerib 


n BdX ,X t ^ zdB 


Bda 


BdA .X 
Ada ^ A ' 


Ify. Latiaaime patobit aolutio, ai ponatuv 

Q = Fz -h PM 

et R fuoi'it (uuctlo ipsavum a ct x. licit cnim 

dz — Fzda = Pdx -\- Plida. 

i’osito [Fda — Hi dividatiir per /i, liabobitur 

dz zdB P , 1 , 7> » ^ 

13 — = 

Sit iuin S fuuctio officiens dx + Hda iiitograbile sitquo 

j{Sdx -h SMda) T. 

Quo inveiito erit P = BSfTy huic rospondet Q — -\- J 

20. Possmib prnctorea plui’cs huiusmodi valores ipsius . 
moclo muito latiiis extendi, ut, si ponatiir 




erit 


'cnitur. Quamobrem his (ixpcditis pcrgo acl cos casus inveatigaiulos, in qi 
[iiatio niodularis primi gradus dift’orcntialis non datur, sccl qui tame 
luationem inodularcm difi’crontio-din’erentialoin pcrducuntur. 


21. »Si neqiie algebraico per a cfc x iicque per z potest exprii 

Tstigandi sunt casus, quibus differcntialc ipsiiis Q potent exliibori. Est a 


:o 


Q = 


dz — Pdx 
da * 


dQ = d 


dz — Pdx 
da 


lai'o si dilTerentialc ipsius Q. vcl per sola a ot x vel per hacc cfc Q vel ( 
lul per z poterit exprimi, habobitur aequatio modnlaris, quae orit dill' 
lis secundi gradus. Ostenaura autem csfc siiporioro dissertatione [p. 31 
lafcur 

dP — Ldx h 
e 

d-Q ~ Udx -I- iVe/fi, 


nt haeo dift’orentialia coinmuncm littcram M involvaut. Quia aiitom ox 
3tiam M datur, nil aliud roquiritur, nisi ufc N cJotenninotiir. Qtiatnol)rt 
1 inquiremus casus, quibus N vcl algobraicc, vol per Q, vol per Q otasox] 
icst. Turn onim habobitur aequatio moclularis 

Mdx -h A'do = d ■ , 


nto in N loco Q eius valoro — 


22. Ex praecedentibus satis intolligitnr, si N per sola a et x detoi'min 


coiitineatur. Quod si fuerifc comiDertum ct X ct A et V definitac, 

Vdx + <lXf(X -I- A) + Ida + dJ f{X I- A) = d-—- 

acquatio inodulavis dcsidci*ata. Notandum cst in postcrum 
7 ~/ "H -^) poi'i posso aggregabuni ox quotvis huiusinodi for 

it* •L 

'^/(A' + .4) + £'/(y + JS)+ oto. 

At loco ^ / {X -j- A) tunc poni dcbobit 

4) /(r + B)-v oto. 


Hoc igitur nionilo in posboruni tantum unioa formula / (. 

(t 

(lA 

rcspoiidonto 


23. Pondeat N siimil etiain a Q sitqiio 

N - i? -h DQ, 

ubi D sit funcUo ipsiv\s a, ot U lunctio ip&ovum a et x ox conditi( 
tibus dctorminanda. Erit igiUu' 

(IQ — DQda — Mdx -f Rda, 


sit 


Dda 

et dividatur iitrinque per //, prodilnt 

dQ Qdll 


dll 
li ' 


Mdx H- Rda 


H' u 


- CHt (Jificioncftini. l<iet igitur pw praccodoiitem iiietlioduni 

1 ^ + ''D- 

ill cxoinplo quopiain iiropoaito ox P repcriatnr M talis valoris, erit 

loco D ct l^^co Q. Al.qiie hinc in proinpfcu crit aeqiuifcio 


i N non a Q hccI a 2 pendcat, ita ut sit 

N -^R-\-Cz, 

() functioncin ipsius a qiianicunquc, erit 

(IQ — Czda — Mdx + Rda . 

Ht 

(Iz —Qda = Pdx^ 

luius multipluin 

Fdz ~QF(la PFdx, 

F fiinutiono ipsius a, quo facto orietur acqnatio 
dQ —QFda q- Fdz — Czda = {M PF) dx + Rda. 


(IP , Cda (10 
I'darr.-^- ct = 


,, (lU , dBdG 
p - efc C = 

n itaqno cst dQ~QFda integrabile reclcli, si cUviclatiir per B seu 
air per 4 » Fdz — Czda autom fit integrabile, si multiplicctnr per ■ 
I idoin factor suinmam hornni differentialinni reddat integrabiloni) 
10 FO = B sen ~ = B, uncle fict G = ^2. Hano ob rein aitorum 

./j tv (i> 

smbnini per B divisum est integrabile efficieiiduin scilicet 


{M q- PF)dx + Rda 


tt- a 




Invcstiguri igitur clebet proposito cxomplo, an loco A, B ot X tu 
inveniii qiieant, quae exhibeant forinulam 




aeqiuilem ipsi 


il/4- 


Bda * 


Hisquc inventia orit 


BdA ..,r I 4. , zclBdG 

If = - j:r I i^+^) + -ligTai 


Gxistonte G ~ qui valor in acquationo 


Mdx + Nda = d ■ 


substitutus (labit acquationom modularcin. 


25. Sit nuuc genoralisshne 


iY = 7J -yDQ+Cz, 


tenentibus R, D ot 0 iiaclom quibus auto valoribus. Erib orgc 


dQ — DQda — Czda — Mdx + Rda ; 


addatur ad hano aoquatio 


quo habeatiir 


Fdz — FQda = PFdx, 


dQ — DQda — FQda -\-Fdz — Czda = [M ~{’PF)dx + 


Positis aiitem ut ante 


dR j-,j dB . Cda dO 
Dda = Fda = et 



in (‘Hi, inh^grahilc, fict orgo facto HB = E 


It - . / (X .| . .1) ct M -\-PF = ^ / (X + ,4). 

ill cuHii }>ro])(mil.o /(, X, E et si fieri potest, ita (iebent dofiniri, ut 
I /f) iuH]uaI(i fiat, ipai M -\-PF. Koequo invonto erit 


iV 


EdA i,.r , , (iP , 1 n, . , 


FzdO 

Gda' 


natio nuxiulai'is re])oi'itur. 


kt HI jiO((uidoin (lin'erontialiH sceimdi gradus aequatio modularis ob- 
('f'it, ad dinorontlalia tortii gmdus orit procedcndiim. Fiefc ergo 



da 


0 posito (IN fidx -ytdn erit 


sdx -\- Ida d 


da / 


om H cx yV, oiim sit sda difforcntiale ipsiua XI, quod prodit, si a* pona- 
viiH. (^),llalnol)l'Cln / tantum debebit inveatigari. Sit ergo 


t=^R-\-EN -VDQ -\-Cz 


dN — ENda —DQda — Czda = adx d- Rda. 


adrlantui horinii miiltipla ad illam noquationem, iit prodeat h 


(IN — ENda — FNda -|- FdQ — DQda — OQda + Gdz — 
{s-\-MF d- PG)dx -\-Hda. 


Sit 


fiatciue 


, 7 T> df Dda-\-Qdu dg . Cdu <lh 

Edu - Fda d ± et - -x ' =- t- 

' / F (j Q h 


I^Fg=Gh. 


Quo facto aequationia invcntac prius mcinbruin fit intcgrabilo 
hanc ob rein et 

(s -|- MF -|- PO){}x + lidiL 


I 


efficienduin cat integrabilc. Ponciulnm igitur est 




ct 


s + MF + pa = I {X 4- A). 


In acqnatiouc cvgo proposita, qwia s et i¥ ox P dantur, dobcnl 
ex hac aequationc dotevminavi. Quo facto suinatuvi; ^ y ct h 


= ^ 
hda 


ct 


/) = 


gda 



Atque cx liis cognita crit acquatio 

t=^R-\-FN -\-DQ+Cz, 

cx qua acquatio modiilaris facile conflatur. Siniili modo cx 
qiiomodo pro altioribus diffcrentialiuin gradibus opevatio dob 
ad acquationcs niodulares pervoniatur. 


27. In compcndiuni nunc, quae hactoniis trailidimiis, 
quo faciliiis quaevis acquatio propoaita I'cdiici qiieat, tuni qii 


(IP = M(ht, (IM - pilay dp = rdii c^te. 


Q 


ilz — Pdx Y _dQ — Milx 
da ' ^ ilu 


dN — ijf/.r , ilQ—-r(h‘ 

q = — — ot S 

^ da da 


'/ of. dq etc. sunt difforcntiftlia ipsonini Q, jV et q, (puie ex valoviljus 

dz — Pdx dQ — Mdx . da — rdx 

— - , - *" et - ^ , — 

da da da 


Y po.siti.s r/, X ct z variabilibiis. Jlanc igitnr ob rein cognitac onint 
c. ex solo P, ex his voro habol>iiiitur Qy N, q etc. vSint practorca 
, Ey F eto. funetionc.s jpsiiis a el con.slant.iiini, ct A”, Y etc. fiinctiones 
n involventcs a. 


[is pracmissis .si fuci’il P lalis foncUo ipsius x et a, nt BP coin- 
ir [§ 18] in liac forma 

n Iniiiisinocii forinularutn aggregate, semper dnri potorit aocpiatio 
differenUalia primi gradiis. Nainquo crit 

Pd A (lx - z~ H- QdM.(l X 

BPdAdx zdBdX -h BQdadX , 
atio ob datum Q cat modularis respondons acqtiationi propositao. 

3indc si P tabs sit fiinctio ipsanim « ct a*, ut 

BP - h CM 

)n possit [§ 24] 


I'iULKRi Opora omnia J 22 C‘ominontnUone9 imalyticao 


B}\lA(lx -[- CMdAdx 


dBdX 4- BQdadX -\- QdCdX -|- 


Quac osb aequatio luodularis qiiacsiba, ct involvit cliiToreiibialia s( 
quia cam littcra N ingrcditiir, quae per dQ idcoquc i)cr ddz 
clcterminabiir. 


30. At Hi fucrit 
acqualis Imio formulae 


vcl aggregate quoteunquo liuiuaniodi formularum, aequatio i 
dift'crcnt-ialis tertii gmdus» prodibit ouim ista aequatio 

HPdAd.x'. h CMdAdx + DfdAdx — zdUdX -h BQdddX ■ 
-I- CNdadX -V NdDdX H- OqdadX. 

Queinaclniodum cx ante traditis colligcrc licet, 8i modo quantitate 
pciidcntea ad has formulas accommodantiir. 


BF -i- CM T)'i-) 


. 1 ) 


31. .Simili modo ad altiora dift’erentialia progrosaus faci 
Nam si 

DP -I- CM 4- Bp -p Er 

aequetur formulae 

vol talium ]duriuni formularum aggregate, orietur aequatio modi 

BPdAdx -\~ CMdAdx + DpdAdx + ErdAdx ^ zdBdX 
+ QdCdX + QNdadX H- NdDdX + DqdadX -F gdEdX - 

quae erit difFerentialis quarti gradus. Atqiio hoc modo quousqii 
oporationes facile contiiiuantur ex sola allatavum inspcctiono. 


j I iiiiouivjliu I , till 111 [Ills UA|jUf>in» gunuri 

■Hitineatiir ot in t|tiouani gonere. Etiam si enim gcnoralos ipsius F valorpH, 
K assnnitis forninlis obtinciitiir, niliil flimcnltatis in sc habere videan 
inion oxcni])liH particnlarihus propositis accoinmodatio Haopissimc erit d 
Ilinia. Cuin.s rci ratio nequacpiam incthodo traditae est tribiienda, sod ini] 
icl^ao fiiiictioiiinn cognitioni, qiiao adlinc habotnr. Qnaniobrcin non sol 
I Iioc ncgoUo, sod in plurinits otiam aliis cnsibiis maximc utile foret, si fi 
omim doctriiia niagis poriiceretur ct excolcrctur. 


.‘Jd. Qnantinn qnidem niihi hac do re ineditari lictiit, cximiuin sidisidi 
Lvoiii, si sLatJui ad hiiiusmodi forimun ^f—j {X + A) vel Jininsniodi formt 

nn aggrcgatiuYi vcdiicatur, id quod scqucnfci inodo faoillinic })raesta1 
I'iina aoqiiatio jiroposita non constitimUiv inter /'r et x, sod inter et y, itr 
iquatio ad inodularein jierduccnda nil dz ~ 7’ d ij, existento 7' functii 
sins jj ot moduli a. Turn aecipiatur pm x talis fimetio ipsaruni a ot ?y, q 
ansmutet 7’ in funcUoneni ipsanim a ct x contentam in formula / (X + 
)I pluribua huio similibua oarumque miiltiplis, in qnibus X est fiinctio ips 
tantum, ct A i])siNS a. Hoc igit-iir facto prodeat acqnatio dz = !ddxj (A'' 

)i JS sit qmuititas tain simplex quam fieri potest. Qiuvre P orit Sf{X 1- 
ooqiio ouin M, p otc. coniuncla facilius cum gcno-ralil)ii8 t’ormulis oompurat 
iv^onta antom jioo niodo aoquationo modnlari, valor ipsins x in a ot ?/ asst 
s nbiqiio looo a;, loco dx autoni differcntialc luiiiis valoris positis a e 
^riabilibus substituatur. Quo facto habebitur acqimtio moclularis in 
y ot z, qmic qnacrebatur. 

34. Ad plonioi'om quidem incthodi liactcniis traditae cognition 
iixiinam luconi aflerrent cxcmpla ct problemata, quorum solutio ist 
3fcliodum requirit. iSed quia ipsoruiii problematum digiiifcas peculiar 
xciationom postulat, in aliud tempus‘), ne boo tempore nimis sim longus, e 
(foro. 


1) Vidn L. Eiir.jjiu Comirn’iitiitioMom 62: SohUio prahltmalum reclijicationcvi ellipsis requi 
m, C'oininont. ai-nd. sc. Polrop. H (J736), 1741, p. 8(1. Vidn quoijiic notam p. 10 Jmius voliur 
moil C'ommnntationn.s 11, 31, 70, 274 ot ImlUtdionea calculi inteqi-alis, vol. II, § 1010 — I' 
)9 — 1078. ryUONJiAiini ICui.Kni Opera omnia, sorios I, vol. 20, 22, 12. H. 1 


INVI':STJ(;A'riO ]UNAin:M (:i:KV/ 
QliAIUlM AKT.i:« J<:il)EM A l-iHCJyWAI'] IIM 
HUMMA.M AhUEBR/VICAM COxN'STI 


CoiUm'MllrtUo ■t.'^ iliclic'is I'lNlCHTHOtlMtANI 

Coiiihiotilrti'ii Hfm<lcini«o scH'iilimum Pclioiiolitiinm’ 8 (17!{fi), I 


1. Problonm, cuius sohitioriom hac clisscrtatioiio i 
Hoquotitcs Cfontinct coiuJitiones. Rcquiriiutur in co 1. duae 
qiianim U. ncutrn sit rccLificiibilis, quae tamcm ita dobci 
lit duo arcus IJT. cidcni abscissae respoiidontes IV. su 
algcbraioain, Haiiim qiuituor conclitionum qimcnnquo o 
solutu aclinoduin fucilc> omnibus aiilem satisfaccvo irinxii 
Prima qviidcm conditionc omissa, si adndltivntuv curs 
reliquis conditionibiis facile satiafict. Si secunda omittai 
curvao nlgebrnioao ot rccUficai)ilcs probloinati aatisfacii 
neglocta diflicilior cst sohitio, scd tnmon cx iis, quao Cole)) 
et J^imNOiiLUus^) dc roclucCionc quadtutumruin ad vcciti 
algobi'aicannn dcdoiunt, soluUo facile deduoitur. Qimrta 
omittatui’, nc qiiidcm problenia orit, cum omiies curv 
vcotificabiies reliquis comlitionibus salisfaciant. 

1} Tao. IlKJi-MAXh* (1U78 — 1733), propria iluonon problcmalu 

i'JruUii. 1711) Mens. Aitg. a sc proposiloram, Aotii ciinl. 1723, p. 171. 

2) Ion. JBtuNontr.i (1007- -17-18), Consfructio Jncilis curoac rccessut 
per rectificdtioncm curaic al'jcbmicac, /UUa nrucl. 1001, p. 394. Theorem 
Uncauan cnrvarwn htseroiens. Acta crinl. 1008. p. 402. Mclhodus invenkndi c 
non fftindrfibi/cs, JmbeiUes /amen nutnerum tlclcrininaUtm spativnim ubsohitc 
Snppl. t. VIII, 1724, p. 380- Melhodjts commoda et nalimtlis redneendi ipaidn 
vis gradus ad longilmlines cunMruui algcbrnicurnm. Acta ci-ud. 1724, j). 3fifl 
ot 24U, t. II, p. 316otC82. 


2. A(] gcnnrjiloni iniiuR problomatis solntioiiciii utor fornuiliH, ( 
Mi Viri Coloh. dedcnint i)io ciirvis vel rectifkabilibus, vohiiiannii rcctific 
data quadratura janidct. His cnim formidm effici iiotesfc, nt cuevao 
g<d)raicac, ut siiit non recti fica-biloa, atque ut aicumn siimma sit rcctilieaL 


oijstrabo vcro cUaiii, ({ttaiaodo abscissae aeqnalcs reddi possiut. Quo h 
uiiibus conditionibiiH crit satisfactnm, atque problcnia goneraliter solut 
im late oniin istao I'ortiudae patent, ut, nisi iiracter necessitatcuu rostri 
lliil)oatur, onines oinnino ourvas probicmati satisfaciontes exhiberc dobc; 


D(;sigiiatis igitiir eurvis qiiaesifcis per littoras A ct Ji, erit ex 
nuilis') 


in Curva /I 


abscissa 




(IQddP — dPddQ 


‘‘ + .S-iiiSa 


in Curva B 


abscissa 


[d]-)^ — dqA^ 


applioata p + 


urous 


^/-h 


(Iqdilp — ilpddtj 

d(i[d])^ — d<l’) 
'qdflp — (IihI(C< 
— dq^) 

dqddp — dpddq 


H foi'tmilis iani obtiuctiir, quod alius niaximain ))ai'oret cliEficultatoin, 
ibao ciirvao sijit algobi'aicae, si mode P ponatur quaj)tifras algcbj-aic 
iiudo rootiHcabilcs non crunt, si Q ct q quantitates tranacendontes involvi 
rtio arciunn smnma crit rcotilicabifis, si Q -b q fuorit quantitaa algebra 
amsi Q ot q scorsiin talcs non sint. Cum autein his conditionibus fu 
dafactuin, abscissae inter sc acqimlcs sunt cfficiciidac. 


4. Efficiainus prinio abscissas inter sc acqimlcs critque 

£ 3 

{dr ~ — dQ^y _ {dp^~dfpp 
dQddP — dPddQ dqddp — dpddq * 

il ad lioc praestandum dQ ~ JidP ot dq — rdp. Quo posito liabcbi 

2. ^ 

(1— i?3)W (l—r^pdp 

~ —dR ~ —dr 


1) Coil for CoiiiiiiL'iitatioiutin 2-15 luiiu-s voluiiiiniK § 70, Solut io I, p. 280. 

2) p, dq, dQ (piocpio poiuintiu- quaiitil«tc.s algobriucao. 


H. ] 
H. 



(I _ u'^yitir 


quod diffoi’Diitiale, quia V debel esse qiiantitas algcbiaica, cs 
reddendum. >Sunt autem R ct r quantitates algebraicac, ob cu 
algebraicas, quarc et 

_3 

{1 —r^ydli 

3 

( 1 _ 


erit quaiititas algebraica. Posito igitur l)revitati8 gratia 

3 

^ ^ sou P ■--= Tp — jpcH 

(i — RYdr 

Quo orgo P sit qunntitas algebraica, facio fpdT N, eritquc 


(IN , jy 
P=,7y ctP 


™_iv 
(IT ^ • 


6. Hac igitui' ratione iani assccuti sumus valorcs algcbi’aicc 
quil)us substitutis utnusque curvao abscissae Hunt aeqiiales. 
ipsno cruut algebraioae, si modo 7?, ?• et N fuorint talcs. Sccl ({uo ar< 
fiat qiioque algebraica, Q ot q ita dotortninari debont, ut Q -t- (f 
algebraica. Esfc vero 

Q ~\- (J ~ I HdP -b Irdp RP -b rp — \P(IR — J/jc 
Ponatur igitur 

J PdR -b ^pdr — ill, 

ei’itquo 

p - 

i -■ jp 

atquo 

Q y q = RP q- rp — jif. 


6. Cum autem iani supra inveutiim sit 

dT 


(IN , „ TdN 
P = :,7r 


iitur hi valorcs in aoqnatione 


j prodibit 


PdR -}- pdr ^ dM. 


TdNdli , UN dr ,,, 

— - -- NdJt d- -jrp- = dM. 


0 M cat quantitas algebrnica, oportct ut hie ipsiiis dM valor posHit 
Intogrationc antcm instituta prodit 


,, TNdM , Ndr , 7 'A/7? , , dr\ 

" + UT - J ■ 7 /r)- 


) Jioc intcgralo -- id«oquc debot osso 

dn 


N = - — 


i W t I 1 ) 

dlt + d. '.T^r -!- <i • ,,7, 


, ?■ et n quantitates qiiaccinupie algcbraicac accipj potoriint. 


imtis igitiir pi-o li, r et u fiinctionibus qtiibnsciinque indotcrminatac;?, 
uoqiio T in 2, cum ait 

n,_0-r^AlR 

— J1 

(I —mpdr 

poatrema aequationo reperiotur quoque N in z. Invonta autein Id 


TNdR , Ndr 


modo dabnntur P et 7; per z cx aequationibus 
„ TdN „ ^ dN 

Q ■}- q ~ RP ^'p — M. 


labebitur 


i.9 igitur deterniinatioiiibus conscciifci suinus prizno, nt ourvarum 
bscissae sint aequales, secuiido ut utraqiic enrva sit alget)raica, ot 
arcuum siimina sit rectificabilis. Quaro videanuis, an qiioquo con- 


oC fj pi’oveninnt, cnvcndum fcaiitiim cst, no intoj 

dq ■= rdp, orit 


atqiio 



0. ()iio autnm apparcat, qiionioclo cviCari possit 
^~d^' l»'ol)loma etiam quinta adiecta coiiditiono solvan 

curva utmquo non solum sit iiToctiiicabilis, sod ctiain iifc i 
a (lata pcndoat (|undratiir-a, puta a \Zilz. Ad hoc igitur 

I ^id J 'Adz rcduei. Esfe v('.i o 


_ iV</r _ dr Ndr r 

J UT -iiT ■ - 

])osito loco iV elu8 valorc § G iiwonto. 


10. Ponatur brovitatis gratia 


d ■ 


rf f 


fi'Z' 


dii + d . H- d . 




quae ergo quantita-s cx .sotis r ct ii cat composita. Quarc 
i*(lrdN Ndr 


Piai. igitur 


rdruN _ Ndr f* Ndr ,, , i 

j dT ~"~dT~ ~J dT' +j 

IwdjS = jZdz, 


unde reperitur 


•drdN 

J ' dT 


dr 





ic(e cum cadcm (juadratura infinitis iiiodi« posyit exhibori, non aolui 
trarios ipaanim ct r valorcs varietaa infinita obtiuetnr, scd otiar 
imcroH ipsius u valorca; quibiis taincii omnibus efficiiur, iit curv 
sntarum omjnuu) j'cctiHoalio a quadratiira proposita JZdz pondoat'). 


JI. Mac igitur rationc inmiincrabililjus inoclis solvi problcmu non h* 
)iti() pj’()])()sucrain, scd arliccla in«iipci* conditiono 2)t'iKlcntiao roctifica 
au'um invcnieudavum a data (piadratni'a. Pmblcina igitur line 
turn ita cst pi’oponcndinn. IDuas invonire ciirvas algcbraicas, qn 
usque rcctifioatio a data pendent quadratum, duo)‘imi autoni arcuum c 
;isHac icsjiondcntium auinma sit rectincabilKs. 


12. Tpsao autom curvae quacsitac detenninabuntur ox assinntif 
ris Ji ot r valoiibua ulgebraicis atqiic ox wproi>ositam qiiadratunun i 
mto. Jix Ins oniin rc])(5nuntur 2^ ol p, quibus invontis ovit curvao A 

. (i—JiydP , ... p — 

aliHciHsii — ' — jrifjr" «p|>i»cata — P -\- — • • 

!i‘iu.s vci'O curvao U 

abscissa = - 

) aoqualis orit illius abscissae; at 

, rdp {\. — 

applicata crit = 7; -( ^7^7 — ^ ’ 

1) Cf. C’oininotUutioiioin 24r) luiius voluiiiiiiis. VUIo qiiotpio OoiiunoulKtion('.s (i22, ()5( 
782, 817. Specimen sbmulnre analysetys infinitorum imlHeradnutnc. Nova ucta acad. .■?c. Pci 
)). 47. J)e formulis dijferentidlibus, quar. per duos plwcsvc quontitotea ilultis innUipluutta' 
abiles. Nova ucla acad. sc. Pe'.rop. 7, 1703, }>. 3. Solulio problcmutia od amilysin injin 
rininfitonnii rc/cnnidi. AUUiwircs do I'ucad. des jw. de St. Pitersh. II, 1830, p. 92. Dc ii 
f alyebraicis, qwinim lonyitudo indejinita urcui liUptico uccjnutur. Mitnoirea dc I'acod. de.^ 
lilerab. 11, 1830, p. Ofi. iJc binin enrvis nigebraicis eadem rcclijicaliona gandentibua. Alemo 
. dcs .sc. de St. i’hcrah. 1 1, 1830,p. 102. Dc lineia ctirins, yuurion reclijicaiio -per datam qundn 
iralur. Opera puslnma I, 1802. p. 439. Lkoniiahdi Jf!iJi.Kia Opera oninia, sorioa I, vol. 23 ot, 21. 


i.NiiAlini lOtn.ijui Opom onuiia T 22 CominoiiUitionos utiiilylicno 


ot/ cwvvae B arcus cidem aliscisstrc vcspoudeus evit 


<lp {\ — r j 

Penclebit autom tain f BdP quum jrdpa jZdz; nihilo tr 

jRdP -f [rdp 

algcbraice potcrit cxliiberi. 


13. Ucuiquc ex ipsa soUitionc satis intelUgitur me 
opera solvi posse problcnia, si non arcuum sinnina, set 
clobeat cssc algcbmica, vcl ctiam siimma sen differentia qi 
ploi’Lini iioi'mn arciinin. Quainobrcin siipeifliunn foret 
attingcre. Ad institubnm quidem plenins perscqucndn 
cxempla quaedam ovolvercntur, sed cum ad prolixiss 
pcrvoniondum, ca potiiis omiUo aliisquc investiganda relii 



) I'] CO N ,ST IU:(;TI one vV EQ LI AT I ON ( 'M 
TIJ8 TIO\CTOIill ALIISQCE /VI) ,i\I E'lMlODlJM 


GEN'IM CM I NVEIOSAM EEKTIN hlNTl BUS 


(.'oiniiK'nliiLio nl inOicis ENiisritoKMiANr 
luontiu'ii iictiiluiiiiau Kcit'iitiai'iiin l\)Lt‘opoli(iiiiuo H (17<KI), 17-11, )i. BU — Sr> 

u tnictorio curvao lincno doscribunliir, diiin filuin datao longiin- 
tormino pondiis anncxuia IiabciiH, altoi’o tcnnino in data linca 
VO curva protraiiitur; atquc ca linca curva, qiuini ponclus motii suo 



actoria vocatur. Ut si (Fig. 1) iiluin BA in A pondorc onnstuni 
n linea data BN protraiiatur, liiiea AM^ in qua alter terminus A 
erit cui’va traefcoria. Huiiis ciirvne isfca nota est proprietas, quod 
uo positum sit in tangento curvao tractoriao; scilicet quando filuni 
et hoc modo punctum M curvao tractoriac gencrat, erit recta 


ciin-.T, BN pro tractorin A M aeqiialu) luvt^niri. 

2. Ratio autcni huius clcHcripiioiii.s ox nu'c.lianio.n 
motus nafcura pcmlet. Movckir oniiii ooi-pus Honi|i('r in d 
profcralutur, si qnkicin quicscit; atquo lioo oa.su dirof.-iio lili, 
cst tangeng cwrvao a corporc (h'scriptao. At si ooipuH iiim 
(lii-ectio a direotione fill disoropiiliit. Quaro (jiio motiiH i 
positionom fili incidat, oporiot iit niotiiH ooipofi iain ini 
pereat. Ad hoc ergo obtiiiciiduin rcqiiiritur, iit Iuumi (I( 
super piano honV-ontali ct satis asjiorn, iihul 

tioiicm immutet, hoc vero »i friefciono nniniH inolim ian 
Praetorca fiium tardissimo protralii dchot, ((uo (‘Hoc-tiiH !Vi< 
ct corpus nihil de pvistiiio motu roUnoat. 

3. Si igitiir hoc inodo ciirva tractoria /( ill <i(‘scrtlm(. 
proprietufcom, ufc ex qiiovis piincto /)/ diiota tMugonw /)/ 
ciirvani BN sit datao magnitudinis. ICx (pio piuljudliH oi-i 
curva tvactoria AM invoniendi curvain UN, oiiiiiH ilia ('hI 
fili longitucline. At ox data curva BN inniimuraliiloH (u-iri 
loiigitudino fili immiitata, jiront initio positio fili HA ad 
inclinata. Longe autom difficilius ost ])ei‘ caloulmn ox daia 
tractoriam AM qwani ox tractorin A M data ourvani // 

4. Observavi auiem gcomotricain oonKtrudtioiu'ni tnu 
pendore a rcsolutioao accpintionis 

ds - 1 - : Adz, 

denotante Z functionom (|Uuinciin(]Uo ipsiuN z. Qiini'f' o 
constructu sit valdc didicilis, ipiippo imilto {'(uicralior (jiin 

dfi -p z*''dz, 

quae a Com. Kiccati') qiionduin emt projiuMita, oiiiH coimti 
motus attojitionem mcretur. Quae couHtnictio ciiin nil pi 
simplex otfacilis, operaoprciiiini orit auquatioiiiH tain diffici 
ad inotum tractoriiini rcdiixisao. 


1) Vide nolam j»- 17- 


A P - : X ot PM. = //, siU^uo dy — ])dx; 


noni fili vcro A H vol MN ])ono = b. .Mis positis erit') 


(/'(I -I- I M N {h) : PQ {I ■■ ;i;), 

]/ {\ -|- pp) : p — M N (b) : QN - - l*i][ {it — //). 

/ur fit 

b , . bp 

./T : V- I- ■ X ct -7 . , . — ?t — y, 

)'0-\- PV) V{^ -\- VV) ^ 

his porro pi — px --- u - - y. Hanc postremam acquationoin dillcron- 
do pdx loco dy, quo facto prodit 

pdt H- I dp — xdp — du 


ox prima aoquationc 


, , pdt da 

X — I . 

dp dp 




inotur ista acquatiu 

dn — pdt -| — » 

lao taritum insunt vaiiabilcs p ct t, quia it per I datin'. 


Ost autom p cotangens anguli MNQ posito siiiu tolo 1, quaro 
latio opo motus tractorii rcsolvitur, per illnm onim innotcHcet augulus 
squG consc([i(oiitor cotungoiis, cui aoqualia cat p. Ad irratloiialitatoin 
llondaiii pono 

1/(1 -1- pp) p + q sen q = 1/(3 -h pp) — p; 

)m \/{\ -\- pp) est cosccans aiiguli MNQ ct p oius cotaiigoiiH, oiit 
3nta trigonoTuctrica q tangciis somiesis anguli MNQ. Per hanc voi’o 
onoin est 


/ (6) sigiiificat i usso loiigilucHnwii Jinono MN. 


M. IJ. 


fi.tqno 


,,.p = + "?> 

^ 2 qq 


J-lino ergo erit -(Pi- -; ^ supt^rior ucqiiiajo li 


2 ridti ■--- ill ■— q({dt — 2 /jf/iy. 


7. Ad luinc iiofiuiitioiieiii ultorius roducendatn pono 
'Ibqdr (- 2 brdq = rdt — rqqdt ; 


in qua I ct r a so mnUio itciulonii^ quia I csi /!(,>, ol, hlr 


(jr ■— fi sou q » 


2 hdi< =-■ rdt — 

r 


Sit nuno 


— - — 'Ihiiz cb rdt 2hZ(lZt 


rr = /j ct r — \//j. 


Pniotorca csb 


dC^ = A.b^'Adz^ Ob t - 2hjdz\//,. 


Por z igibiu' euwa JSN ita detoiininabiu', ut sib 


AQ -=r 2 bjdz]//. ct QN - 


Quia orgo curva BN clatur, dnbibiu' siinul / per P'aebis 
tutionibus liabchitiir 

ds •)- ssdz = 7jdz. 


8. Proposiba ergo acqiiatioue 


ds -\- ssdz ~ 7dz 


valor ipsiiia « per -i wapionti moclo potevit defiiiiri. Oonstniatiir oiii 
}niiu,snu)t!i, ul, 


ahisfisMii AQ sit, applicata ^,>.V -- 

Turn hio Inn(vii,u<liniH h soomulnm eiiwam BN pmti-anto rk'seribatur t: 
AM. DtMiulo f)ii(*atnr tan^jons AIN, quae etiaiii ipso /ilo cxhibobiCii: 
It'sooi.qiio aiifriilus ill NQ, euins (limklii tangciis sit q. J loc facto orifc 

.S’ q r ^ q \/7j. 


9. Coofflin/itfui autoni /( B et PM oiirvno, ti’actoriao ita so habcbii 


AP:r.^. .1 L... -f. 

\'i\ ivv) ^ (fq 




Quia aiit(MU c'st 


L ■■■ ■■ '2hjdz]/X ol. 11 '’,IZ, alqiio r/ 

2 ‘ ‘ O' yZ 


orit’) 


lOx his iuin aliao iiasciuitur oonstriictioncs acqiiationis 

(If: -|- fisdz ^ Zdz. 


Per inoLiiin oniin tractoriiim iniiotcscunt coordinatac ;t ot ?/ ciirvao /Ijp/, 
ex ids ent^) 


vci . == 1^-: , 

n -\- h — y l~x 


I) Ji^diUo ))i‘in(in]i.s: 

X = 2 Ofdz yZ — et y = 


'' iz -L 

2 fi + Z 


2) KfliUo [ifiiiMps: 


5 ^ ^ ff(b-u+ !/) 

2 0 yZ — / + * * i; + H — // 


CV.inoxiL 


Correxit 





10 Aequatio vero inwi .t. y 
invemtnr. Eafc oniin ex aeqnationibiis supra mven 

b 


t — x 


l/(l -\~'P'P) 


a; - - 


V{d 


ot 


u — y-\- 


r = 2/ 


VI I 4- VP) 


]/{c 


Ouavo ai in aequatione data inter t et u loco i el 

tialiB primi gradus, si aequatio inter i et u fuent 
tione, quae plerumque fit maxime mtricata mhi 
JM IhJ, poterit oonclndi. Oinmum antem 1 

lutio pcndebit a resolntione hums 


11. Si ergo proponatur haec aequatio 

dg -1- s^dz = aH>’'d 

qnae est ea ipsa qnam Com. Ricoati resolvenda: 

/j = et = 


atqiio 


I/, =^2 la -1- 2nL 


Hino erit 


Quia autcm cat 


_ et w = hla 

11 -\- l 

f/ ■ ■ *1 5 

n -1' J- 


erit 


U=-l 


2 ab 
» -[- 1 


-\- {n -H 1)1'^ 


U 


Quo valoro in aoqnationo altera u — hla -\ 
pro lubitu auotis vel diminutis liabebitur isl 


it aequatio inter t ct u, ct inclicat curvam BN esse logaiitlimicarn, cuiii 
gons constans est = 

^ ?i 4- 1 

. Pro hoc ergo casu coiistruaiur (Fig. 2) logarithinica ON ad asyni 
4B, cuius subtangens sit = ^^-q-^. Prodiicafcur qiiaecunquc applicat, 
iiao pro axe habeatur, et motu traotorio hium longitudinis b altori 



) in logarithinica protraliatur, describatquo alter terminus tractoriair 
omittantur ox punctis M et N perpondicula M P ct NQ^ orit*) 

VZ‘PQ az"-PQ 

~ 6 + QiV^ PM “ 6 -p QiV — PM 

^ ’:V (n+i)Ag 
^ ^ 2ab 


iditi'o pi'fticopa; 

2b\Z—PQ 


a^z^'‘-PQ 

'2abz'‘—rQ 


M + l 

sumto a = p 


2(» + \)AQ 
ab 


Con oxit TI. D. 


aoi EuT.Eni Opera omnia I 22 Conimonlationes anulylicao 


12 


pofisunt construi, Uiuninodo sit taugciis MN sen iilunj 
logarithmicac ut n -t- 1 ad n. 


IH. Sccjuonfcc pvaetorea moelo acquatvo 

ds -f- ssdz -- ii^z^'ulz 

poteat conati'ui. Super axe coustviiatur curva paraboloids 
QL = Zi liac aeqiiatione expressa 

2nb 

Dcinde filo longitudinia b super logarithmica DN , ut ai 
ciescvibaUir tvactorur CM. Turn in paraboloide sumatur 
eaque producatur, donee logarithmicam secot in N. Ex N 
longitudinis h ad tractoriain, ct ex A! deinittatur pcrpondi< 
factis orit^) 

(n-i^l)AQ-PQ 
2b-QL(bA-QN — PAI)' 

Vcl otiani posita taugento dimidii anguli M NQ = (j, orit**) 

c — 

2b-QIj * 


14. Cum mothodus, qua in roductiouo aequatio] 
dcsoriptionem tractoriac sum usus, maxiniain habeat utili 
problematuni geiieralimn, quae ad uiotliodum tangontiiim i 
hie noiinulla liuiusmodi problemata adiiingam eorum 
moclum oateuclam. Cuius rei ratio quo faciUus porcipiatiu 
est, quam variis modis iiatura cuiusquo curvao possit dot 
stnt ilU modi, ex qiiibus facillimo diiudicari possit, an 
algebraioa, an transcondcus. 


1) Editio pi'j'nceps; 


• PQ _ 
6i{4(n+ l)AQ>QL~PQQL^) 

_ 2<»t -H l )AQg 
® l‘QL 


2) Editio ptincops; 


plicatafn, qnippc cx qua quaelibet cnrvac puncta facillimc possiuit invo 
; luiiusmocli acquationo .spoute scquitur, iitnim curva sit aJgchraiea an sc 
tn si ac{piatio cst- algcbraicn, curva quoqiic tails ccnsctur, sin vcro acqu 
u’it transccnclens, curva quoqiic transccnclens haljctur. Eadoiii vero • 
:sio clcduci i)Otost cx acquationc inter alias reotas liiicas, quae cm 
tviram cxjnivnat, si inodo positio cavvim roctanun non ab ipsa c\irva pend 
1 vcl ad datum punctuin vcl datam lincain referatur. 

10. At si positio earum lincarum, inter quas aequatio curvae natu 
[)i'imit, siiio ciu'vao ipsius cognitiouc dcOiiiri non i^otest, ox ca acquati 
lun singula curvac puncta immediate iuvoniri non poasiint. Ex liuiusu 
oque acquationc, otsi cst algcbraica, taincn non scquitiir ciirvam cssc a 
licam, sed saepc maxinic crit transcoiulens. Quamobrem turn ad const; 
ncm turn ad oognitionoin cnrvac huiusmodi aequatio in aliam est tri 
itanda, quae sit inter linoas, quariiin positio a curva non ])cndeat. 

17. Optimum igituv ad cognosccndain ct construcnclam curvam re 
uvi crit aoquationcm, si fucrlt iidcr linoas, qunnim positio ab ipsa cu 
adtuit, transmuliiro in acquatioi\eiu consuctam inter abscissam ct appUcat 
ho(j nutom ricgotio smntna cura cst adhibendn, iic in prolixissinios calc 
rcsolutu difflcillimas noquationcs incidamns. Ij'acilliina onim viclotnr 
aisrnutatio in aoquationcm inter abscis.sam ct applicatam, sccl hoc m 
srinnqnc in inoxtricabilcs tdea* clclabimnr; id quod unico oxempio ostom 
‘fioict. 

18. Expnniatur (Idg. 3) curvao AM natura acquationc inter norma 
curvam MN ot portionem axis AiV; quarum MN vocetur u ct /lx\ 
quo aequatio curvao naturan; oxpriincns hnec simplex admoclum = 

nunc ponatur abscissa AP = x ct applicata PM=iy, atquo cm 
nionbuni, quod cst ]/{dx^ + dij^) = dSy crib 

MN = u={^-ot AN + 

lare si hi valores in acquationo substitiiantur, habebitur quidem } 
^uatio 


inter x ot y, ex qua ncquo cuiiswut;i/iu uuivcii^ 
algebraica an sccus. 



19. In lioc quidcm casn acquatio iiivonta 

ffds'^ = axdx^ -|- iiydxdyi 

quia difforentialia duas tantwm liabent dimei]siono«, in aoqiiaiio 
dimcnsionis mutari potest, pro(lil>it; oniin posito dx^ -|- dy'^ loco ds^ 
radice quadi’ata hacc acquatio 

2 ydy = adx iL dx \/{n'^ -|- 4 ax - 4 

ox qua autcm non tarn facile natiira enrvao cognoHcitur. lOx quo ini 
magia compositain aoquationcm inter t ot u assumsissomnH, turn 
ad aequationem dillorcntialcm unius dinicnsionis porveniii ])otui.st 
tamen a Cel. Berxoui.lto in Act. Ups. ostcnauni cst‘), quoties doti 
algebraica inter I et u, toties qiioquc aequationem inter a* ct y fore iil 

20. llano ob rem alia via cst procedendum, si ox acqiiationo 
aequationem inter x ct y erucro vclimus, atquo hoc observavi coir 
effici posse eadem methodo, qua auto constriictionem acquationis 

ds -|- 88dz — Zdz 

ad motum tractonum reduxi. Hac enim methodo statiin apparo 


1) Vicio Ion. Bernouixii Leclionea niothematicm do methodo inlegralium uliiaqm 
vminlll. Marchionis Uospitalii, Ixiclio 13. Opera omnia, t. Ill, p. 431. 


. Rctincjimii.s igitur onndcin caHiiin sitciuo aequalio inter A N 
s u qiiaecunqno; inaiicant oti«am 


A P .T, PM = y ct \/{dx“ dy^) ds, 


. . ydy , ydft 


dx 


ir dy pdx; orit 


t .r -I- ?>?/ ct u =--- ?/i/(l -I- p'p) mm y 

iiitiotur liaee acquatio, liabobitnr 

, , du updv 

d.y — 7) dx = - 7 , , — — - -^r , 

]uatio uulcm difroreiitiata dat 

dt -- dx \- ppdx -I- 
pdx. loco dy, ox (jua ol)tiuot\ii‘ 

or p nuiHiplicata loccxpuj y oina valoro KiibHUtiito dat 


im ilia coiiiuiicta prodit 


du. 

\'0 -^-vv) 


5. Ex hac acquatioiio iiivcnta statim obtinctur*) 


VV) * 


Poiioiulo <l t ^ 0 sou i = u coimlnnU.prodilmntcii-oMli. 


dt 


(11 

Quamohrcin si acquiitio inter t ct. n fiiorit algel)rrai(;a, aeqiialio ini 
qiioqiic ci’it- algcbraica, ex caqiic eonstvnetio cui'vao qaacsitac facile fl 
a qua quadratura poKlot aoqnatio inter I ci u, ab oaclcin quadratiin 
aequatio inter x ct y, et coiisecjnentcr quoqiic consirnetio ipsiuH ourv 

23. In casii spcoiali, qnern ante consi(leral)ain\is, erat -- a 

, i / , 2 ufln 

/ ■-- -- et a I — 

a a 

atquG 

\/ {d\? - 

His igituv aubstitiuiia proveiiiot 

?/ ~\V (‘■A atqno .r -- — 2 , 

Haeo avitom dat 

4 = 4 ax 2 a'^ ; 

qui ipsius 4 valor in ilia aoquatione substitutus dat hauc inter ;r o 
tionom algobraicain 

2 y — |/(4 ax -|- aa) hoc cst = ax -l~ -j , 
quae ost aequatio pro parabola abscissis in axo ex foco sunitiH. 

24. Si (Fig. 4) curvae /IJ/ taiigens MT ad axem 7M usque p 
atquG ex A ad axein perpcndiciilaris A V erigatur, dctiir aequatio in 
A F, qua curvao iiatura oxprimitxir; oportcat(pic inveniro acqiuitic 
abscissam ^ P ot applicatain PM, seu construoro oiirvam, quao om 
per piniota T et V ductas taiigat. Positia 


erit 


AT ~ I, AV = u ot AP ~ X, PM ~ y 


i ponitur rclatio inter I ctif, quae sit qiiauciiuqnc. 



Fit.'. 'I 


fSit nunc dy ■- pdx^ crit 


y 


I — — X el. n y -n x. 

p ./ i 


)ro posterior aoquatio clilYorontiata posito /)dx loco dy dal 

— du 


du ~ xdp ct X — 


dp ’ 


res voro in prioro acquationo loco ;r ct y aubstituti dant I 
Erit orgo 


= _ BCl 


, tdu — ndt 

dp = 


^ _ tldu 1. _ I ntdy^ 

u(U — tdu ^ if ~ ' -iidf — tdu' 

3rum ])atet, qnoties acquatio inter I ot 21 fiicrit algobraica, totics cnrvair 
oqiio fore algcbraicain, propter noquationem inter x ot y nlgobi’aioain 

Manento acquationo inter AT^ I ot AV, w qiiacunque, si loco rec 
super axe A T verticibus T infinitae pambolao T V M dcacribantu 
icta V transcuntes, invenicncla proponitiii* curva AM, quao ab hi 
is omnibus tangatur. Positis 

A P ~ X Gt P M ~ y et dy = p dx, 


Quia poiro parabola 7'VM tangorc dobet curvain A My 
tangcntem in puiicto M atcjue ideoquociuo aubtangentci 
siibtangens parabolae in il/ — 2 P7’ ~ 2 i -}- 2 x, qiiai 

ydx _ y 
ihj ' p 

aubtangcnbi curva© quaesitae A My uiide oritur 

1/ ~ 2 pf -1- 2 'px. 


27. Haruiu dimnini aeqiiafcionmn si prior per 


iC* 

proclifc y = , quo valoro in altera acquatione siibstit 


X ~ 




Dif^crenbiotur mine ubraqito aequatio; erit 


, , udn u^dt u'^dp 

dy=-pd:c^--—^-.~^- 


ot 


, udu u'^dl ii^dp ,, 


Ex quibua aequationibus dx eliminalo prodib 


Hinc ergo erib 


ndu . u^dt w® 

+ pelt = , sen pp = 


o: = pf 

udt — 2tdu y[u^dl — 2ii 

Ex quo pei-spioitur curvani AM tobies esse algebra 
inter i eb u talia fuerib. 


28. Duo haco posboi'iora problemata alio quido 
possunb quaerendo puiictum, quoduaccurvae proxima 
crib conbaebus curvae quaesitao A M. Soinpcr autem 


lu ua juupuiuiunorn uiici .r j/ per piuies (uiieronuaie 

i()!ics ])n?‘veriin ({ueat. 


. Si 5) infiiiiUio rectac JiN intm angiiliini reotiiin A quonic 
u(‘. clisposiUie, ita ut. oanuu oxpvimatuv aecpiiil.ion 



tquo inlci' AN, i ot A R, it, inveniomla proponatiir oiirva liM, qua 
hfis rcoUs ad angiilon rcctuH traiioiat. Positia 


A V — X, ]^M = y ofc (ly — pdx 


PN=^=j>y, 


N in cui'vam oat normnlis; ideoqiio t = a -\- py; doindo eat 

dy. (lx = p: I = I'.xiy 


n-it 


, I . j Idx 

I Tn pu acu 7> ■“ ct (iy = — , 
i • u ' u 


ml voro aocpiationoin est 


iix 


MIDI I'lui.Kni OpoiH oninifi 122 CiimmOMtntioncB ftnalytiofto 


ivtiono dime iiisuut. variabiles x et quia w pcv i 


in qua acqu 


lU). Aeqiifitio postrcma rediicta in hano abil 

. jidl U(hi dt\_ ludu 

/ j “ uTnu ’ 

quae jier imiltiplicata fit integrabilis; cnt aiitcm 

n d u 

X — 


\ [U q- uu)J y {ll q- nu) 


quo cognito habebitnr simul 

_ 


udu 


Quotiea ergo 


udu 

y{ii q- nu) 


integrationcm admittit, totics curvu BM erit algobraica' 
constructio pcndct a qiiadvatura 

d iidu 

j i'(tt q-"wKj • 


31. Considcrcmus Juiius probleniatis casum, quo 
inagnitiKlinis ninnct; seu quo 

V{ll + ten) a, vel u — \/{a^ 

Ei'it ergo 

/* udu — tt 

J Viti-y ~uu) ~ Y^T ’ 

ubi constantem non adiicio, ne ad inaximo compositaa ac 
Hoc invento crifc 

^ 2 ft 2 


1) Diittimodo iiifcgrolo sit tilgobraiouin. 


tnoiidi.s ([iiadrati.s transit in haiic 


luondis cubia in aequontom : 

{(i^ — x’* - “ tff — (i^ ;t:‘, 

t pro linca aoxti ojclinia. 

-Dantur autoin practei' hanc ciirvam inlinitnc aliao quaeationi acqii 
ieutos, (puio invoniontur, at nd intogralo ipsiim qunntiU 

iqun oonstauH adclatur. Maximo antcm aoqnatio inlor x ot tj crit con 
])L'optorca qnod ox aoquationibus indotorminata I oliminari clobot, qiir 
iuof cliincnsionoH asccndit. Interim tainon oonstructio erit facilis. 



Simili juodo probloma solvi potest, si loco rcctaruin puiiota Ji et j 
iium ourvao quaeounque per haecpuncfca ducantur, cpiao a qiiaesita s 


liifiiiitas vero has ellipses ad angulos rectos traiiciat curva B q 
Ponantiir 

AP ~ x ct PM ~ y atquo dy = ydx, 
orit ox natum ellipsis 

y ^ \/[lt — a-a-), sen ^ If? - ^2 


!14. Ad cllipsin in puiicto M ducatiir normalis M'V; orit 
ditionem problematis siimil bangens ciirvao qiiacsitao PM . (^li 
MT est normalis in cllipsin, erit 

l}fn _ 

' ' “ /a * 

At (juatenua M T est tangeiis ciii'vae UM^ erit 


/■>7' _ _ y 

-'lly - f 


(iuocirca habebitnr ista accpiatio 


y > 


onins ditTcrentialis est 

dy = pdx ^ 4- _L ^ pu^xdl 

' it ' ‘‘ ■" — ' 


ex qua fit 


it 




mix -- pic^xdi 


Prior vero aequatio cliffercutiata- dat 

ydy ^ __ >fxdx __ nxHv. iMU 


sen 


uxdx = nx^dl 

t{‘pp -i- 1) 


U‘-X 


iVV 'I- A)(^ pldu H- ludp — 2 pitdl)’ 


lies voro aoquatioiies coniunctao y elimiiiata daiit 


tl -f- ppuu * 


ius valor si in ilia acqiiatione substituatiir, proveiiiot 


VP -h 1) ptdu + tudp — 2 pudt) = p{tt — uu) {'iPitdu -\ ■ tdi). 


isUi aeqiuitio 


ludq {II — iiu){q^l^du -j- iVdt) 
q q^P iP 


i aoijualionis eonslrnctiono vel soparatiunc i))si\is q ab -a ot I pcmlc 
letio curvao {{uacsiCao. 


. Ilabeat oxoinj)li causa A R acl AS ratioiicin datam, son siiit omne 
I inter so similes, orit u — nt; atquo gonerulis aequatio abibit in ban 


dq _ (I — 7in){(i‘^dl + 7pdt) 
q ~ qH'TnH 


variabilcs I ct q separari possunfc, prodibit nain'quo 


{ 1 — 7in)dt {q^ -f' _ n^dq 


itcgrata (bit 




u ^ / {q^ -1- ct X = /iflf/-"* ot y =■-■ qx. 


; ot y ergo olicitur ista acquatio 

a: = 


pro curvis paranojicis; ^nuu uuh^huk vi.w. — 

iialiltiis iain pridem sunt detecta. 

37. Quaiido in astronoinia physica ex data vi conbvi 
tninatiir, quain corpus proiectum describit, pcrvonituv staiiv 
inter distantiam corporis a centvo vivium et pcrpendicul 
tangcutem curvae deinissum. Difficulter autcni cx tali ac( 
potest, utruin curva de.scripta sit algchraica an transceudei 
c.st aeqimtioneni inter coordiiiatas orthogonales sinijflicii 
.Metliodo vero nostra hactenus usitata haec quuestio facile o> 


38. Sit (Pig. 3) centrum viriuin A ct curva. a corporo 
pouatur distantia AM = t et in tangenteni MT ox 
pcndiculum AT = n, sitque curvae natimi aequationc inte 
In axe per A pro libitu ducto sit 


evit 


abscissa AP — .r, applicata PM -- y, ct dy - •= 


y — px 


I = j/(.r3 4 - et = - , , 

^ ^ -f- PP) 

J-lacc po.sterioi' acqimtio voi'o dift’erentiata dat 


undo erit 


dui/[\+pp) + -^^f^-=.-xdp, 


X = I (I H- Pp ) pu _ -- p du y{ l -1- pp) 

|/(1 -f PP) ^ dp 


dp 


39. SubstituanUir hi ipsorum a: et y valores in acquat 
quo facto habebitur 

dp^ ’ 

unde oritur 


Denotet 


dp ^ du 

I 4 pp y{lt ~Pi(Ti) 


0 . 



u a) 


1 } .^1 nun solet cbsu ciirvHc pvmctinn. 


ite arciiin cuius tangons ost qiiantitas adiuncta. Quocirca evil 


7 ^ T' -HV 

iitom sifc 


VO -I- yy) 

i -I- bq 


dn _ — --(1 -]■ bqY VUi — 

dp I 4 - ;);) ~ (I -I- hb)(V + f/f/) 


(1 '\bq)V(it — “«?<) — (b — 

[7(r-i:/r6T(T+“77) 


jb — q) V{l l — uu ) 'h 0 + bq)u 
j/(l -■|-/;6)(i -1-7/?) 


. Quotica ovgo acq\ialio iatcv i ct u cat algebraica simulquc ita con 

/ Pxd — ITw) arenin circiili, cuius tangons algobraico potc: 

,‘i, totics curva a corporo dcscripta orit nlgobraicii, ciusquo ncqiiati 
)ordinalaa ovtliogonalcs algobiuica per invontas formulas iiivonituv. 


. Si dotuv rclatio iiitor radium oscnli MO ot partem cius MN sc 
em aequationo quacunque, acquatio inter coordinatas AP, PM hf 
i potent invoniri, cx qua statim apparoat quibus casibus curva fit 
dca. Sit nompe MN = t ot MO — u dataquo sit aoquatio quaocunqi 
ot u; ponatiir 

AF = X, PM = y atqiio dy — qydx, 

■go elementum curvae 

= (lx |/(1 -|- p®) ot ddy — d-pdx 


dx constant©. Ex his igitur erit 

MN t = yY 0 'V Vf) ct MO ~ ~ 


ft 

— <?a;(l -t pp)^ 
dp 


prior cUft’eientiata dat> 


1 1 -r VP) 


dtj ~ prlx — - -- . 

{) -f 

His Dvgo ae(puitionibna coninnctis lra])el)itur 

pudp ■-= 'pulp — di — ppdt. 

42. Acqiiatk) hacc inventa, quia u per i dari 
biliuni separationcm, abit onim in lianc 

pdp _ (li 

\ -I- pp T — » ' 

cuiiia integralis cst 

?)/(! ^-P 7 >) 

Sit 



crit 

]/{} -i- pp) =(/ Ct y :=^-. 

Hino orgo pon o ost 

di, = ^ pdx = dx |/ {qq — 1 ); 

kleoqno 

I- = 

J !/tf 1) ' 

Kx quo perspicifcur, iit cmva A M fiat algebraica, duo requii 

r dt 
J f — u 

logRiitliinis poasit exhiberi, atque turn, ut 

qdt — Idq 

. . , (?(? kW— 

integrationem admittat’). 

1) Noeosso ost insupnr Integralo tt!gol)rrt>co ux|»rinii posse. Qiiocl non fn 
utar, it = —t, I - a q*. Cf. iiotain p. 98. 


(/ atqno y — -,-n- 


antcin pori'o 


^»j -‘I ,/f 

(ly — • — ;:r-T~ ~ ~ [i-im 

(t 


0 fit, 


1), 


~ it- —j 7^. -ry^-r.z:y ~2y 


:}iio porspiciturciii'vani foro algebraicam, si hanc fonniila fiiorit integral 
aiiteni ovenifc, qnotios vcl — ^ fiicrifc niimcrus inijnii' affirinativu;- 


- vol - — - numoi'us par nffinnativiia «cii®) m -= :r.^4— r cicnotai 

2 e ’ 1 - JM * ' 2 ? -f- 1 

loriim iiitognim aflirmativum^). Oasiis autom quo n \ ilab f ~ a 
-• 0 sou I — u — oonstaiiti, ex quo cognoscitur curvam esao eircuhuii. 


44. Data .sib nuiic aoquabio qnaccunqiio inter arcum .4il/ ot rac 
ill MOi ox qua (Ictoriniuari debcat aoquatio inter (joordinatus Al* ot 
)(l antoquam quomodo inveniondum sib OHtoiularn, obsorvari oon> 
c curvas oxpvimoiidi rationom per aoq\iationem inter avcuin ot rac 
ill maxiino ad ourvas cogrioseonclas osso accomodatiiin. Aoquatio < 
r cooi'diuatas ortliogonales, vol inter radium ot porpondicidun 
^outoiu tain vavias ot diversas fovnuvs sumondis aliia axibus alii 
3ia.saruin initiis iuduoro potest, at, ud quamnam ourvain porfcii 
iiivis eurva sit notissima, saopo difficultor porspiei possit. Acqi 
), (piac inter curvaiu ot radium osculi oxlubotur pro divorsis tan 


l) lOdilio prinoiips: — ml. 


('orn’xil. II 


2 ) lOdiUo ]u'(u<'.npH in 
n. 


2 ^i- I 
2 i -p 2 


Si m 


2 1 -h 1 
2 i -f. 2 


fui'mulu ohL 


-sud 


non 


osl 

U 


2 i -J- I 2 1 

.'{) I‘\)riimla oiit inlfgivibiliH iiiioUoh vol fuorit m ^ ; — , vol m = 5 --- y , <l<)jioLanti3 

iin inlognim nivo positiviim sivo ncgnliviiin; hi‘»I intogialu ost Hlgobraiotiui on 4!oiuritioiio n 
;i'iiiu jioHiUvmn. Cf. notfini p. 4I. II 


ONitAni)! Uui.iiui Opnva oinnm I 22 Coimnonlftiionoa analyticno 


14 


at tif.rtnn ciirva cssct algobraica an traiiseondeiis non tain facile r 
vei'O iiuionimodo sequcnti inodo occun’cretur. 


46. )Sit arcus .4 jI/ — ^ et radius o.sciili MO — r dataqi 
quaeeunqiic inter .s’ et r. Poimntiir AP ~ x, PM - ?/ .sitq 
liisquo positis erit 


ds ~ dx\/ {'p'p -1- 1 ) et r — — 


Kx ilia vGi'o acqwalionc eat 


(lx = 


(Is 


V (?>?>+ 1 )’ 


ex hac autcin 


(lx 


— nip 


[pp^\- 1)^ 


Quamolirom provcniet )mcc aoquatio 


ds {pp f 1) = — rdp sen - ” 7^1-— - ■ 

' ^ ‘ r I - - vv 


C(ls 

Donotet j - aroum eivcuU cuius tangens sit q posito radio — 

At b — Al-q = At-p; 


undo fit 




TijX his oritur 


(lx f bq) ds __ {b-~q) <J8 


y. I j ..o 


^ denotet arcum circuli, cuius tai 
por q possit exhiberi, atquo doiiide 


1] At.b (.hMiciUinfo aroinn cuius Utiigous r)st 6. 


itioiiciw acUnitiat, fore c\u*vatn algcbnvieivju. 


» 1 • (I ^ • > 

). J:5m autem al)soIuto }K)to.sfc intugmvi, iiori (luoquc potest, ut curv 
;cl)raica: ut ait 



= V, 


1 lit') 


A I ■ ■]) = h — V ct p t- A (/; — v). 
x -- JrZa coa. A {h — ?>) <;t // •— sin, A {(> — v) 


iH ergo luicc integralia ita ])oamint oxliihori, ut iionnisi sin. A {h — v) o 
(/; - '/;) ooiitincaut, totics ob*) 


1 — Li sin. A {h — v) - il) coa. A (h — ?.'} 

:.io algobvaiea inter x et ?/ ()i)liuot\u'. Ut ni f\icrit r <i, erii 
X — a sin. A {b — v) «t // ■- a oob. A {h — -?;) 

10 

'2 ’i' “a ” 1 


AO ))ro ciroulo cuius radius ost a. 


COH. A (6 — j;) (>t. Hill. /I (/; — v) lUoiu Hignitlc«M(. (|UOtl ctw {b — »>) oLhiii {b — v). II. D. 
(J Hiu. A (b — u) ot □ cos. A {b — v) icl(*m»iginflcnia cjiioUkiu^ {b — y) oL cos* [b — 1»). II. D. 


DE INTEGEATIONE AEQUAT] 

eipeeeentialium: altioeum ( 


Co,n.no»i.iiio 62 indicis lilKEsi-noEMiANi 
Miscoilniiea BoroiijiDnsia 7, 1743, p. 193—242 


aequationes difiero 

======= 

ESSi==S=, 

exoogitaviM quorL '1* subsidia a 

gradus ad lorimiim a “"“^“abilea aequationos i 
posaunt At .2’’“*“'" atque adeo sivo oc 

similia Irti JarqulL^Sf^d 

plerumquG niliil mosimt n inferiorem tradu 

vel etiam altiori! gradL tam ®®quationes , 

omnino nequeant n i, “iplioatas perveniatur, 

ntethodurqZ hi?" “ P» 

differentiale! altiomn, ™ beneflcio p 

poaaunt. ® integralea in term 


1) Confol' Comniontati 


loneni 10 liuius voluminis. 



dus contiiieatui', in qua dift'croiitialo (h: aRsumtmu sit couBtiins, i 
)Gat altora variabilis y cum suis difForeiitialibus dy, ddy, d\i/ oic. in aiii 
[ninis unicam dimensiojiom, ita lit aoquatio, cuiusoiinqiio domum sit gn 
ucntein induat formain: 


0 = Ay •[•• 


Bdy 


(/a* 


Cildy 

"d'J 


J)d^P 

tlx^ 


■ d.v* 


(toy’ 


etc., 


qua littnrac A, B, C\ D etc. sigiiifioout qiiaiititatos v(^l con.stanloii 
jrani varial)ilom x utnimqiie involvontcs. ManifcHtuni autciii cst, hanc a( 
loin latissimo jiatorc, non solum onin^ ob lioefliincntcs indotormii 
B, C\ 1) etc., qno.s siinul funciioncs quascunquo i^isiiis x assiunimus, ma 
goncivilis, acd otiam aoqiiationcs dirforontialos ciiiiiscuriquo gradus 
aplccUtur. Hatic igitur aoquaUoiiom, quibus casibu.y inlcgrationoir 
-tat, in hac dissnrtatioiio ovolvam. 


Priinuin qiiidoni porapiomiin ost, ac(|uatlon(un intcgraioin conipl 
ctov ()uantitaloii constanlos in ipsa aoqiiuUono ildYurontiali uDulnnta 
^as conatantcH arbitrarias in ho complooti <)])ortoro, (pioti fuorit gj 
[uatio din'crcntialis p?’0])osita. Q.uodsi oiiim ]U)nnnniH cam iU'(juati( 
c clilVoroniialom gradiia ita- ut iiltiimiH illiuH torminus Hh; 

N(l'‘ y 
ttx*‘ ’ 

unam integrationom oa roducotur ud graduru n ■ I» poi* dims int 
icsHucoosaivo institutas ud grudinn n - - 2, per tre.s ad graduni n -- .’i ( 
TO. l^x quo intclligiiur, domum po.st n iiit(>gniliones ml acijuationom 
Icm torniinis finitis oxprc.gsani porvoniid, Quouiain voro poi uuaniquai 
sgrationoni una constans arbitmrin in intogralo ingroditiir, nuinifcstiin 
Dgralo tioniplobuni ?i constantes arbitra-rias coiiqilcoti ojiortcro. 


4, Aoquatio igitur intogralis coinplofca tot ooiistaiitcs arbitrarias 
uplectitur, quot oxponens n continebit iinitatos; haccquo acqmitio intoj 
[uo lato patorocensondaest, afcqucipaa aoquatio diQoi’cntiali.s gradiis n: 
his valor linitus pro y assumiua aequationi difl’orontiali satisfaccrc quca 
1 coutincatur in acqiiatioiio iiitcgraJi oomplota. Quodsiautoin inistaai 
no intograii oomplota una plurosvo illarum cuustantiuni arbitrariarur 


iti He coiii[)lcctitiir. Probe igitiir clifscoini o]>ovtol ac(|ua1 
coinpletain a particulari; atque si acquivtioni (Uffcrcwtiali i 
veliimis, aequationein integralciii conipletam iiivcuivi oport 

0 . A(\ cognosccndiiin aiiten), iitvum acfpiatio inte^ 
eoinplcta, nec ne, criteriiim ex allatis facile colligiUu'. Priww 
tioni propositae diffcventiali satisfaecve dcl)ct, qwocl i\t, <li 
tioue ac(juatio ident-iea vesultat; alioqnin enin\ ilia acqual 
iutegialis. Praetcrea vero necesse est, ui acquatio iutcgi 
fpiautitatcs constautes jirbitrarias, qiioti fuerifc gradiis ao(i 
proposita. Si eiiim paiiciorcs in ea insint constantc.s, timi i 
(lata non erit compicta, sed tantura particularis. in ommiot 
stantiuin arbitrarianim probe cavendum est, no per nim 
littoraruni fallamur, neque pro diversis quantitatibus iiabo 
invieem determinantur. 

6. Quo discrimen inter acqiiationos intcgralos oonqiio 
clarius inteliigatiir, luvabit rein excmplo illusfcrnssio. Hit igi 
acepmtio dirt'orcntialis 

(utdi/ -I- yjfdx — (na f .ra’) (Lv, 

eui satisfacerc patet bunc valorem y = x, quippo qui su 
accpiutionem idcnticain. Est igitur y = x aequatio intograli 
liicta, cum ca neque constautem u, quae in aequatione diffori 
piacterea aliam conat-antem arbitrariairv contineai, qiunna 
(Iiffcreutialis piimi gradus postnkt. Vehoinentcr igitur fa 
aeqiiationem y = x pro integrali coinplota iiuius 

aady + yydx [aa -p xx) dx 
veiiditaro vcllot; aequatio enim intcgralis complota osl 


7. Siniili iiukIo vidomiis lutio ae{jiia-tioni clilTorcTitio- difTomiitiali 


_ Xiltf axfldi/ 
d X 

fac;orc liaiic acfimitionom fiiutani y = .r; procul autoin abcst, (pioii 
;iilcgraliH ooniplcCa oinnoiiKpio vim aoquatioiiiH din’oroiitio-diffcrcn 
airiat, qiioniaiii acquabio intcgralis coinplota praobor constanteni a 
ibibatcs ai’bibiurias oonbinorcclchot. Viclcmiia voro ciiain lin?ic ao(piati' 
71 :y Hatiat'acoL’G, quae autoin, quia uaieatn coiiatautoin n coiibinct, tai' 
0 OHb ])ai‘bioularia. Acquabio inbcgralis conipieta (!st 

?/ -- n:a - [- 

) ])ra(ibor eonatantcni a cliiim coiibinct constanloM ai’bitraiins /; ot 7, 
ira roi posbulaU 


" i/.r 
J XX * 


8. Cum autcui onincH aoqnabionoH iiilogmlos parbicnlarcs in coin 
iiioantur, paicb ox pluribus iutegralibus parbiciilaribua cornplobain 
i; abquo adco ox inbogralibus pai'Uoiilaribiis intogralo comi)lotiim 
bur. Saoponunioro quidoin aequo <lifficilo cab ox cognibis aliipiot into 
piirbicidanbua intogralo complotum vol aaltoni inbegralo latiua pj 
10 idem ox ipsa acquabionc difTcrcntiali ])or intogrationoin oulligor 
acquabio, qiiani traebaro .gusoepimus'). 


A , I , eddy 

0 = /l2/-|--^ + -^^■ 


' 4x^ 


dx'^ 


-1“ etc. 


?st coinparata, ub cognibis valoribus pavticiilaribiis ipsiiia tj cluobns 
^0 ox iis faoilo valor lathis patona illoa nompo valorca in so complc 
IS 7/ formari qnoat. llocquo paoto ex siiffioionti nninoro valoi'um i)a: 
un pro y iuvtMibovum vfllov eomplofcus, aou accpiatio iiitogralis com 
linnari potorit. 


1) Vido opiHtiilain ab l-’ui.i^uo lul I. JJkunoui.i.t ir». 0, {n. 8(l‘l indicia I;'n 

i), ]Jibl. math. (Kl, IDOr), JIT/IIH. Viiln <|iiocjno Coinnu'jUiilloiioiu 188 iuiiuH volimiliiiH ut . 
Ut calvuH iiitn/ivli.'i vol. [f,§ 77fi— 778, 8-l2~«-I0. UI7--]).‘17. Lh'o.m.uinr F.ui.mu 0}Km 


turn valor ap loco y suhstitutus oanclem expressiononi o 
hoc-quo inodo una conslanB arbitraria a in acquationcir 
larom ?/ = ■/> intvodnci potest. Sin aiUtnii practoiea i 
aaiistaoiat ]>ropositao, turn pari moclo quocpio satisfaciet ? 
cluobua valonbus particiiiaribns y == ap et y — fiq 
patens 

y/ ap -\- (/. 

iSi onini oxpi*c.S3io 


^ iix ^ dx‘'- 


Ddhj 

dx^' 


otc. 


nihilo acqnalis I’cilditm’, posito tain ap qnam fitj locc 
oaudem expressiononi nihilo aequalom liori cleberc, si loc( 


10. Simili modo si p, </, r, s etc. fnorint eiusmodi f 
yiiiguiac aeoi*sim loco tj subatitutao oxpressionein 




etc. 


cvanoacoutom officiant, tiiin ctiam hie valoi’ 

ap “p (5^ -p y ?’-■[- (5 5 -p etc. 

loco y fi\ibstit\itua eandem oxpressionem niliilo aeqnalc 
p, q, i\ s otc. fnorint valorcs pai ticiilaros ipsius y, qui ipsi 
sita eonveninnt, turn ox iis colligitur isle valor longe lat 

y = ap'P^< 7 -Pyr-P (35 + etc. 

aequationi propositae pariter satisfaciens. Hicqiie valo 
ai tot atiuorint constantes arbitrariao a, /3, y, 6 etc., qnoti 
differeiitialis proposita. Facilem igitur iiacti aumus 
valoribus particularibua ipsins y eins valorem oompl 
oinnos oniiiino valorcs ipsiiis y aequationi satisfacientc 
aicque habebitur acquatio int-egralis in tennims finitia c 


i« ^jropoaitao 


0 - 7/ j- —1 I L I j 

''/ ■ (/.r '■ h... 

rodncitiir, ut valoros parlicuiarcs invcstigcnius, qiii pro ?y siibs^ 
nitioiumi iclcnticain rcddant. Tofc aiifccni oiiisinodi valoribiis piirticiila 
opus, quoad iis pracsci’ipto modo colligciidis tot conataiitcs arbiti 
cvint, quot oxponons inaxiiuua coiitiiict unitatos. Qiiaro si siuj 
mtioncH ))arUc!ijla]‘Cs unain socum gcraufc constantcui arbitrariaiu, cius 
latioiios nuincm 7i rcquiruutur acl acquationoin iiitogralom oompi 
stitiiciidain. Sin autoni quaodam liarum aoqnationiini ])n-rticulai*inm y 
constanios arbitrariaaimpliccnt, turn copaucionbusopuscvitaotpiatio' 
dcninribus ad coinplotain ox iis colligontlam. 


12. Donotont iani onincs litterac yl, 73, C, D otc. quantitates consta 
Lit integrari doboat hacc acquatio <liltorciitialia gnidiis n 


0 =t Aij - 1 - 


(lx 


C(l(ly 

"dx^ 


J)dhj 

~d:i^ 


Nd^' 1 / 
dx'^ * 


)niaiu }/ cum siiia din’oroiitialibus iibiquo nnioain diinonsioiiom con 
indum inoUiodinn moain iiiTomo HI. Oommontariorum Acadoniiao I 
tauao*) tnulitam haco acquatio clifforcutialis uno griidu dojirimoti 
am us 

y == 


0 singula dilTorcntialia ipaius y crunt 


^j/ 

(h: 




'IlH = 

(Ix^ 




(ISj 

dx^ 






dx ' 


otc„ 


4 pddp 3 dp^ d^-p\ 
~dx^' dxV 


valoros si in ^iroposita substitiiantur, oa dividi potcrit per i 

laiicbit aoquatio difforontialis gradus 7i — 1. 


1 ) Vulo j). 1,1 Imiujh voliiiniuiH. 
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IS 


I 


01‘ietur scijiieiia aequatio algebraiea: 


0 = ^1-)- Bp -j- ^V~ -\- • • • • 


ex qua ai valor aliquis pro p eruatur, siinul habcbit 
particnlaris y := c^*^, acquationi diffcrcntiali propositac ; 
ergo etiain uti vidimus haec aequatio ?j -- qnoi 

constant ac ratlix huius aeqiiatioiiis algobraicuc 

0 - A y B'p q- Oy)^ -P Dp^ -h .... 

14. Perduxiimis urgo invoiitionem valorum ])ai' 
bill y ad resointioncin acquafcionis algebraicae w clinu 
mauxua bane 

0 A -h Bz -y Cz^ -y -y .... -i- 

huiuaqne aeqiiatioiiis siiigulao radices sou divisores d: 
particulivrea ipsiim y. Si enim fuorit pz — <j divisor isti 

oritur z =- , crit 

V 

2 £ 

y aeJ^i 

qui valor parfcicularis iiniuii contiuet conatautom arbil 
ilia aequatio algebraica u dinicnaionum contincat n rad 
qiioquo ot'ieni-Hi* ■». valores particuiJares pro y; qiii : 
valorem univci-saloin pro y; hicque simul orit valor 
eontiucat couatautes ai'bitrariaa; quod est criteriiini 
completae. 

15. Si ergo nequationis istius algebraicae n dimoi 
fueviut veales. Uim prodibit valor coinpletus pro ?y ii 
})i'essus, eritquc aggregatuin ?i. formularuni cxponoi 

hoequo adco casu iutogralo completum per so 
quaclratuva-ni hyperbolae exprimi potorifc. Quodsi a 
illiiis aequationis algebraicae fuerint imaginariae, turn : 


luilas ex])(>n(intialng acqualcs iiuniorus conataiiliiim arbitnii-iaium 
Air atquc ()1) fiauc causam iuU^gmle iiwcnUuu !\oi\ amplius crit cojupl 


10. Utriquo inconmiodo mcdolani aiYorciiiiiH, ai iioxuni inlor a 
icin flifToroutialoni propoaitain 




AV/"// 


[HI iiitor acquationcin ulgabmioani 1‘oriiuitain 

0 A -I- fiz -I- Cz^ H + I- 


niUna ooiitcmplomur. Quoiuacltiiodum oiiini ox liau ilia oritur, .si U 

atiir //, loco 2 voro ot gonoralitor loco soi’ibaliir , itn simili 

'aolorilm.s Hin/fulia acquationis algoI)raiciio forniabiintur aoquationcs 
AalcH, quae uoeosHano in ao(piationo (lifforcntitilT projioHita coutineb 
HO (5.\ quibuH i)roin(lc valoroH pavUcularos pro // ropcriontiir. Sic fii -ji 
q - - -pz funi'il diviaoi' aoquation'iH algobraicao, ox hoc por Icgoni 
ur haoo aoqimfcio clifforoutialift 


0 intograta flat 


<jy 




<lx 


0, 


25 

fj = a 


0 cst oa ipsa, qiiam ox eodom facfcorc pz — q olicuimuB. 


17. Hinc intolligitur, si habcatur divisor quiounquo acquationis 
ibraicao, puta p -|- qz 'i'zz, turn aeqimtionom ox hoc divisorc oriu 




3 valoroni pro y, qui otiam satisfacit aoquationi differentiaii propc 
hoc ergo illam difficiiltatcm toUoro pofcortmus, quae locum Iiabet, si acf 
)braica habeat duos plurcsvc factoros aoqiiales. Sit igitur {p — qz)^ d 


differentialis 
Ponamiis 








<.*4.uct<MAU liatJU 


vvy 


.?1^_|_ nddy 
dx ■*■ dx^ ~ 


px 

y = 


factaque siibstitutione Iiabebimiis ddv ~ u- 

factore quadrato {p — qz)^ oritnr « hmcque m = « 

\F qz) ontur .sequens valor 

vx 

y = eo(a+ px), 

m conatantea arbitraria. eomplootitur. 


quae posito 


^JP29dy_ 3 p qqd d y qS dh/ 

lir = 0. 


2/ = c® 


U w IV 

transmutabitur in hano; <;3a_n. , . 

-.uationi p.opo3iU. sa«aoie7 =; + 

PZ 

. . 24 = e^(a+ -f- yxx). 

imili modo si aequatio algebraica 

n + + .... +iy... 

habeat divisorem biquadratiim {p~„M * 

particularis aatisfaciens ^ nascet 

Ef 

^ ^ H- y Ka; + a a;3). 

que generaliter si divisor sit (fl ^zU p 

^ (P , erit valor mde ortus 

taaginariaa involvat. 


0 = ^4 -\- Hz 1 - Cz^ + f)z^ N z'‘ 

3(!ucaiitur valoioa pro ?/, tpii acqimtioiii proposituo 




Oddy 

'dx^ 


D(^y 

dx^ 


Nd’*)/ 

~fx" 


iunt-l, hoc (Inbium ox iiatura rci facilo l-olli potent. Sit divisor ii 
coinpositus 

p -|- fjz -h f'zz ~\- {iz^ etc. 


0 forniotiii' aofpiatio 


o-Pu+^;;^+’^ 


(Ix-^ 


dx^ 


etc. 


iatol:)it valorem compictiim ipaina y pro Iiao aocpiatioiie prodire, 
alores ip.'^ius y, quoH divisoroa siinpliccH aorpiatioiiis 

0 — -|- rzz {- az^ -f- etc. 

bant* in unam aiimmam colli^autnr; at (iivi.sores sinipIiooH liuiii.s a(j<iiu 
mill sunt (livisorca simplicos illhis 

0 = ^- 1 - JJz -I- Oz:^ -I- Dz^ -I- .... -I- Nz’^i 


ob rom valor ipsiua y ex illo faotoro composito ortus, simnl ost vale 
3nB iioipiationis propositao difforcnlialia 


0 Ay 1- 


lUIjL 

dx 


eddy 

dx^ 


jyy 

dx^' 


Nd’^y 

* 


Invontia niitoin valoribiia ipsiiiH //, qni ex aliquot divisoribiis sin 
inter so aocpialibus aoquationia 

0 = A A- Hz -j- 6*2^ H- Dz^ -h , . . . -b Nz^‘- 

, altera difficultas .soivcnda rcatat, ai liace aoqiuitio haboat raclicc 
I'ias. Constat aiitein, si ([uaopiain acquatio liabeat radices imaginarim 
iimorum semper esse parom; atqiio ogo alibi ostondi has radioes imi 
perpetuo binis ooniungoiulis in eiusmodi paria dispesei posse, quarur 


IS 


g'z -f- rzz 


2 ypf 


< 1 . 


Posito ergo sinu toto = 1 erit - g . 

fietque^) ^ cuiuspiam anguH ; 

^ V^' ■ oo^ A-(p, 

contiueLt, erit hiTusS°’““ qui cUvisor 


res 


V pr- cos A‘(p-y rzz, 

21. Sit igitur aequafcionis 

A i- Bz-y Oz^ -y etc. 

P-~^^Vpr‘oosA‘^^rzz; 


eiusmodi divisor 


^ i ZZ ' 

aequatio 


0 = __ >/y r 

ad qiian. integrandam ponatur 


(Ix^ 


y =, e!^ cMa. 5 p^ 

Poaitobrevitatia gratia / = 

Uudx- (sin .1 ■ p)« + ^ 0 


Multiplicetuj. 


Pw2daetmtegretur, erit 




1 ) Vidonotanup, 107 hnto 


ffdx'^ {sixiA-(pY^ 


vohiTniius. 


Idx sill A-<p^ . 7 i -,2 


tin 

y{(^ — 


ilegmta dal 


jx sin A • ff) -}- p A sin • - 


i aequaiiono fit 


n — a sin .4 • (/ it* sin A'(p P)- 


uentcT liabetur 

y a vf siu A ' {f x ain A ■ (/> V fi), 
b valor convonicns i])siiis // ])ro ncquationo proposita. 


I. Eadein vol aoqiiivalona oxpressio pro y colligitur 
libiis olsi iinaginariia aoqnat.ionis 

0 r-_; y --2 2 '/>?* • cos A ' (p -\~ rzz, 

josibo / - i/^' abit in liaiic 

{).= 1 1 - 2 f z COM A • q> -\- zz, 

radioes aunt 

z - j con A- cp :L / \/ - 1 ■ sin A • (p. 

)ro y voMuliant valoros 

^,1, (M.rt .( .7 I /CV - J • Hll> .1 -U’ '< • - /J V - ’ • “I" •' ■ 


i ooniunotis fit 

y -^r. -' • *"** <*■'/> q_ 'i-'/j, 

c 

itoni oxpoiiontialibua in aeries convorsis prodibit 


y f,IX 109 .1 • 'P 


1/ , m/i //a;a:(8in A • (pf A • ipY 

6 l)(l - J . 2 ' 1 . 2 ■ li • 4 


/ e\K / A ( i • A d • 9?)^ 

[y- 0) ]/~ 1 • [lx sin A-(p —2 -~] — 


cx fuotoribi 


-I- etc. ) 
-I- etc. j 


ergo 


y -\- 0 = a o\r {y — 0) V — I ~ p 


quae Gxpressio ad piiorcm facile rccliuatnr. 


23. Vlinc adipiscimui* mocluiu invoniendi v 
phn’oave iuiiusmodi divisores conipositi fucrint in 

(// — 2 jz cos A' rp '\- 22 )‘ 

divisor aequationis algebraicae; quouiam is reducifci 

[z — / cos A (p — I ]/ — 1 ■ sin A ■ (p)^ {z — / co.s A 

Dvit per praecedontia valor ipsiiis t/ hinc oriiindus; 

y = - V'+/r\-I - Fill A If- Q A ■ f- 

Cum autein sit 

g-V/rv-i • sin • V' ^ Q-ix \'-l • sin .1 

~ • COS A ■ jx sin A- (p p sin A ■ } 

liinc codigitnr fore 

V = [(a -f- px) cos A ■ jx sin A • (p A- {y ■]' 

24, Quod si uiitem cubus aliave potosfcas ipsiu! 

// — 2 /2 oos A'(p -\~ 2 : 
fuorit divisor aequationis algebraicao 

0 — A A- ~\- Czz -y d~ 

turn ex potestatibus iisdem factornm simplicium im 
y eruanUir secundum § 18 ot in unam summam con 
titates exponcntiales imaginariae in sinus et cof 
convorti possunt ope Iniius lommatis 

- sin .1 V ^ g-/* V -1 ■ Bin A 

~ ax’^ C03 A ' fxHin A • (p A- sin A ■ 


Sic si 


{// 2/2 cos A' (p A- 22) 


y - ■ ^ ‘ ua r jy-y- -h 7.>^ -l- ox^) cos A- 1 X sin -4 • (p 

-|- C‘i'* 4 - yx- -r Os^) sin A ■ jx sin A ■ i/^]. 

25 . Kxprcssionca islao pluribus modi.s iminutnii possiiiit, proul 
intc.y aliis at(pio aliia iiiodis oxpriiuaiitnr, CoiuinocliHsima aiitoin vi 
cu transniutatio, rpia valoi’os ipsius 2/ n-fl foniuim § 21 invontam rcdiici 
L, hacc fonna 

px’^ ooH A • f x sill A ■ {f, 4- vx^ .sin A ■ jx sin A - cp, 

ioiiaCur 

ft A sin A • p, ot V — A cos A • p , 
nsniulubiUii' in lianc 

A .1’^ sin A • {jx sill A • (p -1- p). 
lamobi’cni ox i'actoro indcliniU cxponcnlis 

ill ~— 2 jz coH A • <p 4- zzY 
'inabitur sccpions valor ipsius y: 

y = ■'^(a sin A • {jx sin A • ip -\- -b A • (/.i; sin A’ (p -[-% 

I- yx'^ sin A • {jx sin A • (p -h €) -b 4 - sin A ■ {jx sin A ■ (p -\- 

3 (pio pacio ox omnibus divi.sorilnift, utcunquo fucrint coniparabi, vi 
Acs pro variabili y invcniunlur. 

20 . Quod iam ad conslnntos arbitrarias, fpuio in vnlorcs ip.siiiH i 
)do invcniondos ingrcdiuntur, attinct, patut priino ox factoribus shnpli 
mac / — 2 oriri valorcs ipsius y unicam constanlciu ai'bikariam oontinc 
ndo valor i2)sius y, qiii oritur cx facLoro (/ — 2)'q contiuot k const 
)itrarias. Porro cx factorc comjiosilo 

II — 2/2 cos A' <p zz 

)dit valor ipsius y dims consiantes arbitrarias complcctcns; atqiio cx 1: 
idi fnctorum potestato quacunqiio 

(// — 2/2 cos A • (p 4' ^z)’' 


noNiiAUDi Opora omnia I2'i ComniontiUionoH atiaiyt.i(inci 


lUI IlUll/lIl VUlUi ipMlUa y, JIl CjUU Iv UWU9lyailL-t.-a itllJlUIitlJUU 

coiiatautimn arbitrariarum acquatia sit nunicro dimciu 
liaec variabilis in divisore obtinet, ex quo valor ipsiua y > 

27. Qiiodai ergo acqiiatio algobraica, qiuun ex a 
proposita forniavimiis, 

0 = -‘I 4- Bz 'f- Cz^ -j- -f- Ez'^ . 

in factorca suossive simplices sivc conipositoa rcalos siv 
states simplicinm coiujiositorunivo, resol vatur atquo 
singulis valorcs convcmcutcs ipsius y foi incutuv, i\m\ lu 
iunctiin considciuti tot continebunt oonstantes arbitrari 
n insnnt nnitatcs. Onmcs igitiir isti valorcs in nnain 
solum valorem pracbebunt j)ro y, qui aequationi propos 

satisfaoiat, verum etiam Isto ipsius y orit valor complotui 
valoro.s luiic aocpiationi conveniontes in so complcotc 
aequatio ista dilFcrentialis pcrfcctc intogratur in torinii 
grale unqunm alias praotcr hyperbolae atquc circiili qua 


PROBLEMA I 




oi proposita luorit acqnatio 


0 — An I- I- 4- 4 

0 - Ay -h + 


in qua elcmentiim dx positiun est oonatans, ac littera 
denotant c.ocfficicntes constantes q\ioscunquo: inveni 
integrale in terminis finitis realibus. 


Solutio 

Scribatur 1 loco y, z loco loco et gcr 

hineque fornictiir socjiions acquntio algobraica n dimonsic 
0 = /I ~i- 5z -p Gz^ -1- 1)23 


iipor bini facloves imaginarii unnin faciorcin coiTipoaituin I'oalcn 
.uunt. Ex singulis divisoribus (ieiiiccps forinontur seqiicnti modo ’v 
[tinuhircs pro y. Ex j'actoro scilinct quolibot simplici, (pii alioa non liai 
pialos, hiiins forinac / — z oritur istc valor 

y — 

duobns auloni pliirif)uav(i factoribus acquaUI)ns coniiinctim suintis ^ 
ins 7/ dciorininari dcbont. Ncmpo cx fnctoro (/ — 7^ oritur 

y (u fix) 

faotoro (/ — ;;)•'* oritur 

y (a -I- /?a; -[- yxx) \ 

pio gcncralitcr nx factf)rc (/ — z)’^ dcducitui* 

y {a [- px yxx ~\- -r /i.r'-'"’)* 

loil ad factorcs coinpositos atUi^ct, si ilia ac(piatio algcbi’aica Jiabc; 
•oin 

11 2 fz cos A • - 1 - zz, 

i Riii similein inter roliqiios non luibcat, erit vab)r ox 00 oriutulns 

y ■-=: «sin A • (fx sin A ■ g> 9 t). 

aoqnatio algobraica duos huiusinodi factorcs habeat aoqiialcs, ita 
dsibilis per 

ill — 2 fz cos A • (p -1- zz)^t 
in ox divisorc quadrate oritur sequeus valor 

_ gi,jy( . si, I . fp gjj _|_ sin A • {fx sin A • g 

i\ aulcin luiius faetoris potestas quaocimquo puta 

(// — 2 fz cos i 4 • 93 “1- zz]^ 

rrit divisor acqnationis algcbraicao, turn ox co rosultat soquens valor 

_ ^ gi,j q . gjj _j., sin A • {/ x sin A • r 

- Of . fp _p 0 -r gin yi . sin A ■ t 

+ ~\- Hx '‘~^ sin yl ■ (/.r sin ■ 93 + 5^). 


atquc is ipse, qui procUturus esset, si aequatio cliiTcrentiali; 
n vicibus integmretur. Q. R. 1. 


Fi X 0 ni p 1 11 171 1 

20. ituiiKS aeqiiationis (Hfforontialis accund 


^ , b<h/ , eddy 

0 = ‘"j + -dt + 


intcgralo inveniro. 

Posiiia nti praecepimua 1 pro z pro 'll ct zz ) 
aequatio 

0 = a -I' bz 4- czz; 


quae vc! anibaa radices iiabebit realcs, vel imaginuvias; priii 
postering si hb < 4ac. iSit igitnr priino bb > iac, ac dime 


2 2- 


hoccpic casu ovit intcgralo quacsitimi 


J Vl6&- >rtc) 

?/= c/c 8C 


Casus luc scorsim cst pcrpcndcndiis, quo bl) = 4ftc, turn oi 

a 2z ]/>' ac -I- czz 

quadratum nempo 

(1/ ft + 2 p''c)^ 

quod compavatum cimi forma (/ — zY dat 


/ = — /- 
* * c 


y ■-= (a d- fix) e 


...yi 


Gx quo intcgralo erit 


hh < 4 ac, atcjuc acqiiatio 


0 -- (/ -|- 6-2 -}- czz 


chit radices rcalcs, connairata ergo oiun forma 


c 

it 


II — 2 Iz cos A ' (p zz 
-- — 2 / cos et II; 


I = V - ct cos A ■ fp 


— b 
2 a c 


, I 1 I* - 

sin A • y; = — 


|/(.( ,ic — bb) 


2 y/a 0 


oritur intognilo 


'iv • I — 6/>) 

■// — sm /I • o” — - 



fOxempInm 2 

iruiuH aoqiiatioiiis d ifforontialis tertii graclus 
. ^<1^(1 (I if , 2u^<l^y 

lie in vciiiro. 

liao aoquationo ergo oritur ista aigcliraica 
0 == \ — '^a^zz -I- 2{ez\ 
lolvitur in l\os factored 

{\-}-2az)y (1 — azy. 

ctor 1 '1- 2az cnni forma / — z comparatus clat 


poBtevior tactor (I — azy comparan doi)ct cum (/ — z)^, ex 




hincquo nascitiir 

X 

y (/? -f r.r) C". 

Acquationis ergo propositac intcgralc coinpletum eiit 


y -1' (/? -I- y.J-') c" 


Excmphim 3 

31. JrluiuB acqutitioius diffcrcutialis tertii gr 


0='/--Sr 


intogralo iuvcnirc. 

Ao((uatio rtigebmica ox Imc ucquatiouc ortiv criti 


0 I 


qimc rc.^olvitur in hos factoras: 


(1 — az ) , (1 H- az + a^zz] 
ita lit eiiis divisoros sint hi 


2 Ct \~ ZZ , 

<i aa a ’ 


quorum iKto i!\ siiuplices rcalca vcsolvi nequifc. Illo igitur cliv 
integmli 


alter veio divisor 


y ■-■= ae." , 


ciun forma 


•— -1- - -t- 22 

« a ({ ' 


If — 2 jz cos A - (p -Y ZZ 


it liat 


1 — I , . i 

cos .‘1 • (p ct sin A ’ip — ~ ; 


ex isto clivisorc rosnltat 


y /M"" sin A -i- 9i). 

iiatioiiis oi’go propositao iutograhs eompletinn erit 

y -- -I- fi(r‘* sin .‘i •(-- 0 “ h 9t). 

Kxciii plum 4 

‘12. Kuius acquatiouis tlif fcvoniii^^lis qutivU gvatlus 

3gralo invcjiirc. 

Kx liac aoqiiatiouo formabitui ista ao<pintio algebniica 

0 = I - u'fA-, 

3 duos liabot divisoros siiiqilicos rcales 

s cl - -b 

a a ' * 

pii duo iniaginarii coiitincntur in hoc composito 


d- zz. 


clivisorcs simpliccs pro inLogmIi dank 


y = ac" -|- pp . " . 


— |- zz 


isor aiitcm 





compai-atua dat 


ff~2fz 

gob A ‘ (p zz 


luiicque 


2 

/ = - et cos ^ — 0, 


Terminus ergo exponentialis 


sin ^ = 1. 


g/* coa A . <p 


Ob exponentom = 0 abit in unitatem, eritqne 


y = y sin ^.^1+ yj. 
Integrale ergo oompletum eiit; 


P ae'* + ^ y sin ^ 


Exomplum 6 
33. Huius aequationis differentiali 


s qiiarti g 


0 = ?/ 4- 


integral© invenii*e. 

Resolvi ergo oporfcebit istam 


istam aequafcionem algebraical 


i+«zy2 + aazz et l—azy2 + aaz: 

qni divisi per aa, nt cum forma 


comparari queant, dabunt 


tf~2jz COS A - (p-^ 


1 , zy2 


+ — 4- Pt ' , 

““ « — r + ^^5 



/ “s A ■ ip =-■ — : 


vloruju pro utriwjuc 


/ sin .4 • (p -■ 


I 


a V'y 


ms oritur intcgralc coiuplotuiu iio.quationis proposilac 


y --- sin A • - -{- 9[) 4- 535)^ 


liJxoinphnn (> 

Hiiius aoqiiationis diffcroiitijiliH sopLimi giuidus 

0 - u I I I I i 

" '■ il^ ■*■ dx* (7a-3 d;o’ 


ilo com pic turn in voni ro. 

^citur liino ista ao((iiatio nlgcbniioa soptimi onliiiis 


0 -= 1 •!• 22 -1- 2" -1* 2‘ -1- 2‘ -h s' , 


solvitur in Hocpicntcs factoros realcs Cnin Him])licos cjunin coinpositoa 
{1 -i- 2) , (I -1' s -i- 22) , (I --S -1- 22)®. 

])rimus ouin forma / — z cornpnmtus dal. / — — 1, Inucquc oritu 

tf = a or^. 

lulcin allor I -(- z -|- zz coinpaiutuB cum 

II — 2/s cos A ’ fp -\- zz 


/ = 1 ct cos A • (p = 


} 

2* 


I V'^ 

Hill A • 


iim E»)M:ni Opprfi omnia I i!‘i Coinmoninljonoa ftnalyiJcno 


(‘t iiitograle hiiic nafciim 




'I ertiiis factor (1 — 3 + zzf comparari debet cum forniiu 

(// — 2/2 cos ^ zzY, 


mule fit 


/ — 1 , cos ^ ■ tp = i et sin ^ ■ (jr, — J~- 


a 


I'b\- CO igitur prodit integi*ale 

>J = yef sin 4 + sgj 4 , ^ 

'."'"n.ol.ro,n aequationis differentialis propositae intogi- 
y = ae-‘ + sin A ■ 

+ ye? sin aY~^ + ^)+ iJ J . ^^2 

arbitrariae oontinontur.^ 


Exemphim 7 

•■«■ Huins aequationis differentialis ootavi gz-, 

"“«grale completum invenire, ' 

S*. w. .p«„ 

^ — + iz^^4z<^ ^ 3z7_^s, 

‘‘‘"'iparatus divisor 

> iimeque pro mtegrali invenitur 


28 j 

:• cu; 


^^ivisore hoc 


computum ducto 


2^ + jda; -|- 


yxx. 




s^perestresolvendahaeo 


aoc 


-hizz-^iz^ -f 3^4 


«6 


rato lit 


/ -- 1 ot cos A • (p = 0 t 


lin A ■ <p 1; iclcoqno rcsultat 

y = d sill A ' (.'f + 9(). 

me porro per 1 -\- zz instit.iiCa rouiaiict aoqiiatio 

1 — :iz + :{22 — 23 ^ 0 (1 — 2)3 ; 

m cr^n (/ — 2 )^ fit / - 1, atquo intogralc hiiic oriuncluiu cst, 
y — {r. -\ <•/, 

picntcr eompletum intc^rn-lc aommtionis proposilao eati 
y a 1- [ix -1- yxx -|- <5siu /( - {x -1- QI) 1- (k -j- C:>' 1- 


ICxoniplinn 8 

Iluiils aoqnationis clifforoiitinlis iiidofiiiiti griuliiH 

0 = 1^ 
dx" 

rale in v(*!iiro. 

osuK-at ista aeqiiatio algobraica 

z“ 0 , 

Him omnos raclioca isint, acqualos, ca coinpnrnri debot cnin facLoro (/ •— z 
) h n of- / 0, ox quo statim prodit iiitcgralo quaositum 

y ■— a d- (ix 4 -h ~\- -|- 

oro idem intogrnlo faeilo invonifcur iiitcgrn-tionom n vicibua success 
enclo. Prinm cniin intcgraliono oriUir 


licctur per dx ct intogretur sociiudo, erit 


ax -j- “ 


tV'-^y 


Atque ita ])oito, si iiitegratio n vicibiis repetatur, prodibit ii 
bum expressionibiis id ipsum integrale, quod per nostram regi 

:i7. Hnius mcfchodi beneficio possunt etiam plurimae al 
(lifToreiitiales gj-adns indefinifci integrari, quae quidem ad ae 
lu-aioas dcducunt, quanim factorea reales sive simplices sivo 
oxlnben posstmi Cum autem huius loci non sit modum tri 
(Huiismodi aequatiomim indefiniti dimensionum numeri in 
eursmodi aequationes differenfciales insuper tractabimus, quao 
a gcbraicas porducmit, quarum factores iam aliunde sunt Gom 
acqimtioiics autem sunt ^ 


r ± 2” = 0 et 




iiaruni onim expressionnm factores reales tam simplices ouaj 
™o.n.ales omnes exhibiti sunt a Viris de Aual/si moE 


PROBLEMA II 

38. Si proposita fuerit ista aequatio differorrtialis gradus « 

0 = y--.^ll 


dx'' 


■■'V.aolementumrfa-po„ituroo„stans,eiusi 


integrale completur 


Solutio 


Posito uti praescripsimus 1 loco 
algebraica 


y et ... loco 0 habebitu 


0 3 = 1 

1) UfJOEB Cotes ( 1082 — I7in» a 

( 1067 - 1764 ). 


II, iiijiiu m jiftu lui iiuv ^uuui il'ii 


70 I “ 1 

I — ZZ COS A • - ZZ 

n 

Tcdonotat scinicirciinifcrcutiam circiili, cuius rndiiis — 1 ); qui ciun di’ 
oniiali gcnoiuli 


paratus dal- 


II -9. fz cos A • If) - 1- ZZ 


/ - 1 ct f/; — — - , 

' '71 


it hie divisoi det valorem intcgralcm 


.T I'll-l .1 

,?/ - - ac 


•iko 

" sin A • f.r sin A 

\ 



)d.si iam loco 2k succoasivo oinucs iniincri pan's oxjioneiitem ii no: 
)ntes Huhatituantur, prodibiini oiunes possibilcs valoios, qui ])ro y 
iti aatisfuciunt. Gontiiiotur voro etinin in hac goncrali forina valor i 
[ui oritur ox factoro aiinplici 1 — 2 , qui ost y = ar/; posito onini k = 


cos A • 



11 


ot 


sin A ■ 


2 kn 
% 


0 


‘q\io y — ac', oh sin A - iK consUiutom in a eomjdoxum. Simili n\odo 
iiiincrus par, valor ipsius y cx factoro 1 d- 2 oriundus, qui oat y — ac; 
oro gonoraii i-osultat facto 2k — «, fit onim turn 

, 2 JcTi II* A ^ kn ^ 

cos A — I ct sin A • = 0, 

n 11 

at valor ox factoro goncrali orinmlns y --- ac“*. Intogralc ergo oompl 
nobitur, si in forma gcnorali 

, 2 k-i f, j \ 

jOflB.J.— - . / . ^ 2 /iJTt , ftf\ 

y = ae ” sin A - sin A • — -\- 31) 

jcssivo loco 2 k omnes numcri pares a 0 iisquo ad n substitnantur 
)rcs in imam summam coniiciantur. Prodibit ergo intcgralo quacsiti 
iplotum 


~r yc 

.sin 1 

X sill 

/I ■ 

71 

^ t CilS fl ' 

-h de 

n :l 

" sin A • ( 

X sin 

A 

(i 7T 

n 

X l-Oi» .1 • 

+ te 

ii .1 

” sill A ■ 1 

X sin A • 

CC 1 


quae membra cousqiio dci)ent eontiiumri» quoad n ( 
liahcant-ur, vel qnocl codem redit, quoad cocfficiens ij 
ovaclat. Fiet aiitcm» si )i sit numerus impar, ultinium me 


, i» t)-' 

t MjS .1 • - — , 


-- VC " slu A -ix Sin A • ^ 

\ n 


at si ti aib numonis par, erit nltiimim mombrum =■= v c~' 



— «c “ Sin A • X sin A • -■ 

' n 


Pro (piovia ergo valore ipsius a intcgvalc complefcwin 
Q. E. 1. 


39. Quo ista intogralm clarius ob oculos pomiutur, 
ipsiiis 71 ab uiiitatc incipiendo integralia aequationia 


n V 

0 =?y--r,:rir 


exliibeamus: 

I. Huius acquationia 0 ” ?/ — ~ iufcegrale est: 


dx 

7j = a e 


11. Hiiius acqiiationis 0 = y — intcgra-lo csf : 


?/ = « + /? e 


u 

liilius acq\iationi3 0 -= y — ^ intcgi'idc cst: 

y = ae-^ -1- fifiin A • {x -(- 33) -j- y n' 


d^v 

Huiiis acquationis 0 ;== y -- iiitogralc ost: 


■£ C (14 .-I • • • TT 


y -- ac^ *-}- pe “ sin A • |:i: sin A • - n -r 35 
-|- 'sill .^1 • sill /-I • ^ yr -h 


Kuiiis acquationia 

0 = y- 

</«// 

intogralo cst: 


y ^ ae^ -)- 


sm 

A.{ 

' - ^ ' 
X sin A * ..• 

71 -h SS) 

X coa .1 • 

-1- ye 

Hn 

'' sin A • 

sin A 

■ 1 n -] ■ S) 

-1- be-^ 

Hiiiiis aoqiuitionis 

0 y — 

(Py 

dA 

intogialo cat: 



, 2 

^ X f (fH , • -- 

:i ^ 

/i-i 

f 2 

n -\- 35 ) 

y = af/ H- 

pc ’ 

am 

^x sin A • - 


-I- siu A • ^:i; siu A • y te -\- 

u I, \ 

„ X COH A it ^ . y . r-v \ 

-|- <5e ’ sm • f :t' am A ■ - tz 2)J 


1/ 

Hiiius aoquationis 0 ~ 7/ — intcgnilo cat: 

= ae^ -|- ■* sin A • sin X • iyc + -1- ysiiwl ■ (.t; -j- (5) 


■Ki. Si propositii fiierit ista aequatio (lifl'erentialis gnidiiM in 




po.sito cleiiiento dx constante, eius iiitcgiule iiivcnii’C. 


Sohitio 

I’usitu scciiiKhim regulain 1 pro y ct z" pro pi’odihit i; 

algc’braioa 0 -- 1 4 - 2 ", quae si n fucrit numoriis divisonu 

rcalt'ni habct 1 4- 2 , ex quo oritur y — ae'^. Rcliqiii divisoros wim 
siint iruaginarii; hormn vcro bini contineiitur in Iioc faotoi’(^ lain 

2 ^ I 

1 — 22 cos /4 • n -I- 2 2 , 

n 


luu'C(jiie cxpressio omncs prorsus clivisorcs formao 1 z" siigg 
2 /• - 1 omncs numori iniparcs ipso n non niaiorcs HiiccOHnivo si; 
Collata autein liac formula 


1 V) , 2 A* — I 
I — iz cos A • n - • zz 


cum factorc genorali 


lit 


//--2/2cos^ ■ (p-\- zz 


t — I Ot 9? •-= 7c; 


bine ergo cnascitur sequens pro y valor generalis 

? 4 — \ 

icosj. n ; o I, I 

y--=at " sin A ■ (a; sin A • ---- -- n 1- 3lj, 

Atquc 111 Iwc valoi-e gencrali etiam coiitinetiir valor ipsius y ox 
plioi I + j, si quidem w fuerit numerus impar, oriundus; prodit ci 
1 / - ae ■", si liat 2 k — 1 =i n, turn cnim fit 


cos A • 


2k^\ 

Tt = cos ^ • ;r — 


1 


(tv 


sill A 


(x 


mn 


n 


71 -1- 5(j 


1- — I HiicnoHsivo ormics niiineri iniparos I, 5, 7 ctn., qui qiiidom ox- 
71 11011 sunt niaioros, .subKtil>imntiir intiqno valorcs oiiiicti in iinan 
in oolligaiitiir. I’rodibit ergo lH)(5nio(lo intograle qnao.sitnin etcoinpiotun 


;/ 


r I iiH .1 . it _ t . I 

ar " Hin A • lx sin A ■ n - 

V 

a I'us .f • — if / 

Be " Rill A • x aiii A - jx - 
' \ 

1 nw .-I . — if ^ /' , f, 

yv *' Hin y\ • mn A ‘ .^^ti ~ 

7 

a- HIM /I • • if 1 7 

(if. " Sin A • ( :v mix A • n ■{ 

V n ‘ 


-31) 

- s' 

- ©) - 1 - ole., 


nonibra ooiiaquo continiiari cloboiit, quoad ?i (ionstnntoa arijitrnriai 
iiigrosaaoj quod cvciiiot-, si ox seno fractionnin 


I :j 5 7 , 

, , , oto. 

■)} 71 11 11 


uiiitatom non snperaiite.s oajilantut. l<'iot autoin, si n sit miinenis par 
Lini uitinuini 

ve sin A • (a: sin A * — n -j- 


ninnorus impar, nicnibriim nltiiriiini oi*it: 

V e-^, 


tni.nu vero 


fie 


, h-2 

X ('08 A TT 


(x 


“ sin A ’{x »in A • — — - 7? -1- , 


nllo nogoUo intogralo complotiim quovis casu assignatiir. Q. 1C. 1. 

nur I'jUj.L'iti Ojiura omnia I 32 Conirnot)ia(ioii09 analytluno 18 


I. Huiua jicqiuitionis 0 t/ q- intesmle cat; 

y a e.-^ 

U. Huius aequationis 0 -- y + ^ intcgmie est: 

y = a sin A • { x ~h 3t) 

III. Hnius aeqnationis 0 =- y -|- integrale est: 

xfM .1 • ;i , 1 

y = ae • am A • (.r sin A - 9() + jia-^ 

TV. Huius acquationm 0 =: y integiulc cst; 

X COJ .1 . *. .f , I . 

y -= ae « am /! • (x sin A • 1- 51) 

. r r*** .1 • - « / >> \ 

fie am A ■ (x sin /I • je -| • !^) 

V. Huius aoquationis 0 - y + 0 intcgrale ost: 

X c«>« .4 • I n / 1 . 

y = ue ^ sin A ■ ^rt sin /I • ^ ?e -f- 9( 

a 

^ i crta /« • - .T y .. 

+ pe sin H • (;i' ain A ■ | yr -f- 53 + 

VI. Huius aeqnationis 0 = ?/ + 0 integrate est: 

X COS J • I ,1 / J 

y = ae sin ^ qa: sin H • ^ -j- 5{j q- ^ sin A ■ {x + 

2 coa A • /« / 

-\- ye sin ^ ‘ sin ^ g yr + 


— ac ' am A • ' 

am 

A ■ 

7 

:i 

X ron .1 • • 11 

-1 ftc. Sin 

A’ 

|.i: sin 

A 

■ 7 n d- 

n 

.1 nm .1 • >T 

-1* yc ^ Bin 

A‘ 

sin 

A 

■ ^ TT -I- <5 C--' 


• i 

— iin.nn’i’t 


Hiiiufl ac.quationis 0 y -j intcgmlo cst: 

.T roA .5 • ^ \ >1 

// • - a a " am /I • (it* sin A ■ ^ tt. -|- 3(1 

-f fic ” sill A • sin A ■ 58\ 


j r'« • -I K / f» 

-h yo. ® ain A ■ f.r ain A ■ ^oi -I- 


X I'OH <!•?'« / 7 

-h dc am A ^(;t: sin y| ■ ^ jr -1- !£5j 


PHOBLKMA .!V 

. Si proj)osiia fucrit aoquatio dinVontialiK griuiuw 2 ?t liaoo: 


0 - ,, I 

^ dx'^ 


olomonto c/o: oonsUuiLo, cius intogialo invcniio, oxifitonto hh > I. 


Solutio 


d'^ u 

seoundmn rcgulam poiianiua 1 pro y, 2 '* pro ot 2 “'‘ pro 


iaba aoquatio aigebraica 

0 1 + 2 /t 2 « + s’*", 


dx 


b hh > 1 in hos duos factoros rcsolvitur: 

[ H- h -I- V {hh — 1) ] [ 2" -1- A — |/ {hk — 1) ]. 


erinit quantitates affirmativuo. Sit ergo 

k 4- \/{?ih — 1) — ■ et k — ]/ [hh — 1) - ly, 

ita ut sit ah -- 1. Habebimus igitur istani aeqiiationcin in duos 
resolutam : 

0 ^ (s’‘ - 1 - «'*) ( 2 '‘ -1- /v') 


atqiio prioris factoris ainguli factorcs trinomialcs rcalcs oontin 
forma: 


a , 2/;— I , 

aa — 2 02 cos A • n -h 2 ; 

u 


postcrioi'is voro in hac: 


1)6 — 2 62 COB A ■ -j- 22. 


Omneaquo faotores habobuntur, si in ntraquo forma sijcccs8i\ 
ponaiitur omnos miineri imparee 1,3»6, 7 etc., qui oxponon 
maiores. Integvalo ergo qnaesiUim ex his factoribim ita fot'mahit 


rtZ C09 /I • , y , I \ 

y ^ Ae '* Sin A ■ la:r sin A ■ 


az CrtS y| • - .T . 

-h Be “ sin A • |o;r sin A • -tz fd 


r> 


tfz co« ^ 

-h Ce ** sin • ( o.r sin /I * S 


_ fli c<w J ^ / 7 ^ \ 

Dc " sm ^ ■ fax* sin /I ■ - jc -h ©j -1 

fr* <08 y| • — .T / [ \ 

-hac *' sui A • f bx am A • tt a) 


6r era A • 


+ /5c " sin A • (6.x sin /I • - tt - f- b 


bX CO» yl • — .*1 


'f- ye " sin A • (6x sin • • n -1- c) • h 

')!* 


0 - y 




: coasUinlc ct cxiaU'ulc kli > 1, ciua iniograU> invenii’o. 

tSoIiitio 

iiulvnii I'cgyilani aupra ylalain onoi\n* luc aoqyiona iu)(inati{> algobraica 
0 I ' - 2hz’' -i- 2 ; 2 "; 

LOW duos factQi’ca hmiIch pfia\uni 

0 1 - - /,. -1- (/ {lUf. - 1)1 1 - k — j/ (kk - ■ I ) ] . 

oni h douoiot quaiitibitom postfctvain, \)Oi\al\ir 

h -I- |/ {hh - I) — «'* ot h --- (/ {hk ■— I) - 6", 
ab I; (liiKjqnu oi'iolur iHta acqiiatio: 

0 (2" — a”) (2** — b’>). 

jiotoriH 2 " — a'‘ oiiiiKiw i'actoi'CH (.riiiomialoH realoH cuntiiiuntur in 
la 

2 k 

(ta — 2 az ooH A • — n -1- zzi 
is voro 2 ” — /;“ in Iuk; forma 

bb 2bz oos A • jc -I- zz\ 

0 factorcs habobuiiUir, si in utraquo forma loco 2 h successive ponanfcur 
jmori pares 0, 2, 4, 0 etc. iiumero n non inaioros. Kx his itaqiio fac- 
ognitis iiitogralo quacsilum colligifcnr fore: 


.\-Ca 


sin /I • sin n • n 

at co« A ■ - . . / • 1 

+ i)c " Sin /j • Siiwl • 75 

'i , «) 

ht (>m A ■ — n / , . . ^ 

■\- arP^ " sin /I ■ I w.r sni /I • JT 

ht don A ■ ^- 'I . , /, . . 

-I- ye sin A • lo:i- sin A ■ 

it 

ht fdif* j • /f I i } • j ** 

-\- dc " sin A • [hx sin /I • t? 

j \ 11 

Q. K I. 


PKOBLBMA VI 

4‘1. Si pioposita fucrit aeqniitio rliffcrontiiilis gmd 


0 -- 

dx’' dx-i" 


sumto cleiueuto dx constaule, eius intcgralo invoniio. 


Solutio 

Aequatio algebraica, quao secundinn praecopta }iinc 

0 = 1 - 1 - 2 /i 2 ’* — 
in hos duos factores reales primum rcsolvituv. 

0 = [ A -p j/ (hh d- 1) -- ] [ - h -h \/ [hk 

Inat, id quod ob h quaiititatem posifcivam soinpor fieri po 
1/ (hh -I- 1) -f- h = et y [hh H- 1) — 1 
ita ut fit ail = 1 ; hmcquo nascetur iata aequatio; 

0 = («“ — (fin 4 - 2 »), 


)ris vei'O in hac: 


bh — 2 coa 


I 2 ifc - I 
A • n • - 

Vi 


zz. 


ue faotovns liabobuntur, si in priori loco 2 k onincs nuincri [)ar 
beta., in poatoriori vcro loco 2 A; — I onincs impnroa 1,U, 5, 7 et 
in n non oxccdcntcs successive Hubat-ituantin*. lOx liis ergo factoribi 
i intognilo quaesiluin colligitiir: 


t 

1 Ap"'-\- 


II I riis A • — -f 

fit '* am 


sin A 




nr fdS .1 . - H . 

-|- Cfi " ain A • itix aiii A 



nr 

1- Do. 

r<i^ .1 • 

V 

'* am 

A • 

[ax 

sin 

A 

(i 

n 

71 -1 

1- ©) 

hr 

niH .1 < 

1 

II 

A • 

i , 


A 

] 


\ 

-1- (H'. 


" ant 

( hx 

sin 

n \ 

- 





\ 



It 



t'dfl A • 

w 

II 




A 

1) 



1- fic 


” am 

A 


sin 

n 

71 -f 

-o) 

hr 

nis 4 ■ 



lOx 



5 


\ 

>1- ye 


" am 

A 

sin 

A 

•a 

71 ■\ 

-c ■ 


Q. R I. 


PHOBLEAfA VII 

, iSi proposita fuerit acqiiatio di/Torentialia gniclns indofiiiiti 2?i ikaccj 

„ 2 A (/";// d^”y 

poaitum ost oloinentum dx cousiana, eius intogralc invenire. 

^5olufcio 

r substifcutionom per rcgulain supra datam facicudani nascitur hinc is 
io aigobraioa ordinis 2?i: 


II - - ( — // -I- V {hh -1- 1) 


^ u 


I { h -I- ]/ (// li I 


Olj h (jiiuntitHtein poHitivain ponatiir 

I '{//A -i- I) -h h --r-. d” et \/ (hh -\- I) - A 

ila lit sit (lb = 1. Atijiie sequeiia liabehitur acqiiatiu I'oso 

0 - (ft" + z") (A" — s"). 

ciiiiis jirions fnctoria «" + c" oiiinos factoros triiioiiiiakv 
fnrttia: 

o ^ 1 

aa — 2 ft 2 ; cos A • — — n '\ zz 
n 

postorioris vero in liac: 

hU — 2 bz COR A - 7t -\- zz; 

■n ‘ ’ 


oMHicsfpie faotores Imbebimtnr, .si ia i!Ia foiiiia iKmauti 
uuMu-i-i imparos 1. :l, 5, 7 etc. loco 2 A - 1, in line voro loi 
parw u, 2, 4, U etc. nmnero n non niaiorcs. ISx liLs itiujiin 
iiitcgralc (|imt*Rittim ct conipletnm; 


// “ 


.4e 

" ^ sin /J • 

fft.T sin A • ■* 

V n 

■h 

.1 

" sin A • 

(«a: siu A • 

' n 

■h c 

6 

''".sin A ■ 

ft.r sin A • ' 

\ n 

+ «e‘' + ^e“ 

2 

’‘"sin A ■ 

[hx sin A • 

\ II 

bx COS H ' 

+ ye 

4 

"%iu A ■ 

(bx sin A ■ 

. . bi C(i9 A ■ 

4- oe 

0 

"’■"sin A ■ 

{hx sin A ■ 


n 

7T. 


n 


n 


Q. K 1. 


0 

71 

n 


0 


2hiV*y d^'‘!/ 


iito oloinonto d.v coiiHtanto, et cxiatcufco kh< I, eiuH iut.egralo. eoni}] 
'oiiiro. 

Sol u bio 

Aoquatio algobraica orcliiiia 2n, ([iiac liinc orib\n\ est 

0 ^ 1 -|- -f 

cuiuH factorea brinoinialos realea oiunea invonicndos cajuatur in o: 
us radius -1, ai'cus co, cuiiiM ooainuH sit — A, ita nb sib h — cos /I • oj 
3 iiivonto uiuisquisqiio factor briiioinialia continebibur in hac forma: 

1 C» A , 

1 — z 2 eoH A ■ zz 

n 


)StituoM(lo loco h oinuos nurncros iiii))aroft 1, fi, 7, . . (2 n — 1), 
I'um factorum nuincrua fuburiiH sib nti niirnorus dimonsioiunn roi 
his igibur facboribus cognibiH rcporiotm* Hemindiim ])i'aocopba data inb 
Eiosibum aoquabiouiH proiiosibac: 


T riin .1 

?/ ^ ac 

" AIM /f • 1 0 

; sin A • 

n — fi> . 

A 

OI 1 1 /I 1 >< 

-1- 


^ IT C(l$ A ' 

11 

" sin A • 1 

r 

.i: sin A 

— fo 

-1- b'l 

71 

1 Oj 

•T C(J8 A 

-j- ye 

0 11 •‘lii 

" sin A • 1 

^ • . 
sin A 

a n — CO 

+ c) 

71 

-|- etc. 






-1- V a 


J C08 A 


(2 II — l);r — M 


’* sin A ain A • ^ 1 - U). 


{2n — 1 — CO 

71 


imorus BciUceb mombrovum lioo inbcgralo couatibuontium osb n, in 
rncrus coiistanbinin arbiti’ariarum ingredioiitiuin esb 2 », ubi gradna 
ibialiuin aequabionis proj^ositae rcquirib. Q. E. 1. 


nuNifAuni lOuMoiu Opom onniiu 122 OomniontatiuiiuH nnulylicuo 


10 


PROBLEMA IX 


47. Existeute iterum hU < 1, si proposita fuerit haeo aoqi 
rentiali.s graclua indefijiiti 2»: 


0 = y 


2 hd''y , d^'*y 


amiito eleiiiento dx conatante, eius integrale completum invenire. 


Solutio 


Aequatio algebraica, quae secundum praecopta tradita Iiinc dec 
0 = 1 — 2 hz^ + 


CUIUS siuguli faotores trinomiales reales, quorum nuraerus est n, c 
in hac forma generalir 


I 2 2 cos d • — ^ ^ -I- 22 , 


n!! 2, 4. 6, 8 eto, usque acl 2 . 


substituantur. Denotat hie autem uti ante'm aroum oirouli, ouir 


est h, qui ol) h < 1 semper assignan potest, ita ut sit = oos A • a 
autem faetoribus omnibus aequationis 


0=1 — 27i2” + 22«, 

-quationis differentiaHs propositae integrale completum erit: 


*COS J / 

y~‘^^ “ sin .4 Bin ^ ■ 


in-bi 


2 Jf 


CO 




4 n— (i) 


*C0B J 


8 }i- 


+ (5e 


2 COi . 


+ etc. 

* cos i( . ^ 


sin A • (x sin ^ 


■j- ve 

lugrediuntur enim in lianc 


n 

— t 

1 

e 

n 

r 

67 c — 

“ 1 

n 


00 

1 


n 

H- 

2 7171 

— CO 


-f-a 


n 


expressionem 2» oonstantes arbitrariae. 





(liffcroniiale dx posituni eat cunatujis, eiiis intogralo invenii’c. 

Solutio 

:qnaiio algebraica quae hinc fomiatur est; 

0 I :L -I- =3 (1 ;L 2")^. 


nm sit quadratinii omnos cins faotores oriint qiiadrati; pro signo oi 
I’i liacc forma 


1 — 2z cos A 


2i{: — I 


n 


n 


+ 


eontinefc factores; j)i'o sigjio inforiori autoni Iwujo forma 


1 O ^ 2 , \a 

I — 2z <308 A ' — n-\- zz) . 
^1* 


faotoril>\J8 cognitis ropevioiur pro ©igno inforiori so\i aequationis 


dx^ ' 


ie compietum: 


V == 


An'^ -h Be ^ '* sin A ■ {x sin ^ tc *1- 95 


xccn A • ~ n , , , -t ^ 

-I- Cc " em ^ Rui A' - n - - ^ 

' ‘ n 


oto. 


- 1 - axe^ -|- Pxe 


X C<I8 A • ^ . 


sin A ' sin A - h 


n 


xco» A • - ft , / . 4 

4- yxe " sin A ' \x sin ^ 4- C 


-f- etc. 


integralc orit 


7 j = Ae """ sin A ■ (x sin A ■ te 1- Q 
7?/““'*’ ""'sin A ■ sin A • ■* n -1' ^3 

. & / n 

X .1 • -I . . / . ^ _ I 

-|. Cc " sin A • U- sm A ■ 1- t 


etc. 

« coa ^ . , / . i I I 

+ axe " sin A ■ U’ sin A • ~\- 

X rtis ^ - .1 . , / . , .} , 

+ fixe ” sin A • la; sin A • -1' 

X <«4.l • , / . . /l 

+ yxe sin A - j x sin A • ^:n: 

etc. 

Q. E. 1. 


40. Ex his alltttis oxemplis iam abimdo porspioi' 
omncH aequationcs dilforcntiales cuiusounqno gradus, 
lincantur in Imc fovma 


0 ^Af/ + 


dx 


I Cddy Dd^y Idd^y 
-r rfa;r -r ■— 3' “b ” 


d%^ 


dx*‘ 


4- 


denotantibus litteris A, By C, D etc. coefficientes constan 
integralia cooiplet-a invenivi oportoat. Unica nimiriim c 
resohitioiie iicquationum ulgobraicarum in factoros rcalcs 
trinoniiales; qiiain autena in iioo negotio, quippe ab algobr 
tainpmin datum assumero possnmus. At vero haeo eadon 
potest quoque in aeqviationibna luiiusniodi, quarnm term 
gicdiuntiir, diitninodo aequatiomuu algebraicavuni, q\i 
omnes aseignari queant radices. Hunc igitur usum unico ox 


IMlOin.KjMA ^1 

Si pi’0))OHi(.a fiierit inla ao.<{uati() clilVeroiiLialiH in infinitum oxcmiTons 

-f' ' ‘id ■ ' 720 ’ ■ doiiso 

n'orontialc dx poHitum cat (iOiiHLaiiH, oiiis iiit(‘<ft'tilo uomplotnin iiivnniro 


Sofiitio 

(V’ 7 f 

ito I pro //, ot pro difToroiiliali ciiiuHvia grariiiH , orii^tur ialj 

(ViV' 

ii\ inlinilann oxduvvcna 


) 1 


■f. ]> 


1 . 2 • 


I • 2 • • I • r» . (} 



oto. 


vonit (Jinn liacj 


0 • - coft A ♦ 


go ao(|iiationi 8 rariiocH aunt omncs ai-cus oij’ciili radii • - I, (pinniir 
vanOHCiuiiU Quooircja oiuiujh i)osHil)il(JH valorcs ipsiuii z cniiit Ho(;[uoiituH 


I ^ 

1. > 


\\n CiTc I ^ n 

J- 2 ’ ^ " 2”* ’ ” " ~'£ * 2 


cto. 


ir ratlicilniH an proindcj divmorilniM Hini})lici!)iis uoiinationiH illiiif 
qiii oinnoH Hunt rcalcs, aoquationia flin’crontialiH jiropoKitao inlograk 
m orit: 

;<j) -■:ir » /»3! -a. If fi Hf -rj.iu 

/y^-ac“ ^ -[■ fif’- " 4 - I'''- ^ -\- yf‘^ “ d- Cc “ 

V UX __J 

de “ -|- t)c “ -|- otu. in infinitum. 


lUH qnl 8 ([iio torminus soorsim siiintuH vol plurcH inncti dal)unt iuLO' 
•tioularo aoqnationiH difTorcntialifl propositao. Q. Ji. 1 . 


li! (iiliiiiM at’{(nH(i()iiiim ^•.Vl’Ill|tla In I mlUuiioHum ctihnii vol. Tf, § 1 11)7- - 1202 

, oonfov (iiioqiio no turn p. J03 ul. jiracffUiimtH ]>. IX. hiiONiiAitm Oiicruoinniu.norioH 1 

;it. D. 


I)E C0K8TRUCT10NE ABQTJAT] 


Commentatio 70 indiois ENBainoHMiANi 
Conimentarii academiao Ecientiariini Potropolitanae 0 (1737), 

1- Qiioties in resolutione problematum ad aeqiu 

dmUH ir’ r”*" i"q>*endum eat, an istao aequa: 
i ■ problema resolvi oensondu 

§W0m 

■>equo clifferentialeB JL- difforentialoB 

queant. Hano ob rem nisi a separatio noi 

siniulque soparatio variabilinm deW ’^'1 pj 

tio aequationis investigatur. P®*' 

=='r^““rr‘‘^-~r 

P I>- >«. 2a. 83 huius vd^ini,. 


[uism, ([ua aa casclein constructionea pcvtingere possem. In qu<3 of 
yotio opcrain non inutililor collocavi; incidi enim in motliodiim acqiiabi) 
iduiares erucndi, quariini opo ad construcfciones difficillimarum aequatioi 
- pamtur. Mcbliodum quidcm luiiic fusiua iam exposui^), jsed illiuB u 
miuin in construcndiM aequationibiiH illo tompore monstraro non vaca 
.erim tainen miporriinc dedi Bpcciincii illanim aecpiationuin^), quae opo n 
viionia olUpsia constvwi jiosfiunt. Kune vevo, quo nsus liuius methodi i)ie 
'spicialur, ca.sua noinuilloR porvolvain apeciales, ex quibus phiriina 
piationum construcUoncH consoqua-ntur. PHneipia aiiteni ex dissortat 
inlinitis ciu'vis oiuadoin gonons^), qiiam praececlente anno praelegi, poi 

3 . Cinn igitiiv tobiim nogotimii ad inventioneni acquationuin ni( 

iuin rccidab, ait z ■- et /■* functio qiiaecunqiie ox .r eb a aliiaquo 

iitibua conflaba, in qua quidoin intogrationo ipsiiia Pdx solum x ub varia 
clebui’. Qnaontnr autoin, ai inbegralo diH’orentiotur ponondo praot 
am ft variabilc, c[uaio diflorentuilo ait |)rodituriim. Invcniri igitm; d 
{iiabio cliH’orontialia vcl primi, si (icn potest, vol altioris cuuisdain gra 
qua a aequo inait tainpiam variabilia ao x vol 2. Huiusinocli orgo aequ^ 
inn cinn l-ffiUMANNO inodularom vocavi, tres continebit variabiles z, < 
ao autom in aoquationom duanim variabiliuni abibit, si vol ipsi z vol a; d( 
natua vcl ab rt pondona valoi* tvvbuatuv. '(’alls voro acquatio quamcui 
Inierit formain, ot ouiusciinquo sit grudus diflciontialis, semper opo ao« 
nis z jPdx cojistrui ])otorit®). Nam ai pro dato qiioquo ipsius a vc 
^dx oxliibeatur, quod ■j)cr (piadratiirns Hori potest, ct z vol .r ilH valori ai 
bo uoqualo oapiatur, dotciininabitur altora ipsarum z vel x per a, oius 
10 quantitas innotescit. Quocircu line rationc pro dato alterius indetormin 
lore altorius quantitas potcrit rc])criri, iJi quo ipsa acquationis cuii 
istriiotio coiisistit. 

4. Aeqiiatio autom modularis orit vcl differentialis piimi gradus 
Hindi vol tertii vol altioris euiusdam, prout functio P fuerit compai 
1 quod dignoscenduin ot ipsani aoquationom moclularem invenionc 

1) L. L'()imnoiitivtiono.s 41 cjI 40 Julius voluminis, p. 30 ut p. 67. PI. 

2) L. lilui.iini CoiiiuHJiUutio fi2 voluminis I 20. Vklo notmii p. 10. H. 

3) Cr. InHtltiUionca calculi intenralU vol. II, § 1017 — 1068; viclo quoquo notain p. 37 . t-A'OA’j 

iv.ni Opera omnia, aorios T, vol. 12, p. 221 — 2-16. I'l* 


per da clividatur; quod prodit ponatur li. Porro siinili me 
et per da dividendo orietiir i\ovii quantitns >S', cx hneqm 
Omnes ergo luie quantitates Q, It, S, T (dc. ex data funcUo 
Hia iam inveutis posifcoque a itorum eonstaute, si fucri 


\Qih alPilx K, 


iibi a iitciinque datum esse potest per a etconstaiitca, K von 
quameunqiKs ex «, x* et conatantiljus couflatam; turn aoq 
dift’erentialivS priini gradiis, qune (.‘x ilia obtinetur, si loon 

z ct ^ loco jQdx. ICrit ergo uDcpiaiio modularis hi 


dz — Pdx , „ 

- - = « h K. 


Hacc vevo quantitas K, quia quantitate oonstante qiiacnu' 
luiiiui, ita est aecipionda, ut ovanoscat posito x ~0, si qn; 
Pdx ita accipi debcat, ut ovanoscat posito x --0; quod 
]3etuo est observunduin. Loco J( ergo scjiiper scribi potci 
quantitas, quae prodit, si in K ponatur x •= 0. 


n. tSi non pendcat a jPdx, ideoque aeqimtio 1: 

jQdx ^ a jPdx -(- A” 

inveniri nequeat, vidcnduin est, nuni sit 

jJldx --■= a\Qdx -h P^Pdx -b K, 

ubi iterum a et /? per a et conslantos, K vero por .r, a et cor 
Si tabs fonnac aecpiatio potent fonnaii, turn aequatio m( 
bialis sccundi gradus vcporietiu'quo por has formulas 


dz~Pdx 


SPdx^z, jQdx ^ 

^dx \ __ 

^Rdx = 




da 


J7V/.U iiequaiur did’orciitiali luiiua qiiniititiiiis ipso Sdx inimito et p 
iso. Hooqnc inodo ultoriua cat progmUoiidutn, si {loqnatio moduiai 
erciitialia altioriim gracluuin ascenclat. 

0. His praoiniasis praoccq^tis considorabo lianc acquaiioiitim special 

« je’^^Xch:, 

X finicUoneiii (luamciinquc ipsiiia a* ct consUiiitiinn ab a non pciuic 
lificoi'. Atqtic pi’iino quidoin invesligabo, qiuiloin valorem X luiboro d( 
loquatio modnlaris fiat tantuiu difl'crontialis ])rinii gnidns, sinurlquo ( 
cli ao(piationcs o])o forauilao 

:2 =T je'^^Xdx 

strni posHiut. Kst vovo a munovns, c\nus logavitl\inim ost nnitaa, ai.q\io 
lo ipsiiis a‘'‘''X.(lx ita siiini jjono, nt cvancscat posito x 0. Cum igit 
= ct X ab a non pendoat, evil e'‘ '‘Xa:d« cins (iilVovcntialo posito n 
lie, idcoquo 

Q 

0 ergo aoquatio niodularis sit difforontialis ))nmi gradiis, oportet sit 
jcJ^^Xxdx af&>^Xdx -b K~C. 

lamua K = ct sunianbur difforentiaUa positn a coiistanto, babe 

e"-^Xxdx — a(i“-^Xdx -\- e^^Xdp -I- e^^pdX -[- e!‘^(vXpdx 


Ig oritur 


Xxdx ~ aXdx -|- Xdp -|- pdX -|- aXpdx. 


dX 

X' 


xdx — a dx — (I p — a p dx 


V 


9 


I) I'ldilio })n'nco|).s: Jr,'’‘'.Vr/.r j^'Xoidx. 


(.’OITl'Xil. 1- 


ONrt/vuDi UuT.uni 0[)oni omnia 1 'I'i, C'ominniiliiiioiiO}) tiimly^icuu 
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ai a iit(-nnfiuc iO) u pemlens pffici potcyt. 


7 . [iivi'iitis autein hiiic idoiicis valoribna pj'o A r 

= azda d- X p — 0] 

{’nriamus priino cssu p constans = oi’it 

dX xd-v— {a m(i)dx 


X 


in 


lialfpU' 


a -r -■ h sen a -■ h - - ma, 
ita lit h et m ah u non pendcant; erit 


(IX _ xdx — bdx , T Y — 
X ~ la C u — 


at((iie 


X = e ■; 


constant vero (' ciit -- m. Qimniobrcm cx acqnatioiio 

, t' •• gftr 4 imtir 

z ~ j e dx 

critiu' isla i\c(j«at\o moiUilaris 

T* - 2l>x ■! Zmnx 

(/j r= (/> — /Hrt) zda — mda + c ^ ( 

ilaoc fi-i-o uequatio, cuicunque fvinetioni ipsiim a quant 
lit iliiae tantuin variabiley z et a supersint, aempor 
quiiieiii aiiimdc iam patet. quia altera varvabilia s unic; 
At si ipsi ; datiiy per a ct constantes valor tj’ibiiatur, li 
vanahiiesa ct x tantum, quae cousueto more minua tnu 
tameii Ime modoconatrui potorit: pro qiiovis ipsins a vi 
cMiiiis applieata nhscissae x respoadens sit 

J* -ibz + 2 ma .T 
= 6 2ni 

in Inicfine nirva aumatur area aequalis eidem ipsins 
a«imdia, evil abscissa i.oc niodo detovrainata vonis vi 


V = P -h 


dX _ xdx - ((dx — ydx — (iadx — yaxdx 
X 

rcssio, quo a ox oa cxcodtit, ponafcur 

dX fxdx — ijdx 

X mx -\- 7t * 


ui oi 71 non involvant (i, oril 


l> = r-r ; 


/ 777(1 


7lt 

f + ma 


-ur 


(j — juf 

} Ma 


at(pio p — . 


M -|- 7il X 

H- mV/ ‘ 


ix = lJ^-i 7 L±yi!in,„^ + 

771 /«* ' ’ 

( r — /m— pm 

atquo X •— c (w.-t* |- w.) "** 


**** — /** •• g »» 

Yi' ri.- e { 771 X -f - n) ”** : {/ -}- ma), 


»H* — / « ~ (»>’« 


C = - 


•« 


/ H- wia 

/ 0, quod aino dctnincnto univor.saliUitis fieri potest, crit 

— (7 

z = {mx -I- n) ^“dx ; 
uons oriolur aoquivUo modularis 


{(/ — m — 7iri) zda H- n) {^nadx -p 7uta 77ixda) 71 


771(1 


771 a 


omodocuiiquo z per a ita uL sit 


»n- 0 

da 

ina 


habebitiii* conatnictio liuiiia aequatioiiis 

-if 

Ada == Ji)"* [madx -\- nda -j- 

quae qiiidcm facta aiibsUiiiUono x =■• facile sc] 

9. Ciun igitiu* liao neqiiatioiies, qiiao cx aequation 
rentialibua prinii gradus cliciuntiir, rccoptaa rcgulai 
aupeiont, progrediencliiiii eat ad acqiuitioncs niodnlare 
gradua. Ketinebo vero priorem fonnani z — ct ; 

fimctionom ipaius x csso oporteat X, quo acquatio 
dift'erontialia useendat. Erifc vero 

P ^ X, Q = Xx ci R~ c« ' 

quare poiio 

ff/** dx = Xxdx -j- [ij e“^ Xdx - 

Sumatur 

K=r. 

habebitur aumtia dlfferontialibus 

Xx'^dx — aXxdx -J- pXdx f Xdp -b pdX 


unde fit 


Ponafcur 

UK x^dx — Qxdx — fixix — dp — a 
A' p 


(^-y) (x~d) 

^ a 

crit 


iSit 

dX — dp 1 ct (y -i- — a) xdx — a {yd ■■ 

X p ^x — y)[x — d) 


ay d- ab — aa = f aeu a — y + 6 — - ot 

Cif 


exiateutibus y, ^ efe /, g quantitatibus ab a non pendoi 


10. Ponatur 


^ X ^f~ 9 ~ \- y 

y ~ 6 d — y 




H-it 

/ -1- ft - 

1 2 et <j^yii-\~ 

d A -I' y -\- d. 

[iiiio orit 

1 

II 

?< 

II 

.. 

A + ,, + a 

a 



yfi d- -1- y -1- 6 

-yd. 


(t 

itquo 

K = 

{x — y)^ ' * (.X — 



a 


)0 

C- 

c(— y)^*'<— (5)'' 

1 1 


a 

• 


Juouinja floli 


2 =-: jrt"-’' (a; — y)* (x* — (5)'‘ cdx , 
luuo (labit soquoiitom acquatiouoni inodularcjii 


-I- (y -I- <5) (h — 

^ycdx 

_l_ [yy+JX -1^ 6M« _ ^ 

. fi"' (;i; — (a; — d)>^ ' *C(la ( — y)^ ' ^ ' ^cda 

a a ' 


!)ivo quod eodcm rcdil 

z je”® (bo; d- (C-x’ -\- 0 )J^d;c 
I) Cf. Inaaintiunca calculi iuteyralia \ol. II, § 1030 — 1030 . Vido nolam p. 151 . 


- (’i + J + --^--) + '/)' + 0 


+ e- (ex 1- ‘ (frc -|- 0)<-‘^ 

in qiui Utteriio i:, C, a, /tdenotant quantitatca constantes 


li. ^rribiiatiir i|)si x valor vol eonstanH vcl abaquorn 
ct sumto <(a constaiitc loco omnium tonninoriun, in quiijus \ 
Ada deiiotaiite A fwnctionom resultantcm ipsiuH a et com 
abibit acquatio moclularis in scqucntem acquationcm clur 
z et a involvcnteni: 


'«i + (X + 0. (V(ii±i) + »2-+Jl + 

\€ C a / \ 6a 

sou 

{i + 9 *'^“ = 

positis 

^. + 1=6, A-f;.+ 2 = c, ll-=l 


6t 




Haoc oi’go aequafcio di/Torentio-cliiferentia-lis opo acqiiatic 

z = Je”=^(£.r A- ^?) "I" 0)1'^ dx 

poterit construi. vSimili moclo si ipsi z tribuatur valor v 
pendens, acquatio modularis abibit in aequationcin cUfi'e 
inter x ot a inulto magis implicatam, cuius nibilominu 
exhiberi. 


12. Quo aut-ejYi obtineamus aequationcs differentiale: 
hoc modo construi qiieaut, oportet, ufc acquationes ita eri 


iiioi 1 1 Lru\^( ((*1 M 1 1 L <11 UI atlctl III 11 lAUl J till \.? V 1 U J IID. 

I'unchuncntnlcm inagis conipoHitam lianc 


jn-ioiiiiiu cigu aulj 


^ ~ + #;.r)^{0 -f- ^xydx -|- ~ Cx^d 

iibi 7?, F, F, C y, 0, A, /<.sint (jiiaiitilafccs couHtanten ab a non pondont 
voj ‘0 lit anto 

i=- c-= A-|-/,-|-2, 

ot 

I) , 0(X-i- 1) 

U - ^ -I- ^ -• , 


invoniotnr ox luic aofjuationc soquons modiiljuis: 



da 


- -\- cx)^0 -|- ^u^>^xd:v ■- — l^x)i'xd:v 

- - (h -h "■ 7?c"-*'(>j i- -I- l^x)iulx ■ - /'V' -- — 



■[ n:)''' '(0 I- 'jfd 
fXu 


F.^a tiCti 


13, Quo nunc talis valor pro :r snl)stitiJon(liiH invcniatur, 
termini praotcr cos in qiiibua inost z ovaiic«cant, facio E -- = 1, q 

mis uliinius cvanoacut. Dcindc pono 

-|- ^ ~ 0 sen h = 0, atqiio facio ri; ~ 

lit ainbo termini poniiltiini cvancscant, ad quod quidem rcqiiirilur 
ot ft -t- 1 Hint nuniori uflinnativi. Quia itaquo x eonstaiitoin Iiabet 
omnes termini in quibus inesfc dx evanescent. Fiat brevitatis gratia 

£ = I, C ~ 1» ot 7j rr^ 0 = hf 

orit 


6 = 0, c — A /f -h 2, / = — ot g XJi — {xh — h{X 


{n ijua si .siiinjUur x~h et a lanquam variabilis tractotur, 
acMpiatio intrr et «, si da constans ponatur: 

t[\me in acqvmUoncm difterentialem pvimi gradus traUvSi 
- — prodibit enim 


Ponatur 

liabebitur 

Fiat jairro 
crit 

ideoquc 

seu 


dl + eda + ~ + (i + ^'jda = 0. 

ta^ = y seu t^a~^yy 

<hl + + (/ft" -f- ga<^~^)(la — 0. 

= u, 

da ^ diL 

F— 0 

,.aj„ / 2^. ^ 2c-i 

nr^ + y— -f- — ( 


-2 X— 8 ;i ~4 

{X-\- fi-\-\)d}j^yUtu ~hH (Zw-f A(A — /^)w~ 

Ponatur 

■^ + /< = w, A ~ = w, 

liabebitur ista acquatio 


-2 m- I 


— ‘Zm — 11 


— du-i- nhn »*'» d 

qime construi potest ex aequatione 


2 = Je“(/i — X-) 2 (A + a:) » _|. ^e-'”{h -\- x)~{h ~ 

Nam 3i post integrationem ita. iiistitutam, ut posito a: = 0 z ova 
^ = l> ot pro a mibstituatur Imbobitur fonotio ipsi„s u 


I viw iiM vaiui ijjhiufi v/ in ill vuiiuii. iiuiii iu uiii vukj 

m- n inunonw iiffinnaUvoft oasc (lc!>ere. 


14. iSi tani - qiiain fiioriut niimeri integri affirinaiivi, tin 

iiiK 2 ])or intcgratioiioni ])(>toi*ii oxliiberi ol. proindo valor ipsins V 
lignari. His igitiir casilius acqiiatio proposita 

— 2 JA — 4 — 2 in — n 

[m -\~ \)dy =■ y'^du — hHi du nhu ”*+* d% 

>i’o oonsiioto potorit itifcograrl ciiiHCpie iiitograla oxiiibori. Ponatur ci 

m~ i '\- hy ol n ~ i- - h 

iiotautibus i oL k mnncris intogris aflirinativis, ot liaholiitnn.s Imno 
iioin 

• - ^t- 4 "JL^ ~ 

(1 “I' i ~\- h) dy — y'^du — ' ifc-i-i du -[- {i — h)jiu ' > * du\ 

ae non solum moclo supra oxpoeito constriii, sed otimn consiioto inor 
•i Gt intograri potorit, Nani in atupiationo 

z rr-j: -j- xY^dx -|- -|- x)* {k — 

st intcgratioiioni, quao actu succedot, ita institntaiii, ut posito 

-1 

finoscat z, ponatur x=--h ot pro a substituatur bio valor 

lio z aocpiabitur functioni cuidain ipsins h, quao sit V \ iuvoiilo voro 

-l-A^-h l)dV 

^ ■ Vdu 

bat inaupor Ic — i, prodibit aoqiiatio a Com. Ricoato quondam pn 

-4 1- 1 

(1 "1- 2 i)dy = yHu — hHi “ ' ^ rfu, 
ins adeo construction) imivorsaHs ash oxhibita. 


1) .Si niil. i ■- k, ((iirtiujimm i non inlcyruin «iL, liaoc coiiHtnioLio in oonsLructionoiii < 
ioniiin li ot ni IiuiuH volmnini.s ctmloscoL Cf, foniuilnm z anporiuH Hni’iptiuu onin 

i(! in Coniniunliitiono 81, § 17, IiniiiH voiiiiiiiitiH p. S't, Hcriliitur. 
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DE ARQliATIONlBUH DIPFEREN'I 
AE L'ERTLS TAN'I'UM (JASIBUB INTI 

ADMITTUNT 


CointiioiiUitio OC itidiciH Hnkstkokmia.n'i 
CniDMjcnlni-ii acadoinino sc'i«nliai'Uiii I'DtiopoIitjmao 10 (IT.IS), 


1. Gum ad acquatioucii cUft’orentialcs, quae geiioralitei 
mctliodis adhuc iisitatis pcrvoiiitur, non paruni angmor 
ucnsonda eat, si casus saUem particu laves assignentur 
locum invciuat. J)um cnim integratio casuum ab iiitcgrati 
tionia nun pondct, oo tnagis oiit absconclita atqne invontu 
per gci\cvalioro3 iutograncU inethodos pcrfici poterit. Tali 
coinphu'cs nnnos a Comite Hiocato*) eat procluofca, atque a 
gooaiotria niultuin agitata, ex qiui satis pevspicoro licet, qi 
intcgrabiles per alias mctliodos tractarontuv, nisi rocli 
casuum ad simplicioros uti voUcinus. Cusua scilicet isti ■ 
invent!, ut idonca facta substitutiono casus simplicissinvu 
pj’omtu cst, iu alium tvansmatetur eadem forma general 
denuo in aliinn ct ita porro in in6nituiu, cpjo facto hon 
integratio cx simplicissimo coiisequitur. 

2. Proponam hie auteni aliain metl’iodum latius 
solum in aequatione ilia Ricgatlvna, sed etiam iu plui 
integratioucm paritcr respuontibus, casus intcgrabiles erui 


i) Vi<Io tioUiin I p. I? Iiuiii8 voUiroinis. 


C4 I IIKIIUIO I MO 1 L ( IVl I L • >.ni| l^MIU \.jUUl.'l 

liiatio })lm-iniiH modia per soriem iJitogmri possit, clifficilliimiin plci-uni 
ill ciu.sinodi .scrioin inoidin'o, ipmo ccriiH casilius abriiiipialiir; ita aeqiui 
n illani Hiccatjanam per varias sulistitutioiK's in aliaia fonnaai traiisnui 
iftot, aiitofpiHin integratio per scnoni oiii^nuxli absolvi qucai, qiiao casi 
cgrabililiiis abi’unipatar. 

3. Tali« aiitoin jiniopamtio, qiiao ac! .scrioin idonoani maniidiicat, 
'do Jiori acquit, nisi ul. acquatio pi*opoaiLa in aecpiationom difTcrcjitin 
undi vol altiorls cniusdam griulus traiiainutotiir, in (pia altera varia 
ique imam taiitinn olitiiioat dinionsiotioiii ; hniiiHinodi eiiini acquatio fi 
commode ])CJ‘ scriom intograri potoHU At lioo Koliim non .siifficit ad pie 
im nostrum; .scric.s onim practorca hare ila dobot csso comiiarata, lit oi 
,11)09 abvinnpi quoat, quod ovonit, si iaoto cooidciontc uniuacuius 
mini = 0 soquontinm tenninoruni oinniinn coofliciontes simul ovancso 
m igitur iiacc praoparatio tanUs laliorct {lifiicnitiitilDiifi, oxpcdict nogotiu 
doriori aggrodi, atquo })Hmo aoqiiatioiunn (Hfl'orontialein Hoonndi gni 
lonvlisHimam contomplari, cuiii.s iiitogmlio per Hcricm ai)soIiita hac gain 
icrogativa, ut iidinitis cnsilms fiat (inita; (piibiis adco ea.sibus aiupi 
iimta intograri ])otci'it. Moo facto aoqiiationcni istam dilTorontialom .scoi 
,cluH ad difL’oroiitialcm primi gradns rcducnni, cainqtic in vnrius for 
nsmntabo, quo plurimas imo iidinita.s obtincaiu acquationos diflcronti 
mi gradus, qnao iisdom caaiims sint inlograbiles. Kinc autem non ho 
• spiouuni orit, aoquationoa luvciitaH illis casibim c.sso intograbilos, aod re 
diciido otiam ipaa acquatio intcgralis asaignari jiotorit. 

4. Iluiusmodi autcin acquatio <H/Toi*oulialiH sccimdi gradii.s, ( 
^uisitiH illis siitisfaciat, atquo latisBiuio patcat, cst bacc'): 

P C!f. 2Sl h««w volinuinis. luKlilrttiimts iulrj/m/t's v< 

20- 5)1)1, 007 — 1007, lOM, lO.'lI) — lOJlO, 1000— lOHO. Vith' ])i)n’o 1<. (’(miiiionffitionoin 

niilcmtio acfjurilionis dijjcrcnlui-diffcrvrttutlii) 

(« -I- 0.V) ddz -I- {c -I- ex) — — H- {/ I- ^ 0. 

'i coinincnt. iicmi. Hc. Poti'op. 17, 1773, p. LKONUAnin Kvu:iu Opcriiomniu,'^i'nm J, \'oI. I: 

H. 


(a -I- (J.C") x^aav + (c -t xaxav -h (<7 + nx“) vax- 

in (^uu va^ial)iIi^^ .c elementuni (lx positnm cst constaiis. Ex luu; 

valov ipHi\m i> duplici inodo per scvioin definiri pot-cat, (pu 
Hi j)on(itur 

V -- yU*"' + + 6'.r"*+*" -f- -| 

iliiK- eniin vaioribus loco y, dv ct ddv siibaLitutia, ct tormin 
facii.s 0. seqiientcs protlibiiiit coefficientium A, /?, 0 , D oU;. ol 
(ietcrniiiiationes. Priino cnim debet esse 


g -\- cm -|- am {7n ~ 1) — - 0, 

undo no ad irmtionalia pervcniamiis, w pofcius taiiiqiiain nutno 
spcctoinus ox co([\io{j dctermiiiemua, evitquo 


g = — cm — am {rn — 1). 

Doinde vero liahcbiimts hoe valorc loco g ubiquo aubatituto 


/? =r= — ^ d- /w + htn{m — 1) ) 
+ an(2M -fTa — 1)"“ 


0 = — + /(ct + H) + b {ni %){vi -I- — 1) ) 

2ch + 2c«(2w H- 27i — J) 

D = + /(w + 2n ) -b b{m + 27?, )(m -f 2 a — 1 ) ) 

3 C7t + 3 a ii{2 m + 3 ?i — I ) 

E = -h 3 n) {m q- 3 a — 1 ) ) 

4c7t -f 4o?t(2m + 4n— I) 


etc. 


Ei-it ergo A quantitas constans avbitr 
pendent. 


aria, a (put soqiiontea coof/i' 


n. Ex Ilia coefficientium valoribus inventis intollieitur h 
. ons evu„„er,fc, .soquente omnes eimul evanescerc ita 

.p-.e,iat finite. atq„oicleivcoac,uatioa«^ ’ 

(« + bx’WMv + (c + (y + , 

integi’utionein adinittat. Si enim fuerit 

^ d- /w + b7n{m — 1} ~ 


ir\un uiiii ij uutvJiu aiw 


U\m ei'VC 
atquo si 
erit 


h -|- l{m -|- ?i) + i){7}b H' n) [rtt. [- )). — 1) - 0, 

V ™ Ax”^ -f 

k -I- l{m 1 ■ 2 ) 1 ) -\~ />(m 2n) {m -\- 2n — 1) ^ ^ 0, 

w -I- -\- 

kScnipor igitiir aequatio ])rop()sita iiifcttgiutionoiu {uhnittoL, (iiioUe.s fuo 
h -\- j{m jw) b(}n -}- iti) (?n -}- in — 1) 0, 

h = — l{ni -|- in) — b{}}i r«) (?« in — 1) 


sou 


(lonotanto i nuinoriiin quoincunquo iiitognim aflii’inativuni cyphra iioi 
liitorim tanion ii oxcipiondi siuit oa.sus qiiibiis doiioniiimtOL'CH ovaiio; 
ista inlogiutio non succodit, si fiiorit 

c = — a(2m d- (t d Ij-Ji — 1), 
si qiiidom hoc casu ^ minor fiicrit quain illo. 


0. Alter modus ox uoHlra aequationo valoroin ipsius v per sorioi 
ill lioc constat, ut pouatui 

V : - -f- d“ -|- obc. 

Kino onim pro v, dv ct ddv dohitjH valoribns Huri'ugamlis rcporiutur 

h d- //: -I- bk{h-~ 1) = 0, 

quaro ponamus 

k ~ — /h — bk{Jc — 1). 

Ii ^Uf/ -i- cb -I- nlc{k — i)) 

Ilf -1- it(f{2k — v 1) 

/i{g - (- c{k — 7t) \-a{k~ ii— I)) 

^ ■ 2/n-\- 20n(2k—'2n--l) 

/I ((/ -|- Cr{h — 2 ii) rt{fc — 2ii)[h — 2n — 1 ) ) 

3 7 j7T~:*T»Y2 k — 

TP ^ /y(f/ -1- <-( fc — « » ) + «(fc — 3 >0(fc — 3 »■ — 1) ) 

•1 f7i -P 4 hn{2 k — in — J ) 

olo. 


Porro vcro orit 


aenoiante ut ante i mimenim quomoiinquo integnim 
acqiiatio propositi orit integrabilis. Nanique 

si i — 0 erifc v = 

gi t — 1 cfit V -f 

si i = 2 ent v — Ax’^ -f -f- 

et ita porro. 

7. Aequatio ergo nostra goneralis 

(tt -I- bx'*)x^ddv -j- (c fx'^)xdxdv -1- {ry -f kx'^ 

in qua ost 

{/ = — cm — am (}fi — 1) atque h — fic -■ 

qiiibiifi (lefinitionibus nnlla vis aiiiplituclini aequafcioiii! 
arbitraviarum quantitatnin g ot h cKiao novae avbitvaviao 
haccj iuquam, aequatio integratioucin adniittit, qiioties fi 

vel / ^ 1) zzMl- lt 6 == ( 1 - fc - TO 

’ k — 'Ml — tH ' 

, {!c — — iw — 1) — — 1) ,, , , 

vel c = - i-' -j— A i- ia=--(l— ^ — m- 

Buplici ergo modo infiniti casus assignari possnnt, quibi 
integrabilis existit; atque insupev his singulis casibus ipsa 
ipsins V per x algobraicc oxprimi poteruut, quaereiido ^ 
B, C, D etc.; quippo quorum numerus istis casibus fiet fi 

8. Quamvis aulem Jtoc mode cusuum criitorimi 
inveniantiu’, tamon non cst putandum haec intcgralia ae 
tiones diffcrentialcs cx quibus simt ortae. Qucinadnu 
ipsius dx non solum esfc x sed ctiam a; + (i, ita haoc intog 
hoc modo invoniimtur, sunt tantuni casus parbiciilares \ 
qiii oiiuntur* si constans quacpiam arbitraria vel nihih 
ponatur. Interim tamen in his omnibus casibus, quit 


rddv Qdxdv -j- Kvdx- ~~ 0, 


, Q, R sint fuiictionos quaccunquc ipsiuH :f, cuiuH iam iiiventuni sit ii 
parlicularc per hniusniodi viam, scilicet v -■= X, lioc ost fimcf ioiu eiiid 
.T. Jam ad aofpiationoin intcgralcm conipletiim onieiidam pono 

V •- Xzy orifc dv = zdX -j- Xdz 

atcpic ddv — zddX -(- 2 dXdz -}- Xddzy 

^ substltutis aoquatio proposifca abibit in baiic 

'h PzddX + 2 PdXdz ~\- PXddz 0; 

-f QzdXdx -\- QXdxdz 

d- RzXd:\i' 

111 X sit valor, qui pro v aubstitutiis satisfacit, oriL 
PddX QdXdx + liXdx^ ^ 0. 
rea doleCis his terminin rcstabit 

2 RdXdz -h QXdxdz PXddz := 0 


2 <1 X Qdx (idz __ ^ 


I ciun P ot Q Hint fuiictioncs ipsiuH ponatiir 


0 intogrando 


X^dz ~ Cc-'''dx atqnc z ~ 0 j 


auto e niimoruni eiiiuH logariiluniis li^'pcrbolicns cst ]. Aecpiationia ( 
Pddv -b Qdxdv -p Rvdx^ — 0 , 

Ltisfacit V ~ X, compictum intcgralo orife 



1 I 


iiitcgrationcm admittat, atqiic simiil ctiam honnn oasni 
inveniri quoant, inqinranuis in aeqnationcs dilTcrcntia 
ox ista rcsiiltcnfc, atqiio idco iiadem casibus integral)] 
autcni pi'opositji facile in aoquationcm differentialon 
inutatur ponendo 

(Iv 

V = sil, z = — J~ . 

vdx 

Unde cognlto vaiorc ipsius simul valor ipsius z innotej 
(Iv — c/sd-T _ ^S^dx {(J^xdz “f 

qiiibua valonbna substitutis aoqiiatio nostra transibit ii 
(ft -f hx*')xhh -b (c -j- jx'^)xzilx -1- (n -l- bx")x-z‘^dx d 
JlaGG ergo aoquutio <Iifforentialis ])rimi gradus factis 

g =z — cm — ajii {m ~ 1) et h ^ — 

3omper cst integrabiUs, si fnorit 

vol / = 6 =, (1 ... A ... 

•u ■“* Irt % il 


vcl c 


{k — in)(i — ta— • 1) ,, , 

a==(l-fc-.m 


(juibus casibas oUam ox valorc ipsins v invonto valor i' 
quam incompletus ope Jieqnafcionis z — iiivcnietur. 


10. Quo autoiii clariua apparoat, qualos aoquatioi 
goiicrnli contineantm-, in aliam formam aoqiiationom nr 
in qua tres taiitum insint torndni lunus formao 

Pdz + Qz^dx + Udx ~ 0 

clcnotantibus P, Q et R fnnctionca ipains a*. Haec a 
inoclis fioii pot-esfc, quorum primus eat, si ponatur z — 
ipsius X etiamnuui iucogiiita. Facta ergo !\ac svibstituUo 


(c 1- /a:”)7V?.x* |- (f/ h.v*^).v(IT — 0, 


linns, qui j/ coiitinct, cvancsoat; liabnbitur ergo 

, (Ijr 

{a -\-bx")x'‘"T ■ 

orom ipsius T end oj)oi1ct. Licdiicctur aiiiom Imcc aoquaLio ad isl.ain 

c<h: (a/ — hc).i.’‘ *tlx ^dT _ , 

ax ft{a I- f)x“) ^ 7* ~ ’ 

ogralo cst/ 

-I I'l'-C 

I’t -at 

T l!'L 

■go 

{a -I- A;k’') «*'»• ' // 

^ I 

nostra abibit in bane 

Ilf —II / r 

, (a -I- hx’') )f^(h: . [ij -(• dx .. 

- |- • ' I — ^ 

.1;" {(I •(• ' 

plcrca iisdojn caHibus, quibus .siipcrioros acquationes, inLogrationorn 


Hinc 
ut sit 


}:)orro 


r 


iain Hpocialiovoa foi-jncnnis aoq\ad.ioi\es pououdo 





a ■<• « 

x" "I SOU X = 


pvimo 


)i lOui.icRi Opoia otniiiu- 1‘2'2 ('uiniiioiilAliutU's Himfyticno 


Hacc ergo ueqiiatio, si fueiit 

(j = - a»i(ni— 1) ct /t (c/; -|- - 

semper intcgrationciH adinittet, quofcies oril 

Ycl c=^{l-~ h — ni — in)a vol c=(l~- /i: m -I- -i 

hoc e.st quoties orit 

c -|- ajl: -1- 1) 

a n 

nunievua integer sivc affirmativus sive uegaLivus. 


VI Si insnper fuerit c --- 0» habobit\ir loco g eX h iveXu t 


valoribus 




_ 1 ) h/eik—vndt 
{iL'\-br){t 


quae acqnatio integrabilis erit, qnoties fuerit 


vel 


\-~k — m k - 1 - VI — 1 

M n 


n\imer\ia integer affirmativus; hoc cst q\ioties fuerit ^ ' 

sivo affinnativus sive ucgativiis. Haec ergo aequatio 




integrabilis erit, si fuerit vol vel ~ numerua integer sive a 

iiogativus. Atque Imcc aequatio 


dy -1- yHl = 


integrabilis erit, si vel --- vel ^ fuerit numervis integer sivc n 
negativiis. 


.7 I 


rt- (rt -I- ba}”)x 

oinpcrintcgmtioiiom udniittct, qiioUeu fnerit — — nunionis integer siv 
ativiis sive negativus. Qunro liacc aoqiuiiio 

t/y -L — vi^a dx 

X {a -(- hx**)x 

ibili.s erit, quotiea — fucrit minicrua integer; hacc vero acqiuitio 

, . y\lx 

^ X a hx^ ’ 

H || fuerit niiiMeniH integer. 


k HcHuinanniH aequationcin geiioi*aloin 


laiuns 


bo 'tti 

dy I H- V^d^- 

;c“ 


^_-k /tx'')x^ '^ilx _ . 

ho^at j — 

(« -I- hx") '»*« 


trJ. 

(j Huiquo (c/, 


t>H 

x'‘ = - 


it iata acquatio 


0 ’ 

frii \ tn 


y'^dt , b\ln/ — ah -\- f “ di 

T‘ 


cst 


g~am{n — 7 n) ofc k — — fk —bk{lc — 1 ). 

cru aoquatio fcutios intograbilis ovadit, quotios fnoj-it 

k m — n . , j... 

vol miniorns integor aliiTniativus sou ^ 


1 / 1 ) {m -|- Ic — 1) . , 

vol — iiuincrua intogor iiogativus. 


quae semper integrationcm admittet, dunimodo fue 
sive affinnativus sivo iiegulivus. Hinc posito k — n, ista a 

//,/ I £}- L _ n 

' u6 ~ ^ 


integmtioncm admiUet, si fucrit - iiumonis integer. At 

H 

aequatio 


,Uj + 0 

^ nb ^ nqt — «) 


intograbilis orit, quando fuerit niinuirus integer sivi 
negativus. 


1C. KevorUmur ad acquationeiu priinitivaai bitev ;r 

[n~]-bx'^)x^ilz + (c -I- lx’').vzdx -\- {a -p hx'‘)x'^zUix -1- {<j 
quae posito 

g =.■= — c;k — am (m — 1) ot A - — //j — bk 
integmbilis e.st> si fuorit 

vol f [l — k -- m — i7j)h vel c = {1 — k — 

Alio autem inodo cam traiisformenius in aequatioiiem trib 
coiistantem. Ponainus scilicet 

denotantibus T et i? fimctionibvis ipsius it; orit 

dz == Tdy H- ydT -f- dS, 

his subsLitutis protlibit ista aequatio 

(a -f bx’^jTxhhj -\-{a -p bx»)xhjdT b (a + bx^^)x^Thjhlx + 
^^-{c-hfx”)Txydx q. 

+ 2{a d- bx^)x^T^i/dx q. 




el fiofiualio hiventa tmnaibil in hanc 




quae, si sit 


(j — — cm — aw(m — 1) ct h-- — ^ {ck a 


intcgrabilis cxistit, si 


(A: -1- m -■ l)a -!- o 
an 


fuei'it ninncrus integer sivc aflivmativus sive nogativus. 
quo prodoat isUi acqnatio 


•/ ^ ^ [a ~\-bx’')x 




quae iniegvabiiis erit, si Juerit mitncrus iniegev. 


17. Ponaimis in aoqiiationo goiiernli ultima § 15 iii\ 
termini aimplices procloant, Imbcbitur ista acqnatio 


dy 'b x^'y-dx -|- 


<j .t**'*'^ 


{a--c)'^dx 
4 mix'' 




quae posilo 

g := — cm — a7n{m — 1) et /t — — 

iutegrabilis cxistit, si vol 

(fc + tn — l)a -1- c 
an 

fuodt nuinerus integor affirmativus, vel si sit / = 0; qi 
constat. Ponamns 


+ 1)^ — (« — g)® H- 4 ~ an-“, atquc af — naf - 

orit 


_ aa -1- « (-« -|- 2 h -f- /9)® — 1}^^ 


^ anbstil-utiH orit 


d,/ -\ X”,lhh -I- - . I . =:. 0 


oh valorem ipanm ry iaiu a^\to (leiiiiitAim 


n-{ 2h-\- p = 2m-\-}/av ! I)^ -a), 


[uafcio integrationom adn\iUot, ai iuoril 


w - — n — Ic — f 

L sou 

It 


-J- 1)^ — «) 
2 ;/ 


119 intogor n.ffirnuitiviia. Sit a -- 0 ct (i 0, lial)(d)itu?' isia aoquaiio 


d// -I- 


lotioM intogrationom adtnitUt, 4|uotio9 fnt^rit 


— (V -l*_l) 
2 ■ 


iiH intogor afiirniativiis. Sit orgo 


acejuatio 


i - - --» -I- L) 0 |.il n - • 

2» ’ ’*•“ Zi+ l ’ 




di/ I- xi’yHx — 

'' ‘I art 


r orlt intogralnlis. ITacc aiitciu ac(|uatio ipsa cst Riuoatfana'); na 
73 = 0 ))rodit 


I- a— 1 1-2 


dy -I- yHx = 

4: rtrt 


Viclo nolam 1 , p. 17 . 


H. D. 


•i UU 


£. a 

quae integrabilis crit, si fuerit 

± (P -J - !)—« — /? 

2 71 


innucnis integer affirmativus piita i. Facto autem 

d;(??-l-l) — 7i — p-=27ii crit /? i (p 1) 
Quarnobrein hacc aoquatio 


(7if(2 i -I- 1) /(p -|- 1) 


dy + xr^7fdx = ~ + 


2 a 


semper eat integrabilis. Hinc scquiintur sequentes aequationes 

dy -1- ifdx == 

^ 4aa ' 2 a 

dt/+,fdx== -I- 

A>. I ffd^_ n^dx , j{2i-\-\)dx 
<^V-V -- - -b Ya 


qua© omnes sunt intograbilcs. Quarc liaec acquatio 

dy f Aifdu = Bmcd^i -f- Gdu 

integrabilis existit, quatido fuevit numcrus integer affinv 
namquG ~\~ 2 ± I omucs uunicros iinpnres complcctiUir in st 


19. Ponamus in superior© aequatione tantum /? = 0; ot 
aequatio 


dy -f- xi*y^dx = 


j fx^^^dx 


quae integrabilis erit, quoties fuerit 

2 7 h 


?erri haeo aoqiiatio 

dy + .|. Ml 

•'' ' ••' 4a« ' 

itcgrabilis onl-. Si ait -p == 0, C7*ib ista acquatio 

dy -h vHx = 

■ •iaa ' 4 ic.'K 

3inpor intogi-fibilis, Kim; p()noiulo quia / ot a sunt quanti- 

'itrariac, intcgrai^ikja erunt 8cqnontc*s accpjationca 

(hj -h lAdx — Ax^ax ~p - — - — ^ — ■— - — 

dy -I- yHx = Ax'dx + 

ilia generis innuniorabilos aliac. 


i^at in aoquationo 




aita a= — quo sit 


1 1 « -j / iM’" — {{(i)^dx 

dy + x”yhlx -= — ’ 


imtio totics iiitograbilis erit, (piotics fiiorit 

2 7t 

integer aftinnativus puta = i. Krit ergo 

(2^-p l)n-yp=)/{{p+\f^^ 


■I ICin.nui Dporu omnia T 22 l^timinonlulionoK unnlytitao 


qiiotios ergo ji huiusmodi Iiabuerit valorem, aequatio 

1 , „ 2 , ifx’‘ — Ha)^(lx 

thj + x^ifdx = 

intogratioiicin adniittet. Posito igitnr — 0 ista acquatio 

integrabilis crit. At si 7) = — I proclibit ista aoqiiatio 

X x\ 4 ^ 2a I 

intcgrabilis. Sit autem — I, crit 

x>‘dx = .‘'‘- oL 

jUH- 1 0!'' + ** (/J-j- 1)^^ 

liabebitur ergo ista aequatio 

*t tt 

(pme integiul)ili3 eiit, si fnerit 


/9 = 


__ l)2_»2(2i .j. 1)8 


2M(2t + 1) 


21. Multo quidem p!ura consectaria ex no.stiu aeqiiatifjno ^J 
paiuin clogaiitia deduci possent, sed ampliorem cvoliitioiKUTi aliis 
luvant, relinquo. Interim notari convenit praetor Jiaiie motlioclmn, 
secutus, alias dari innnmeras, (piarmn ope acqnationcs diiTorcni 
eertis diintaxat casibus integrabiles cvndunt, iiivoiiiri possunt, .s 
nimia fit laboriosa. Ita si consideretur’) luicc; acqimtio 


1) Vide L. Coinmi-ntationes 274 ot 710: Constnictio ac.qnalwnis diffrn 

Aj/dif^ -i. {B -h Cu)dudi/ + {!) -j. jfju 4- Fuu)d(ly = 0 

sumio elene/iJo du comionlc. Nuvi coinment. aatd. «c. l^trop. 8 (I7(i0/1), J7(13 n 
ransformitionia s\.ngHlan8 serientm. Nom acta amd. sc. Fetrop. 12 (1704) 1801 i 

Evixiti Opera owma, 1 22 olH6. ^ li /»i;, laei,] 


V 


Ax"‘ H- I- -| 


etc.. 


^ficiontcs quidein doiinivc licobil, swl binoH cot\Ug\i08 ovjinescicre opovtc 
[uontos otnncH ovanc.scanfc. Scilicet quo fiat v = iicccvshc cst i 


10 


]) |- f m \ - avi{m - - 1) — D 


q-Vgm [ hm{in ' l )=0 ct — 1 )“(). 


item flat 
•uv lit sit 


V r= Ax‘“ I- 

— f/w - I- — 1) ) 

u/ -f- Ha{’2 ni -(- ft ■ 1) ’ 


) '/) 1- jvh -I am{iii — I) ~ 0, 

r -I- A {}>t I- «) -I- <-‘{m -I- fi) {nt -}- — - 1) — 0 

.’to ji'-* (A -| ci2 vi-l n — ])) (/ “I- a (2 -! ■ '?(. — 1)) 

-h gjH -1- bmim — ])) {q -[" f/(w -1 *^0 "I' -1- n){m 1- n — 1)) — 0. 

' aatifi liqiiot, ultorius pi’ogi'odiondo laboroni in ininiouBum oxtirosocrc. 


Unicuin taincn coronidiH loco oxomplum RimpUuiuR a.novam, quo fc 


I) 0 , c ~ 0 , / ~ 0 et (/ — 0 , 


h 


positoqiio = posui z~y — 
uto aequons provonit aequatio 




or duoa oasua oxpositos intograbilis osb, 


praetor lios vero casus infiniti danbur alii, quibus ista acquabio paritor i] 
bilis existit, scd ad eos det-crmiaandos vesolutionea nequatiouuiu p 
diniensionum requirimtur. Po.sito 

/i(2« — 1) 

2 

per sccimduni casum iata acquabio 


dy -L }fdx = ±^^x”-^dx\/'6ahn 


(\(inn — 1 ) ilx 
‘I .i:.r 


integrabilis erit. 


M 1']TII01)IJ.S A I']QI[ATI()i\ES Dl l-\F 1^ IJEiNT I ALK 
ILTJOEUM GFADIJUM INT.l^GK'ANDl I'T/i’iOKMI 

IMiOMOl'A 


(^oiniiionUtlio 188 iiidiris I'jNi-iSTUdi.MiANi 

Novi Coniniontni’ii ucudomiHu Kriontinrmii J*olri>poli(Himi' Jl (I75G/1), I7f58, p. H-AJo 

Siinuoiii'iitin ihiciniu p. (i K 


RUMMAIUUM 


ITaoc Diaaortatio sino dul)io inaigno continot cavlcnli iritogmlie aiignicntiun ; n 
radutur motliodua, innumoralHloH aoquntionoH allioriim gnidiiinn ita expodiU 
idi, ut ijor unum oporationoin ataMni acquatio intogmliH obUnoidair, Jioqiio op 
intogmtioiiOR 8 u( 5 oca 8 ivo infititiioio, (pml-i cat gmduH aoqnatio dilT('i-( 5 titialih proj 
smodi oporationcs aliao n\«lha<U adhwc cogniluo vcq\nva.u{.. 'l‘i'ad\doi’a{; a\iVun\ /' 
'oliiniiiio Soptinio Miuoullanoorum BoruIinon 8 Uim iaiu 8 [)D(n)non Iniiua niotliod 
lorat una opcratiuno intogralo huiua acquationia invoniro: 


0^= Alt -I- -1 .1 " I — 




tlx'' 


<lx' 


f/x* 


’- •f Ol(S., 


Jlomontum dx Humtiun oat coiiataim, llttorao autojn A, C, D (iio. ooornciontca 
quoscuiiquo conatantca; mine autom Iianc inolliodiini oxLundit ad liano fo 
DO latius palontom: 


X-^Ay-\- 


lidy 

dx 


Oddy . DiPy 
daP ' 


(lx* 


rdhj 

<lx^ 


-\- otc., 


littora X donotat quantitatoin quaiiicuiiquo ox vni labili x ob oonHlantihuH ut(v 
latam. Omniiio liio iiotaUi ost dignuni, quod oporatio soinpor RUccednO, ad i 
juo otiain gradum diffcrontialiuni acquatio aacoiidat, no gjadii quidoni infinit 
L 180 , ouiuB cxiinia oxomiila Auctor in BCquouUlnis oxhibof'. In luio aulenn OiRRorl; 
Him oasuin adnioduin fiiniplicom hao acquatiouo d^ij = ydx^ oontoiitiiin me 
ari porsequifcur, oatondons quam prolixum aotnedioauni calouluin cina Holiitio rcc 
po quo tandem ad aequationcm quidom difforcntiaicni priini ordiniw povdv 


molestis ambagibus una eanue ’><3nefici( 

sed gcneralia ® r T ™ >“n aolum liae 

repBriatur, Operaiio autem ml red^Ttra'ac^'^ statim aequatio 

Ha . P.OPO.. aeq„a.:“ 


^ + C22 q_ 


aequationis canctae quaereiidan pro facillimo ha] 

aimplicisaimao portionem mtetn-nliT^ earumque quaelibet suj 

univcraum hitogralo h 

vidctur iia casilnL qS r ^ 17 ' 

i/lSa~Lrrabr Mon? 

Wema Phva^l 2 ™^Ponde.o liL, 


Jiimis 


Problema l^siou.!:;;! riLr?*' “ 
plerumqne ad aeq^iationem diffAm, pertiiiens, cuius so 

facile iutolligerQ licet ouain nn ^ altioris cuiusdaui ordinis 
g iicet, qua.n parum tales apeeulationes contemni ni 


S:=-=:===“ 

oonstans assiimitur, occnrrit infp„] 1 

quae diUerentiileni n •<- ’ atque adeo aet 

I aeqaatr^ta c if 

K'. ". "3 ““ <'«>” <"p™i 

aeqiiatio proposita metb ri . ° ™iuscunque de 
fiuLn. J « -do. spppe 

quo* gradus difforontialia in 1 obrriio 
1) Commentatio 62, p. log hui™ voluminte, 


Kuuiriii [H'chsus ovuo, (uui\ uiiiCtl OJK'Va 
im voiain aoqiiatioiunn inlct^ralcin olioio. 

2. Q\iauU)))ore a\ito^n inoduni intngrandi iolit;s rcpoton 

tics (lin‘or(MitialitaH in nequationo iiicst, scciiLi iu niolcatiftsiinoa (;al 
daimia, nni(;o cxotu])l() ostoialisso iiiva-l>ifc'). Sit (m'^o laoposita hacc acq 
a'ciitialis tcrCii gnuUiH 

(l^H - - 

]iia olonientiun dx cnnstaim ponitiir. Ilaeo a(5qiiali(), otai inoa met 
lliinc tor iiitogratur, tanioi) no ([uidoin iiiodiiK catti «oniol tnntnni iiitog 
jpicitnr. vStatin\ quidoin, <jnia vsvvu\l>ili« x ipsa doesl., a})paict eai 
him .seoniuhim (hqirinii posao. Si oniin fioiuitiir dx pd>/, ob dx eon 


loniio dillorontiando 


0 - pddtf -1- dpdy 


lu lit 


0 pd'^t/ -I 2dpddi/ dijddp. 


ddij ■■■ 


dpdjf 

V 


dhj 


'2.<lp (l(li/ 
V 


ihfddp 

"v 


lldp'-'dif (Ir/ddp 
pf> ~ p" 


viiUirca in acquatkmo propoaita d-‘// 
2 dp-dij difddj) 


VP 


V 


yp'dy^ sen 


• ifdx^ HidiaUtuU dahuut: 
f/p^dy^ — 2 dp- — pddp . 


10 cum uoqiio dp luapio di/ ait conatana, aod oonataiitiao ratio ox aoqua 

— - (Icfiniatnr, nor niotliodoa aolitaa vix nitoriua traetari ])< 

V 

namiitari ((uidoin aoqiiatio ])otoat in aliani forniain, in tpia niiUiiin 
dale eonatana insit. l\auitu!w//> - orit 


ddp — qddy -\- dqdy 


1) CJf. CVniitiK'nfiilionC’iu (12, § 1, p- H)8. 


I 


sicqiie acquatio invcnfca banc indnet formam: 

= 2 qqdy + qqdy — p(lq = ^ QQdy — pd(i 


In 

7 ^ 


qua pro Inbitu diffcroutialc coiisfcans assumcrc licet )Sit d'. 

= erit dq -f--; habobiUirque 
dy 


y\h(Uf = ^ djP- — pddp. 

At si potuvUu- p = fiet 

ydfj- ~ rdr^ + rrddr, 


quae acquatio cum anibao variabilos ubiqiie toticleni scilicet tr 
toncaiit, opc mcthocU u\cac') iu lU/J'omo Commentavionim exp 
potest Poiiatnr .scilicet 

y =; ct r U 


<lonotanto c nuinerum cuius logarithinus liyperboUcus = 1 , c 
dy — ot ddij = 0 = e^^'^'^{zddu -p dudz -1- z\ 

Dcindo osb 


dr = e^^^'‘{du + zudu) 


ot oh r = uy orit 

ddr -- 2dudy - 1 - yddu — 4 - 2zdu^). 


Sed ddu — — - — zdA!?, undo 


ddr -- — dudz\ 

Qui valores in aoquatiouo 
substituti dalnmt; 


y 


ydy^ = rdr"^ -|- rrddr 


zzdu = -^(1 4- zu)^d7i, -h zntzdu 


uu dz 


1) Vido Comiiiontationoui 10 § 1!; p. 6 huius voluminis. 


dt 

T 


llw'd'u -{- 3 Uidn - Udu . 


oliiiH cum a(H[uatio pvoposita ipsa fncilc coiiiioiatur, iiido intograti* 
equationis potciula vidotur. l^maiur pono / ~ , atque aoquatio in 

ibibit in lianc 

.s'c/.s' -(- Wfiiidu =- u^), 


iquatio iinuuKliate ox jiroposita oliciUu% poneudo 

, du , d 11 a dn 
d:v - — el , 

.V IJ H 

ni ob — oonalans, 

8 


n ddn 


dsdu ot 


(Idy 

V 


(I 


. li ihidd ti _ n^d Wiidn^ thirds 

// .s'* ,S’.S 8 " .s-s ' .S.S' «.s ’ 

ol’oa in ac(|uaU()no d'\i/ - t/dx^ HiibHlitiiU pmoi)ci)nul aecjiiatioiiom in 

I 

.st/.v 1- 3 sudn ■■ f/a(l — -w^). 


'rotuni ovf^o uogoUiuu ad it\(.ogi*aU(»uoiu huiu.H ac(piationia rovocatuv 
nti}gral)ilcin chho vol indo pad*!., quod ncqnatio din'oronbialiH tcrlii gni 
((ua oh(. iiaba, itif.ogmtioiuMU adinitUil.. Quonmdmocluni aiitcni hoc oi)U 
^Ivondum, (o.sl.ondatur'l in aonuaUouo la-tin.s paLojito, qimo per oandcii 
utioiiom ox lijuj atupiabioiic din'oronl-iali lorlii gradihs oribur, 

Ayd'X^ h UdxHty -1- (hlxddy \ Dd^y = 0. 

lb autem ])onondo 

, du . dy 11 d u 

dx --- — ob • 

« !/ s 

[^qualio diftci’onUalis prirni graduH 
Dadit -|- adn{C -|- ,‘i Dn) du{A -h liu -|- Cun -b Div') == 0, 


.UDi ICuj.KKi Oporti oiintia T 22 CuititiioiilnliotiuH Aniilyliouo 
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iM'it (‘iiiin (Is -- fUht 4 2 yudii. Unde fit 

DaP 4 ^.Dayii -{- 2D(iyn 
■\-J)ppu -\^ 

.-}(r.'4 3 Ph) -- Ca 4 Opu h Oyuii 
-y'M)au l-:U)/in“ 
A 4 liu -h Cu^-\~ ^ -I' -I" 

Kedclantur iam siiigiili tci'iniiii homologi = 0, rictqiio ])i'iin( 
Unde fit vet I 4 y - 0 vel i 4 2 y = 0. .Ooindc est 

SDPiy -h I) 4 Oiy 4 1) -- <>. 

eui aefjuationi qiioque satisfacit y - 1 - 1 V ~ 

Da " - li- CIp — Dpp sou a =■- ■ ^ 


.SnljHLitualui' hie valor in aoquatione 

Dap -1 C« i - /I = 0 96U UUiP -U C Da d- y 

(.‘I'iUjuc 

--DDp- ODp^-DDp'^ - 0 
-liC- -acp — CDp^ 

4 AD 


Ad p ergo inveniendum lianc aequatiouom ouliicain rof 
luitem a quaevatuv, evit: 


O^a? d- DD(e d- AOa d- 0. 
Sit a (ict /lo)^ d- 4 Cio d- D ~ 0 


Sit ergo lo radix huiiis aeqnationis cubicno, lieL 


atquc 

" 1)^ P~- Dc. - r — 

I’oiTo fiet 

p — {D -j- Ca>) n — Doju^ 

Deo 


Do)dH 

alqno 

J « J Ca>)u — /->£ 


/m — Dcoudu 

J s J A(o^ — (D A C(o}u — i)i 


I 00 nulhi nova occumt conHtaiiH, (jiiao ia iyi.sa aequatlono non iiiHi 
) oogiiito valoro particnlari i}wius.v, ax oo valor coniplotiiH soquoiiti ino( 
Poimtur valor iaai invonUis 


A or -■ {/>•{- (Jw) u — Do) it‘ 

Dm 


V 


atur .s- V I- ri, uL ail 

dti - dV | - (Iz, 

DVdV h />I'V;;-|- DzdV |- Dzdz 
-\- OVdn -)- ('zdn. 

iJVudu I- nuzdii 

I (yl -|- Bn [- (Jnu -|' l)n^)dn 


oi’o Hit por liyjxjl'ljomii 

DVdV -1- Vdu{(J -1- :i Du) -1- dnU^ *1' -1- Oid [- /)w*) 0, 

Dzdz -|- z{Cdu -|- •* Dndn \- IMV) -|- DVdz ■- 0. 


,,, dif. Cdu . 

d V ■■ r. ^ 'iidu 

0 ) 1 ) 

)zdz z{ — ~~ -| ■ I)nd.u\ -I - (O C(o)n — Dojv^) -- 0 

\ (I) j in 

T . , / 1 \ I I (Am {D -\- Cm) li \ n 

uU -I- z du(u - -J + =■■ 0 , 

ntjuatio nisi bono traci-etui', clifficnlter acl separationcni variabiliuin po 
Intorim tamen continofcur in Jiac forma gonorali, quae separationo: 
it; 


zdz -p zd%i{ii- a) dz{uu 2 bu -f- c). 


et (iiiTei'cntiando: 


r " I 


(m 4- «U«« 4- 26u -I- c)(l'p -f- vdn{2p[u -1- /j) -i- n » 4- 
,h. j«/h (p + ■ 

SCMI 

2r^/> — 2ft/H- -h c) -I- ^0 2 

ill ((iia vrtrialiilCvS spontc a se invicein soparantur; oiit ciiini: 

d'p _ __ 

/)(/)/) -j- 2(fl — h)j) + aa — 2nb 4- c) [v 4- <t){un 4- 2 b n 4 

Opua autem forct suminc taediosum, si hanc aD^iiationcm in 
exinde integnile aecpialionis differentialis tcrtii gi’aflns oruoro ) 

4, Appavet hinc quanto laboro tancloni hniuaniodi rog 
intogniip acquationis dift'crcntialis tertii gradns criii possil, 
methodi ineao in Voluniine septinio Miscellaiioonnn oxpositao n 
pcrspicitiir. lio magiaautcin eiua utUitns in oculos inciuTOt, hi Ic 
diffei'outialis tevtii gradns alia, qnao sit (juarti alUoi’isvo gnvduf 
traotetur, tnin oiiiin substitutiones hie acUiibitno aoqnatioiu'in 
non primi, sed sccimdi altiorisve gradus praebebifc, cuiua int( 
artificiis obtineri potent. Et qnamvis tandoni etiam Iujiuh uoquai 
inveniretnr, t<ainen id plerumquo tantuin foret particulai'e, ot j 
luas demuiu substitutiones suppeditat, et ipBius acquationis pi 
grale, et quidern particiilaro tantum: cum niea motliodns foro s 
statiin integrale completum pi-aebeat. Quod utclarius intolligatn 
tradita siibstitiitione in ime acqimtione difForentiali quurti gfu 

Aijdx} -p Bd^^dy 4- Cdx^ddy 4- Ddxd^y JfJd'hj = 

ill qua dx ponitur eonstang. Sit igitur 

seu du = sdx, ot ^ 

y 8 ■ 

erit ob dx constans: 

(Idy dif 

y ^ 


dxdu = sdx'^; 


Hinc fiot porro 


(l^y ({ydihj __ ,, iPy 


— 2 U8(h'? |- dsdx^ cili u^dx'-^ -|- .3 asdx^ -)- d. 


u y 

itorumquc HilYorciiUando prodibifc 


'LJL _ ^^y^tdL ™ ;j nuatix^ -I- IS udx^da -| ,‘S ssdx'^ ■]- dx^^dds , 

y yy 


ideoqne 


dhj 


— 1- ^ n*dx' i- (>?i?iAv/.r^ I- 4 nd:d^d,s -\- ISssf/.r’ I- dx^dds. 

y 


Quibiis vaIoH[)n8 in acqiiaUoiio luic Hubstitiitis 


y y ydx ydx^ 


provcniet’ liaec aoquaUo: 


Adx^ i Hudx^ -|- (hi^dix^ -j- OhUx^ -|- Du^dx^ |- IS Dusdx^ -|- Ddn 
-|- Eu^dx^ ■•)' d Envfidx^ I - 4 PJudxds -I- IS Easilx'^ -|- Edds — 0 

Cum ail lorn «i(. dx — — , oril 

d.u^{A -I- Bu -h ^.V -[- ih(^ AV) -I- H IS Du -\- 6 Euu) H- IS 

-[- sdtids{D ]- 4 Eu) 1 - Essdds — 0 . 

Apparot quidom luiio aoquationi satiafiori, si Rit 5 = 0 ot u judix Jiniii 
t/ionis: 

A -f Bu -|- Ou- -b I)n^ A’?d — 0. 


Sit ergo a una ex rndicibus huiuK aoquationia, ot sumendo u = 

d'l/ I 

— adx et 7/ — qui valor quoquo aoquationi differontiali qnari 

j^ropositao oonvcniot. Erit autom tanfcuin iiitegralo maximo particnlaro 
a\itom qnatoiTiao aoquationis A Bu -}- Cu^ -b Du^ -1- En^ ~ 0 radii 
sint a, P, y, 6, suppcditaro queant valorem 

y ^ g(e«^ -b -b (^Ry^ d- ©6^"=, 

qui est intogralo eompletum, tamen hinc non facilo patot, qiialis fu 
valor ipsius ?/, si radicum a, py y, d qunedam fuerinfc imaginaimc vol 


aequalioius ciilt'erontio-difi’crentinlis inter u et .v aasigimbitur. 


idcoquo 


dy , <(n 

u - ol 6’ -- , ; 
ydx <(x 


_ 5(aC“-' -j- S/9£^' -f- 


0t 


(i»e«>-l- gev-t-l- 


Hinc conchulitui fore: 


.j_ 552^2g2^x _j_ g2j,2c2vj: .j. 


« -I- ItU 5.“ • ' ' 

)5tS5(a« -I- -I- 5tS{«2 .[- y3)g«VH.>.)x _J_ ot 

‘ ' -I- •(- 


quae fractio depi'inii potest, criUpio 


Cum iam sit 


. . __ 9t«^c°^ + -I- ^y'^er-^ + 


-!- -}- Sytjv" -f ©5c*'-‘' 

^ SJ>e> ’ 


si liine .r, quod autoin aotu fieri acquit, eliniinotnr, prodibitaoqua 
8i quidoni }ionatur (J = 0 ot ^ = 0, prodibit aoquatio iiitcgra 
iiacc 

s -I- uu — {a -f P) n -I- ap •-■= 0. 

Qviavc si fuerint a et p duao radices hiiins aequntionis 

A A- Bn -f- Cu-^ -f- Du^ + Eu'^ “ 0, 
aequationi dili’evenUo-diitorentiaU inter s et w satisfaciot hie v 

s ~ — *^P {<i -\- P) n — u%i. 


In aoqnatione antern ilia non dn sed positum est constaiis, qi 


exnetur ponendo ds — qdu; erifc enira constans ideoqiie 


qsdds = qds^ + sdsdq^ et dds = ~ 4- . 

s q 


e fitO 


"'7 


du 


fl 


ds ’ 


— -\-dds. 

.H 

rlibil. orgo haec aoquatio: 

2 {A j- Bn CiC^ ■ [■ Dii^ -{- JtJu^) -\- tidiC'- {0 3 Die -\- 0 hJu~) H- 3 

-j- sduds {D -j- 4 /i'a) |- Esds' -j- Bssdds — 0 


ua (lilToi'oiitialc dn assnintuiii ost coiistans. Qnodsi iarn formulae 

A [■ Bn -!■ On^ |- -(■ Bid 

{j \- Af it 1- xVu^ 


or ti’inomialiH .sit 
iiitegralo parti tiularo 


L -\- Mu -\ Nn- -|- N/i ^ 0. 


n. Quoniam aiitciii liio niotliodiun moam iiilcgrancli aocjuationes did 
?.H altioruin graduuni ultoriuM c.xtciulcro (‘onstitui, rogiilam qiuun loco c 
i paucis ropotani. Patet vc^ro uioUiodiiH mca ad omnes ac(|iiabionos i? 
ua gcuorali oontoiitaH: 


0 


I , Bdi/ 
Ay I- 


Bddi/ IJd'Uf Bdhf Fd^'ij . 
~d-^ dx^ ‘ 


difl’orontialo dx poyituni ost constaiis. Ad huius aoquatioui.s iiitc 
UH tortninifl oxpimsum invouienduin ex ea fornictiir soquons forma 
ioa : 

A Bz -|- Cz- p Dz:^ -|- fOz' -!- 7'’^“ -p (7s® -P etc., 

w qnaoraiitur omnes factoros i*calos ta?»i simplices quani trinomialcs, 
s, si q\u fucriiit iutcr se aequale.s, coiuuwctiiu ro])vacsoutoi\tuv. ICx qu< 
3m factorc naacctiu’ iiitcgralis pars, cb, si omnes istao partes ox sii 
;onbu3 oriundae in imam suininam ooniiciantiir, habebitur iiitegralo 

(I u 

1 ) In luxe foi'aui!ji (Ida jiignidL’iiUoiKH «li83imili‘-s hubuL. In pvioro iiuniil)i o ^ po.%iliii9i csb uo 
•Htorioi'o dn positiiiti ost coiistuns. ^ 


Factores 
z - k 
{z - ■ kf 
{Z-- kY 
{z ■ ky 
etc. 

zz — 2kz cos. kk 
[zz — 2/^2co9. <Z< 1 kky 

{xz — 2^2 cos. 0 -\- kky 


{zz — 2kz cos. 0 -j- kky 


etc. 


Partes Jiilegralis 

{a \- 

(a -\- px -\- )';t;2j(3Av 
(a + px -[- yx"^ 'I- ' 

etc. 

sin. kx sin. 0 c( 

(a -f px)e^"^"^ '^ sin. kx sin. 0 
-| (Q1 I ®.i;) cos. kx sin. 0 
<a -1- px -!- sin. kx sin. 0 

H ■ (51 f ^8x I 01-2) cos. kx s 

(a y px -[- yx'^ -f- sin. k.t 

-!• (51 I- SS.r + -I- ©:*;') 0 

etc. 


In his fonmilis lilteiac a, y, 6 otc., 5|, (S, © oic. dcnol 

quantitates arhitranas. Kino in partibus integralis colligondis ca 
eacicm hariiin littcraruin bis ficribatur, quia alioquin oxtonsio in 
gcrctm’, Oportobib orgo has constantes contimio novis littoris ii 
modo in aequationcin iiitcgraloin tot ingrodiontiir constantes ar 
gradus fuorit acqiiatio dift'erontialis propositaj id quod certui 
intogralo hoc modo inventmu cssc completmn> atqno in ac(iuati( 
niliil coutinon, quod non simu! in liac aeqiuitiono integrali coi 
rum in eo loco*), ubi hanc inothodum fusiiis exposui, pliiribui 
illusbravi, ita nt circa oins applicationein nulla difficultas looun 


6. Aequatio autoin gonoralior, cuius integratiomnn Inc s 
denotante X functionom quameunque ipsius a* ita so halxit^): 




Cddy 


Dd^y 


dx^ 


dx^ 


-j- etc., 


in qua iteruin difi’ereiitiale dx conslans est assumtuin. Hanc igit 
quotcunquo constet terminis, sen ad qucnicunque ea clift'oreni 


1) Vt(Jo p. Ill hiiiu» voliiininis. 

2) Vi'do pmotor notam 2 p. 11 huius voluininis aciioctam otiam Institutio} 
vol. IT, § 860- 860, 806-868. 1138—1160, 1112 — mi; LbONiiAitoi Euixnt O'pera i 


it fnnt^Ho nitiotmlis iiitcgra ipaina a:, sen si haboat huiusniodi foi-inain; 
a -|- jix -|- -[- <5.*'’^ -|- 

;nini fuiietio A" ila sit coin])nrafca, luUiiljealu?- liuiiisiiiotii substiUitio: 


;// 3t I- SB.r I- -|' v 

*8 I- 2 &t- I :!S.r» -I- Ota i- 
tlx (lx 

2 S l-OS,. I- Ota - 1 -^: 

- fiS -f Ota -I 


r/.r^ 

tP, 

Ih 


(Pv 

(fx^ 


tPtf 

dip 


Ot(!. 


iPv 

it.? 


Ot(5. 


i aiitoni case A*" =- a -\ ■ fhi 1- )/;«'•* -} ui((no in valoro ipsins y omnea 
)o.st ovancsooiiLos oruiit |)onciuli. b'nctn ergo sulhstit-iitioiio babn- 


I- y.i;' - I- 

■[' ^Ax \- !■ i /(/> 

-|-2^./;.r-| M.’DAV- 


Hdv i'.ddv . })(Pv ^f/’y 


oto. 


C(a}iH(!i(!nt(‘s 3(/ ^ ita tloliniri pol.crniit, lit oinnoa tonnini, in 

on iiioHt V ciuHVi^ flidcrontiulia* ovancseant, liot onlni: 


""A “ A A'A' 

^li __ (i 2 y][ UJP 

/r yl"' ■“ 'A ' # A A 

_ 2 y 0 _« 50 ,. 

yl 'A ■ A'~A Ja */|3 /I 3 yir' ' ~A'^" 


I (Mil) . 12 6IIC 

I (‘(litiono prinoipo ~ ■ 


Corroxil. 11 . D. 
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quae aequatio opo suporioris met.hodi intograbitiir. 


7. Quo autern facilius aoqiiationis propositao, quaUsouiiq 
finictio ipsiiiH iiitogmle oruamiis, a casibus simpIicioril)UH in* 
l)riino quUloin sit aequatio tantnin diflorentiaiis ])nmi gradna, 




Ay -f 



> 


quam patet iiitcgrabilem roddi posse, si iniiltipUcetur per huiuHti 
c^^dx dcnotante e numoruni cuius logarithnuis hyperbolioiis -- 1. 

cP’^Xdx ~ Ae^^ydx -f- 

Atquo a ita coinpavaUim case oporLct, ut ])ars posterior sit clilTort 
piani quantitatis finitao: quae ex terniino ultimo alia esse noqiii 
cuius differontialo cinu sit — Be^-^dy -\- afie^-^ydx, iiecjossc cat ut s 

a = ^ . Hoc ergo valore pro a sumto crit 
fe^^Xdx — Be**^y ot y — 


8. Sit aequatio proposita diiloronUalis aocnndi gradus')j 


X 


Ay -b 


Bily , CiUl y 
(lx ^ <h^ 


Midtiplieetur ea per e.'^dx ac doEiniatiu’ a ita, ut iutognitio succ 
bitur ergo 

e^^Xdx = Ae:^^ydx -b fip“^(Z7/ \- , 

cuius iutegvalc sit: 


]) Cf. I nslitutiunes calculi inteyralis vol. TI, § 8C0~80O, 885- 868, 1 1-18 — 11 1! 
p. 192 luiius vohunuiisj. 


jiiipfii'fitioiio orgo facta fiet 

B' - C\ B - - a<^ ot A --.(iH ~ 
ibct crg(j 0880 a rarlix Jiiiiws aoqaationi.s 

0 izi; yi - fi!i |_ 


laocnin habcat diinH rarliocs, utramlibct a.ssumerc licot; eritqiio A' ^ B 

B' (J. Poi’VGntnni o.st orgo arl Jianc acqii/ttioneni difl'eroiitialein ] 
adu8: 

li'dy 


c • «.r f = A- u -I- . 

•' ' (lx 

qiiani dcnno iiitegi'andain jniilU(>Jicotiir poj- e^'dx, ijfc Imbenfcnr 


— AU'fi^ydx -b B'cPhUj, 

ao ut Hit iutogi’alnliH, dolict csho 


.. A' n — aC , . B 

[i = 8011 a -I ■ 


do patot /? esflo altoratn radiccm aequationiR 

0 = yl — aB -I- rea, 

tquo intogralo: 

= B'ef^^y = Cef^^y. 

t VOID 

Je^ft-^^irdxJe^-^Xdx ja^^Xdx — j^—JpP^Xdx, 

0 


-fix 




liac acquationc intograli ambao radices aot p aequatioiiis quadraticar 

0 = A — Bz A- Ozz 

ualiter insiiiit, ©t hanc ob reni si istius aequationis radices sint cogni 
iis sfcatim aequatio integralis formatur. Ista autem aequatio 


ex ipsa aequationo proposit-ji 




faciliiiiiG foniiatiir siniili aciiicol luodo, quo in casn A' ~ 0 si 
euim 

1 fill , o ddii 

1 pro y, z pro ot, pi'o , 


ut prodeat isUi oxpvessu) A -j- Bz -I- Czz\ cuius (actorcssi fuevi 
crunt a et /3 one ipsao littorao, quae ad acquationcin intogi 
rcquiruntur. 


iiis j)raciiiiHsis luhUtus ad iiitcgivitioucni acquatioi 
adno orit difficilis, iSit ergo proposita haoc acqiiatio: 


X-~AyA- 


Hdy Cddy Dd^j/ 
fix dx^ dx^ 


l!)d-^y , ^ 

7a- I- 


ciiiiivs uitinuis termiiuis sit 
inrUcato: 


/I 

Forniciur liino ista exf 


.d -1- Bz d- -)- Dz^ -1- h)z^ -h . . . . ^2“ - 


q\uve in factorcs aimpliccs rcsoluta sit: 


P ~ d (z -I- a) {z -1- ft] (s -1- y) {z d- d) etc 

Dico iani, si aocpmtio difforontialis proposita per e"'dx* r 
cvadci'o iutegiabilem. Evit eniin 


e-Xrf.r 4- ^ + ^ + 

cuius integrals ponamus esso: 

{c«-Xdx = c»- (a •« + -^■2' -t- ^ -L 

Sunito antem differontiali habebituv 


e.^^Xdx = e^^dxi^aA'y + 


B'ddtj 

dx^ ■ dx^ 


dx '^"dx^''^ 


a 





n 


A 

a" 


C 


() n A 

a ^ a® 



ft 


C 


Ji A 


valoi'iinus iiaqiic ad ull.imiun coiitinuatis, pcrvoniofciir ad liaiic aequa- 


/I ■ ■ /;« -I- d- A'«’ - .... :!: /la" 0 ; 

AM' a ait radix hiiiiis urqualiojus, orit z 1- a (actor istuis cxprcsaionia 
P A [- fiz -I- (Jz- -h -I- -h .... -I- d2'', 

0 P ~ A {2 i- a) {z -h [i] (2 -|- y) {z |- 6 ) oto. 


I’riina orgo iiitogratioiio alwoluta ont 


lYX 





C'ddy 

dx' 


D'dhl , , Ad’‘-h/ 

d:,^ 


nr liiiK! itoruni modo ante o.xposito luicc oxprcHsio: 


P' = A' 


til sit: 


P'z -h O'z^ H- /)'2® -I- . . . • -I- Az'-K 

A = aA' 
n - aB' d- A' 

C -- aC' -h B' 

D = air A- O' 

etc. 


turn ost foro P— {a-\-z)P\ idcoquo 

p 

P' = _ 4 _ ct 

P' =. A {z d' f^) {Z d- y) (2 + 6 ) (2 + t) etc. 

lili ci’go inodo, quo supra nsi suiiiua, eviiicotur lianc acquationoiii domio 
itograbilom, si multiplicotur per e^dx. 


le.'f>-«'^dx\e'‘^Xdx = ei>’{A"y + + . 

fiotque conipavfitioiic inetitwtfi 

A' =-- PA" 


B' = pS" -I- A" 
C' - pC" -\- H" 
D’ = PD" A- 0 " 

etc. 

l‘Irgo si poiiabin' 

/J" A" + B"z 4- C"^2^ 4 4 

evib P' = [p 4 z)P'' el 


4 


unde fit 


j>.. P_ 

2 4/^” (t 4 «)(« 4 /J) ’ 


P" = A {z 4 y) (2 4 (5) (2 4 f) etc., 
scilicet hinc duo iani factoves s 4 ci et t 4 sunt egrcssi 




unde aequatio ))is integrata recUioitur ad luino fornia.!n 

C-tt-T 


i::ije«.Yrfa; -|- —Aje^’Xih = A"y + 

— a** ’ O'— pJ ^ dx 




dx^ 


L 


11. Cum poiTo hinc posito 1 proyet^pro^ otc. prc 

P" = A" 4 B"z 4 C" 2 '^ 4 .... 4 Az' 
sitque P" = ^ (2 4 r) (« 4 (2 4 e] etc., 

raanifesfcuni est aequationem ultimo inventam donuo 1 
multiplicotur per Sit aequatio integrals liinc orii 




■P . 


qYX 




B'''dy . C"'Uy 




. i_ 


e^^Xd 
. Ai 


i ponatur: 


B" : - y li'" -i- A'" 
C" = y C"' I- B"' 
W' -- yD'" -h C'" 
otc. 


JJHf . y|//' 


■f I- -I- + -h 




P 


/>'' = (y + .)P- ot = 
quitur foro: 

V’" - /I (2 -[- 6 ) [z -I- s) (2 -h C) etc. 
tom .sit geuoralito]' 

je--rAV/.'L‘ -\- -^-Jei‘^Xdu:, 


intogralia roduoantur, roporietiir: 


i-fix 


(,-yx 


^ -I- 7 " — -f- > ^'w. Jey-Xtlx 

*u)(v--a)J («• -/iXy—ZO'* {(i-'y)(P—yy 

- A'-., I 

"■ •' ■■ dx" dx-^ "* ' » -I- . . . . i- 


yi Ijoo inodo co usqiio progrodianuir, quoad uulJa anipliuH difVoreii- 

3ius y Huporaint, tmn ox altera parte aoqnatioiiivS liabobitur unions tev- 

d^y . • 

==. Ay; id quod ovoniot, si intogratio t-otioa fiiont institnta, qiiot 

H oxponons 7i coutinot imitates. Ad lioc ergo ultiuimn integralo com* 
tpriinendnm, eiini sit 

|- Bz -|- Oz^ I I d {z -i ■ a) (2 p) {z -\- y) oto., 

Ill* ox radicibu-s a, P, y, d otc. .soquoiitc-s valores 

%=: A {[} — a) {y — a) {d— a) {e — a) etc. 

535 = ,I (a - p) [y - - p){d-P){e - P) etc. 

(S ~ /I («-- y) iP — y) (*5 — y) (e — y) etc. 

{a-- d] iP — d) [y— d) ( e— d) etc. 

^=^.A{a—e) ip -- e) {y—e){d- - e) etc. 

etc., 


If = -I- -H + otc., 


quae cum lot oontinoat terniinoa, quoli graclus fiierit aequalio 
pvoposita 


-I- + 


zlf/"?/ 


fl 


totidem involvet conataiitea nrbitmrias, idooquo erit integralis con 


13. Alio autom luodo valores quantifcafciim (S etc. (^xprii 

qui plcnimque multo commodiiia negotiiun conficit. Dico onim foi 
si ubique pro suhsUtuatur — a, sen si pouatnv ^ -p a — 0. Cum ( 

P = d (z -I a) (z -I- ji) {z -h y) {z -|- d) etc., 
erit flift'crentiando: 

= d(z -h fi){z 4 - y){z -I d) etc. -h ■ {z H' ft){- I- 

.Si iam ponatur z = — a, posteriua mombnun ovanescct, ct pniis 

(I P 

etc. = 

Cum autom sit P ~ A -h Pz ■[■ Cz^ -] Oz^ -\- .... dz% erit 
(IP 

= B -b 2 Cz -I- 3/)z« -1- 4yi?z3 -h . . . . H- 

ponatur ergo z — —a, sow fiat z + a= 0 , erit 

QC -- B — 26*0 -\- 3Du^ ~ A:K{p 4 - etc 4 : 7 i.da’*“* 

simili modo reperietur fore 

/? — — 4B/93-P .... 

€ ^ B — 2Cy-\- 30/ — 4B/ ± 7i.Ay^~^ 

etc. 


un iutcgiari oportcat, auto omnia ox ca forinotnr ]iacc exprcssio Aigcbi 
p zru A -|' Bz -)- Cz- -\- Dz^ “)- Bz^ “I' etc., 


ns cjinierantnr oinne.s factoros simplieos, cniusmodi nnus sit 2 -j- a, a 
ilibct factor dablt parton integralis ita, ut onuies paries, cpiae hoc mod 
gulis fact(>ril)\is cruyu\tnv, innctiin snmtae exhiUcant compIcUnn ipsi 
or(an linitinn. Scilicet si factor siiu])Uix fucrit iuveutus s i- a, tmu quaci 
xntitavS ut sit 

9t - : B --2 Cu -I .*{ Da?-- 4 hJ -f etc. , 
a inventa erit j^ars integralia cx !\oe factorc z -1 a orinnda Uaoc 

nc pcrspicitur, si factor simplex formao P fiiorifc s — a, fciini foi’o 
9f />* -I 2 Ca -I- :t Da- I- 4B(P -1- etc. 


pie intcgralis pivvtcm hiuc oriundam csro') 






15. Suporcat antem ut oslondamus, cpioinodo istao intcgralis pavto! 
inparatac, si factoruin simpHciuin aliquot fucrint vel inter ae acqualc 
aginavii. Rx superiorihua ouim liquet utroqno casu partes intcgralis a 
■i mode adornavi dcbcrc, \it foriuain linitaiu ct rcaloni obtincant. Sint i 
imo duo factores z — <1 ot 2 : — {} inter so acqualcs sou fi = critquc 
— 0 quam 93 = 0; ct iitiuquo pars intcgralis evndot infinita, altera qi 
firmativo altera negative, ita ut dilfcrentia sit finita. Ad quam iiivonioi 
nmnin.s p — a to, donotanto o) cxiiantitatcjn evancscoiitem. Cum er^ 


2n 


I) Cr. Coiiiinftiitut.uiiics 07J), OHO, 720 vohiiuiniB I 23. 

l/to-vnAliur 0])om omniii 1 22 CoininontntionOB nnnlyti'cno 


1 


smnti.s littcns y, ocvi:. , 

%^—A(v{a—y) {u—d){a — e) otc. cl 
55--^ («— 6) (a- f:) etc;. 

Tiiin voio evit 

cP-<- ^ £“^(1 -1- co-t:) ct -■^<' ■“'■(1 


nine pars integmlis ex fuctoiibus binis aocpialibiis z -a c 
‘^Ic-^Xdx -I . “5 J, - (1 - - .r).\ 


Poiiatur: 

^ A (a— y)iu- -d) {a— e) otc. 
H-it --- et 5 t'£y> 


unde fiot Lsta pars 

‘^'(1 - (o:v)XdA‘- 

If', 

^ ^T(-^'Je-^^Adx— Jc-“^A;vd.r) = 


(piao c.st pars intcgralis ex factove expvess^ionis P (puiclii 


10 . ^^alor autem ipsius Si' sequent! modo coinmot 
01 ) /I “ «, cum sit 

~ A {2 — a)- (2 — y) (2 — 6 ) (s — e) etc. = i'l -I- Bz -| 


ponutur 

A{z — y) (2 — 6 ] (2 — e) etc. Q, 
ita lit valor ip.sius Q ))raebcat Si' si loco 2 ponatiir a. E 

P^-.[z~aYQ, 

ct (nncrcntmiiuo 


l) Suhilio ».ef|iicns est vitiosii, quin oinisflimi cat w in (/? — y) (ft — d 

lutiunum ailculi inleijralis votumino It noUis ipsius EuLnnr. § 1 103 1 179. 

SoliUi.jJi. ni cxiiciuiu (ittiilit iioUi p. 330. UvfiiiAnDi Bulehi Opera omnia, 


<idP YiddQ . M, .dQ , ^ 


nine ~ a fiet 


0 .- — Of' 

2 dz^ ~ ’ 


ddl 


no 9(', si in poiial-iir 2 : a. Est voro 


ddl 


2 dz^ ^ ■* ^ ^ ■'■ ■*' 


9(' = C -I- -1- 0 Kn^ -h 10 Fo? + inr/a' f etc. 


i })i’ 0 ])osita liac acquationo: 


A' :•--. A y ^- 


Hdy 
d X 


eddy 
d a** 


Ddhf l<]dhj 
dx'* ' dx* 


-\- etc. 


0 hiiu5 forinata 


r - . A -i- -I- Cz^ -I- J)z^ -I- \- oti. 


faetoi'oni quadratinn {z — a)^ sumatur 

31' -= C -1- -1- 0 -t- 10 P'a^ i- 15 fta' -i- etc. 


pars intogralia iiulo oriuiula: 

/A-T 

om reliqni factorca formulae F fuovint cogniti, nempe 

P = A{z — af {z — y) (2 — 5) {z — e) etc., orit 
31' ~ A{a — y) (a — 5) (a — £) etc. 


Ponamus iam tros factorcs inter so csso aequalos, sen sib insuper 
at ob rationes supra cxjiosibas ponamus y= a-}- w, crit 

3t" — — A 0 ) {a — d) (a — s) (a — C) etc. ot 
^ = A {y — af (y— d) (y— e) (y— 0 etc. sou 


cubico {z — tt)* oriiincla liacc 


oxist-cntc: 

]) + 4 Ka - 1 - 10 Fo? 1 - 20 Ga^ 

Facilins aiitcin hoc immediate cx aoqiuvliUito trivmi fa< 
cnim ti'cs factores quicuiique {z — a) {z -/?)(“■ -y) ac 

5( A {a - p] (a— y) (a— <5) (a — e) 

{i=: A [y—a] iy -P) {y—d) iy—e) 

criinL intcgralis partes bine oriimdao: 

Poiialur iam 

P -- a CO oX y ~ n -I- 0 , 

oxistentibus (o ct c!> qiiantilatibus evauesccnUl)iis, . 

.= A (a— d){<i -n) (a — C) etc. 
crit Ql .=- %[" 0 ) ( w — 0) ot ^ -- ill" * 

turn voro crit 

Qfix ^ c“c (1 -b COX' -I- i ui-x^), = e (1 - 

et 

er* =: (1 -y 0x -\- (1 — 

Quibiis siibstibutis ternao integralig partes <aboimt i 

gax ( — 

^'■^“^“—■0)1 O)0~aKO0X--f CO0 4- CO' 

I (lx {\(OCO0 — ioj0(p) 


1) Vulo notmn p. 202 U«\uk voUimmie. 


f>a.c 

xlucitur ad l)a)io formaai wmpliciorom: 

~ Jr/.rJ'r/xJe-^Arf.r, 

jO 91" ~ D -\- 4 - Ea ~\- 10 7'" a" -|- 20t/«* -|- etc., scilicet valor ipsius 9[" 
P 

ix formula posito z = a. 


Simili modo iiltciiua procedendo patebil quaternos factores inter 
lalcs sou formulao 

E = A -\- Bz + Cz^ + etc. 


n (z — a)’ praolntunim fore bane integralis partend): 


fd.v Jfh'f^^Xdz 

K -|- ViFa '[- 357/ a* + ote. * 

• f. d' P 

omuiator ox formula nascitur ponondo z = a. Suporfliiinn forot 

’ibuH factoiil)iis aimplicibus inter so aequabbus partes iiilegi’alis, quao 
conflantur, liic oxhiboro, cum lox, qua hae partes formantur, per ao 
ifosta. Ootonun eomplicatio plurium aignorum integraliuni in hia for- 
ullam involvit clifncultatom, cum facilbmc ncl simplicia integralia 
tur. Eat onim 


Sdxie-^^xdx-^. 

jdx ^dx Jfi - “-Xdx = 

1 . 3, 3 
etc. 


liJxpcditis factoribus aequabbus pergo ad factores iniaginarios. Sint 
mulao 


do notuin ]}. 202 Imius voluinmis. 


H. D. 


uini niciores 2 — acts — /; nun;finMrn, (|ni noc non omn 
bennt prodnctnin rcjile zz- i! /re com. <}> \ Irlr, rril (‘r; 


(t ■■ k V.OH. 0 ( /•)/ I HIM. 0 cl 

P --- /i’- DOH. 0 l: \/ I Hill. 0 


hanuiiquo littornruin potcHtiitcw ((imcciinqiK 

' ila Ht' liM 

1; 

i sin. n 0 

/j« (•(>5^. }j, 0 /;»• j •' 

I nin, n 0 

lain priino crit'): 


c''' = e‘"‘“--'’(.l 1-^---' '..f .sill,. A 

.i”' sin. 0>-’ 

1' 1. 2 

oir.) 

Kleoqno 


«“'= /la.’.sin. rA | 

|/ 1 Min. 

-"(wW./m- H ill, <A 

)/ I Min. 

'! (con, to: Hi]). </< 

[/ 1 Min. 

si,,., A 1 

I Hill. 


Deiude cum sit: 


Sf = /)* -I- 26'a-l- 'W';n'‘ | 5 ] 

li A- 2Cii [ ',1 Dfi-i I i 

supevioribus vuloribus pro « ot // HuhstitiitiH Imlndnl.u 

^^5+ 2aco.s.0.p3/)/<:“(-uM. 20 1 d /t’/v' nm. 

+ {20k 9111.0 -p 3 /.>/;“ Hin. 20 ■[■ <( /(,7,v' nin. 

sg ^ -f 2Ck cos, 0 -p 3 /U^ooH. 20 1-4 AVr'iuiH. 

-- {2Ck sin. 0 3 2 0 | . 4 A 7 ::i nin. 


evvt 


20. C„m auten, z~aoiz~fl r,u, r„r,>u. 

= .'1 f Hz I- I 


1* ’"'"- ^ «"'■ 2 'I‘ -I- Ok^ Hin. ;) I A-, 

*) sin. 0'<z=(si„,2ij„^ 


=_• z {jic sin. 6 JJiC‘- sin. zy> (t jl ic'^ sin. j y-» -|- nic. 

3t: 

at- m \- SR|/ 1 et 55= i 

naginaria a realibiis crunt .separata. Cum nunc ox ambobiis facloribiu 
,2 — ft nascantur iatao intcgralis partes 

nint in lianc formam: 

(?9? — 5Rj/~~ 1) ^rr^-^Xdx -I- (m -I- ‘SIV- \)eP'- Jc'^'.Vr/a- 




r »^X(lx 


\ 

cm. 0 

COS. 

kx sin. 0 Jc 

tr«<>4.0 

Xdx 

cos. kx sin. 0 


-l/- 

-1- 

0*"^ '''CO.S. ^a*.sin 

.tf-Jc 

- kr CDS. 

Xdx sin. kx 

.sin. 0 

-1- 1/- 



■ d* 


‘‘‘ X dx cos. kx 

sin. 0 

-1- 

CDS. 0 

sin. 

kx sin. 0 |c' 

li n«. 0 

Xdx 

sii\. hx sin. 0 


-I- c*' 

COS. 0 

COS. 

Ajx’sin. 0 fc- 


Xdx 

COS. kx sin. 0 


+ V- 

-1- 

kxHin 

.0jr 

. it'XCDS. 

''' Xdx sin. kx 

sin. 0 

- 1/- 

-]• 

gi-,.oDs.0y;u^ 

0 jer 

. kr o«)H, 

''' Xdx cos. kx 

sin. 0 

-1- «*■' 

OOH, 0 

sin. 

^•.rsin. 0fc-' 

1 1 <-«3. 0 

Xdx 

sin. k'X sin. 0 

. 


rgo ainbao intograloa tiunsibunt, imaginariis so imituo sublatis, in lium 


is. •!> 

^ (cos. /:.rsin. (P je-^^^'^^ '^'Xd.vcoH. H*sin. 0 

■f sin. kx sin. 0 sin. hx sin. 0 

0.08.0 

-p- (sin. kx sin. <P \e^^‘^^'^'^ '^Xdx cos. kx sin. 0 

— cos. kx sin. 0 Xdx sin. kx sin. 0 ) 

iam hoc moclo oxpriini potest; 

j ?0? cos. kx sin. 0 -j- 92 sin. kx sin. 0 ) Xdx cos. kx sin. 0 

I + ?02 sin. kx sin. 0 — 92 cos. kx sin. 0 ) Xdx sin. kx sin. 0 . 

go pars intcgralis oritur ex formulae 

P A -yuz + CV -\- Dz^ -}- etc. 
trinomiali zz — 2 kz cos. 0 -1- kk. 


factorcm h«abucnfc (zz — 2 cos. 0 -|- pars inte| 
fonnu]i.s pro binis fuctoribiis simplicibus acqualibus sir 
i^onatur neinpc 

50J' = C 3 cos. 0-1-6 cos. 2 0-1- lOF/c 

— 3 Dkmw. 0 -1- 6/^fc^sii\. 2 0 -1- 10 Fk 

oritqno integrals pars hinc oriiinda^), 

2 ii-s 0 I (?9i'cos. Jcxsm. 0 -j- ^'sin. hx sin.0)Jdn;Jc' 
50i'9)J' + Sl'Sft' j-|- {59J'sin, sin.0 — 9fi'co8.^'a‘sin.0)|'c/^-Je 

Sill autcm trcs factores trinomialcs radices imagiiiar 
inter sc aoipiales, sou si formulae 

/* = .4 H - Bz 4- 02^ -h Dz^ -1- Ez-' \- Fz^ 

factor t'ucnt {zz — 2 kz cos. 0 kkf, statuatur 

= D~\- 4 Ek cos. 0 -p cos. 2 0 + 20 6-^ 

SR'" = 4 Eksin. 0 -1- 10/'’^’^ sin. 2 0 -p 206*/o 

atquo pars intogi-alis ox hoc faotore oriuncla orit 

2 ^ki C 03. 0 1 {^''co8.kxsin.<J>~\-'^"{im.kxsm.0)jflxj(h 

j 4. sin. ia* 8111.0— S^^cos. /a- sin.0) 

Hinc igitur iam lex perspicitur, sccuncUim quam istuo i 
dobciit, si inaior potcsbas formulae zz — 2 il'2 cos. 0 + ^; 
ideoque onincs cosiis, qui iiiiqiiam occurrero possunt, 1 

22. lil-x his ergo scqucnli inodo vesolvi potorit hoc 

PllOBLEMA 

Cnvenire valorem ipaiiis ij in quantitatibna finiUs ex 
nit cx hac aoquatione dift’erontiali cniuscunque gradi 


\) Vulo notns p. 3 ©t p. 202 hulus vi»luinini.s ailioctas. Confoi- (juo 
fjrulis, vol. II, I 1170 — 1184 ; LuomiAnui P.ulf.h! Optra oumia, I 12. 


il)i cliilcrcntialo dx ponitiir ooiistans, atquc A clonotat tuncLioncni quair 
psiuH .1-. 

Soliitio 

Ex acquatioiic ])voposita forincfciir seqncns formula Algobraina: 

P — A -\- liz -[- Cz^ -|- Ez'^ -\- Fz^ -\- eto., 

iiiiis quaerantur omnc.s faniorca rcalca tain simplicca, quam trine 
(iiipj)c qiii factonun slniplicium iniagiimrioruni vicoa sustinont; ct 
loi'inn factonim inter so fuorint aoqiialcs, ii coniiinctini ropracsentcuti 
acto pro ainguliH factorilma ({uncrantur convenientoa intcgralia partes 
nnnes istac ])artc9 ex (iiinctis faotorihiia oriuiulao, ai in uiiam siimnia 
jantur, cla))nnt valorem ipaiua y quaesilntn, qui orit intcgralo con: 
Loqnationia propoaitae. .Sequonti aiito.m niodo ex factoribna formulae 
;’ralis partes I’oporiontnr’ ). 

I. Pi formulae P fador sit z — /r 

\)natur 2 Ck -[- 3 Dk^ -|- <t -|~ Ci PJe'^ etc;, 

ii’ifrqne intogralis pars luiic factori 2 — k rospoiulons: 

II, Pi formnlae P fador sit {z — /:)“ 

'onatiir ^ C -p :i Uk -P 0 Ek?- -p 10 Fk^ -P -P etc. 

n'itquc intogralis pars fact-ori {z — kf responrlons: 

TIT. Si formulae P factor sit {z — k}^ 

?onatnr ^ = D -\- 4 Ek -P \0 Fk^ 20 Gk^ -p 35 -P etc. 

3iitqne iutegralis pars factori {z — k)^ raspondons: 

‘^Idxldx^e-'^^Xdx. 

I) Oiiinna lino fonmilno, oxoiiptls T ol V, flunt vitiosfto. Vido notam p. 202 IniiuH volumii 
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i\)natnr ^ = E ^ ti P'k 'I 
eritcjuo intogralia piivs facUiri (: 


[ ‘^r^ ///r‘ I 70 //■' 

/:]' rcsjiotidi'MH : 


V. Ei forniidui' /' Inrlor -dt z- 'J /.• . i-u 

J^oiialur 

93? - ^ -I- 2 61- cos. 0 1- /^/■■■■' (‘OH. 1 

= 26'A;am. 0 i :i 20 1 -1 I’H 


eiit paia intcgmlia factor! zz - 2 Irz com. 0 | hi' 

2 efci.«j.'P I {?0IJ cos. jl*.C3in. 0 I QIhih. /i-.rHiii, 0) |'’ 
-1 - ?Rf.oH. /. m: sin. I (■ 


VI. Hi lormulae P litclor ffil [zz 2 Ir: t* 

Poi\atui‘ 

gi? = C'-l 3/)A;c.os.0 1 (i /';/-■>> COM. 2 0 | lOA' 

$R — 3 Dkmn. <l> I- (i ICk'^ win. 2 0 | M) A 

orit paw integralis faclori {zz ■— 2 kz (!oh. 0 | kkf r 

(^cos. /i;a:aiu.0 /v^.r sin.0) (* 0 . 1 : |'<' ' 
5i)?^ + 3P|-p(?(Ksm. ^.r8in.0 — S^cos. /;.i: niii.0) | ' 

VII. Hi formulae. P jaUor mi (»;: 2 kz t 

Pooatiij' 

50? — 7) f 4 fi4:co3. 0 ■■{- 10 cos. 2 0 1 20 

91= 4i?fcsi!i. 0 4- Hhi. 2 0 | 20 

erit pars integralis facfcori {zz~-'> hzm. <[> |- kk)-' i 

Pi!!!!:! I (^c 08 .A:a; sin.0 -f ^ nm.kx 8in.0) J0;rj0.rjc 
0 312 sm.0 — coa./cx ain.0)J0.t;f0.(:J'o 

otc. 

Omncs igitiir istac partes singuli.s facLonijus I'onimhu 
summam coUectae dabunt valorem ipsius y (pmcnil, 


egiiiae Jiuiua iisiis raciima porspiciooiir. 


'■xcinplum ]. P?' 0 ])osit.a ait haoo acquatio clifTorcntialis aueimdi gnulus; 


V 


igitur formula Algobrnica P crit — 1 — zz^ cniiis factoros aniit z-\-\ 
ct ex formula prima oi’it 


5 ? : = - 2Z. 

<lz 


aotorc ergo z -[■ 1 oh /(•— -! ciit ^ 2 ot ])ars iiitcgnilis 




iltcro facitoro cat k -- I ot ^ ~ — 2, ciii I'cspondot para integi-aliH 




IS paj'tibuB oollectiH (M‘it iutegiulc qiiaCHitum 


y — i cr *' jc/Xdx — ^ jer^Xfix. 


xcmplum 2. Pro]ioaita nit hnee acquatio: 


'.iady , ^ (Kidd If a'^d^y 

A - y -1 ^ -^^-.3- 


P = J —2az -t- ^aazz — a^z^ — (1 —azf. 


.ncla ergo est foruiula tortia, critquc 


; 1 I <3v 3 


procUt jntcgralo quacsitum 


y = — - jj 

(V 


seu 


2^= jje-. 

Exemplum3. Proposita sit haec aequatio: 


^ ^ dx^ 


Eat eigo P 1 + formulam V pertinet. Eri 

coa. 0 = 0, sin. 0 = i efc ^ ==i. 

PoiTo ob ^ ’ 

^ = 1, 5 = 0 et G = aa, erit SO?= 0 , et 3 J = 
unde edt integrale: 

" « a ^ -^J sin. 

E.X6mpluin4. Proposita sit haeo aequatio; 

Erit ergo P = 1 + „3,3, 

l+a« et l~az + aazz, 

Prior ad formam z~k reductus, dat 

*==-4 etob4 = l, 5^0,C' = 0 et P = , 
erit ex formula prima S = 3 a et pars integralis: 

1 

Alter factor 


1 (tzpaazz seu 
oum formula V oomparatus dat 




50? = 3a cos. 120“ — — -g-a ot SR = 3a sin. 120 


„ _ 3^/ r 3 
2 ’ 


SK2-|-9R“ = 9aa spTjT^ 


1 

Ja 


ot 


231 __ /3 

~ S a 


igralis ergo lunc oriunda ost: 


± (- cos. ^ 

^■ 31 T«'- - !/•'* ■ 


■^"Xd.t cos. 

2rt 

= Xdx sin. 

M /» 


g^:2n gQB 003. 

(i«‘ ■'■ SO”)/'’-'’'"' s*''-T!r- 

ur intogralo quacsitum odt: 

■ (i~x■t^ r Xdx — V cos. 

I 3 « 


(^ -I- 00") Je-*'“'‘ cos. 


X y‘6 

2 a 

X |/3 

3 a 


o oxGinpIa sufficiiiiifc ad rcgulam pro quovis casu oblato accomniodan- 


EXPOSl'lMON 1)E (yUELQUE.S E.i» 
DANS LE CALCEL INTEG 


Coiniuontiitio ‘236 indicis ]'jNKH-nn)V;MiANi 
Mimt»iri!s ilo raea4l6mu' ncii-iiPL's tlo Epilin 12 (1756), 


PREMIER PARADOXE 

I. Jg me propose ici de dcvclopper nii paradoxc 
qni prti’oilra bien etrangc: e’est qu’on parvient qiiclq 
dirfureuticRos, doutil paroit fovt difficile dotroiivcv Ics 
clu calcul integral, et qu’il cst pourteint aie^ de trouvei 
lMnt(5gi'aUon, mnis pliitot cn differentianfc encore r6ciua 
qidiuie differentiation r6itei*6c nous conduisc clans cos ca 
O’ost sans donto nn accident fort surprenant, quo la cUfi 
uiener au ineine hut, auquel on cst accoutuiu6 do parve: 
est uno operation enticrement opposee. 

II, Pour mieux faire sentir IMmportanco do cc pa 
souvenir, qiie le calciii integral i*enfcrme la mothodo i 
int^grales des q«antit<Ss difl'drcntiellcs quelconquos: et 
equation diffcrentiello 6taut proposc^c, il u’y a d’autre ir 
integralc, que d'en entreprendro rint6gration. Et si Tc 
tAgror cotto 6qiiation, la- difidrentier encore unc fois, 
s’cloigiieroit encore davautage du hut propose; attend \ 
Equation difForentielle du second clegre, qu’il faudroit n 
avaut qu’on parvint au but propose. 


ircncr, maia qu oiio nous pinsso memo lournir cette iiitegraie. uc scroll, san 
un grand avautage, si cct accident otoit g6iieral, ot (m’il cut Uou toujourj 
I’alors la rcclicrcho dcs intcgralcs, qui esfe souvciit mcme iinpossibh 
)it ])lns la nioindrc difiiculto: mais il nc so trouvo qu’en quciqitos cas tre 
uliers dent jo rapportcrai quciqncs cxcmplcs: Ics autres cas tlcinarKlen 
US la mothodo ordiiiaii’o (riut6gration. Voila done quelques problemes qi 
out cV oolaircir co paradoxo. 

1 

/C 'poinl A elant donne (/'Vr/. /), Irouver la courba EM telle, que la perpeh 
ire. A V liree du paivt. A fiur mie. langcnfe quelconquc de. la courbe. MV, so. 
it de la iiihne (jrandeiir. 


m 



A P p Fig. 1 

V. Prciiaiit pour axo unc droit-c quelconquc A P, tir6o du point donn6 r 
y tiro d"un point quolconquc do la courbe chcroh6o M la perpendiculaii 
ct unc autre inriniinont procho vip, ct qu’on nomme AP = x, PM = 
longueur donn6o de la lignc A V -- a. Soit do plus r6I6ment do la court 
— <^6’, ot a 3 'ant tir6 Mn parallolc h Paxo AP, on aura 

Pp = Mn = dx et nm ~ dy\ 
ds = \/{dx^ + dy^). 

11 baisBO du point P aussi aur la tangento MY la perpondiculaire PS, < 
ille-cy du point A la perpondiculaire AR, qui sera parallele A la taiigcn 


.u I . I- I 

triiViiglc J/wi.T, on cn tirera: 


P5 = 


M m 


rl’ou, a cause ^lc 

nous iuirons cettc cq\iafciou 


= et P7r: = 

£<5 

av = fs~ph, 


m 71 ■ Al 
M m 


a 


ydx — xdif 

■' Ts 


(Ml 


ydx — xdy ads ~ a |/ {dx^ 1- d, 

(jui e.\]>nmora la nature de la eourbe chorchce. 


V. VoiUi done uuc <^quat,ion (Uft’6renticllo pour la 
chons: et si nous la voulons traitor scion la mdtUodc c 
(Icharrasscr les difturcnticls tin signe radical; pvonani 
aiirons: 

ifffdx^ — 2xydxdy xxdy^ = aadx'^ ■ 

et partant 

/ 3 — — 2xy(lxdy — a adx'^ ■[■ yy 
' a a — 

dont rextraotion de racinc fouj’jiit 


on 


dy = V (.^.r + yy 

aa — XX 


andy ~ xxdy -j- xydx = adx ]/ {xx -\- 


dont il faut iiiaintenant cliercher I’int^grale jjoiir 
(lueslion. 


\ I. Pouv integrer cotte equation, posons y ~ u ] 
pour avoir 

V (a-'j; A-yy~ aa) = y{aa — a:a:) (ti 


et 


ira etant s\ibstit\ieo9 domiont: 

du [au — ttdx \/ {na — .K.r) (w — 1) 

d u _ att x 
{n II — 1 ) ~ ifu ■ - :v:\: * 

ou les varial)loK x (>t i« so Uouvonl sopariSos. 

Puisquc cett(^ ('quation osl. sbjmivc, je fcinaniuo (I’aborcl, quo ios 
F), (jii’ollc ronfcrino, sont. leinplios, si Ton met 

j/('?4« - ■ I ) r-T 0^ on -- 1 ; 

CO caa tant lo rnoinbrc 

adx ]/[aa — a:;>t) {»?< — 1) 

vaiioui'aHaiit, ({uo I’niitro m(‘inl)ro du{na — .f;r)- a (‘niiao do dii -■== 0. 
it, nous avons deja uno valour inte^ralo uv = J, on n - -h I, d’ou 
iis ?/ ™ -j: ]/(na ~ Xiv), ou i/i/ -j- .r.r 4/a; eo qiii cat rdquation poiii’ 
, d^orit du ecntro A avec Ic rayon =• a. Or il cab clair (luo cjc oorclo 
iiu iiroblcnic, ])ui.squo la pcrpcudiculuirc A K dovient /‘galo au ni\'on 
, ct tombc SUV Ic point d’attoucluuuont Af ; conuuo il osL ooiiuu par Ics 
8 cUi corclo. 

. Mais CO caa u’6))uisc pas oncovo I’ocpiation cUfttb’CiiticUo 

dll a (lx 

\/ {uu - " ij * on — .r.T * 

3 done sou iutcgralc qui sera ])ai' lea logaritbinoa 
I {U + V{uu-\)) . 


quo nous ayons : 

Ei;lkiu Opom omnia I '12 Cuinmoiilutioiirs nnalytieno 


lio Jil nous tronverons, 


u -i- 1/ (uu ~ 1) — 91 y 


a -j- X 


ot partant 
Par consequent 


— 1 =nn'^-^^~-29iu 

a — X ^ a — X 


2 ^ « — -x ’ 2 ?i ^ a ~l- X 


y==u V(aa - XX) = |(a + x) +± {« 


oqu.tion pour une lig„e droite tiree en sorte, que la perpen 
•Hiir olle dll point donne A soit = a. 


IX. Voila done la solution du probleme proposd au’ 

■S: “ ou 1. faut preinLeinent S’les 

“ c 1 irt Or il est Clair, qui 

«i Til r cleviondroi 

au lieu de la formule irratiomieUo Vidx^ -l rhM 


ydx — xdy = a f(dx^ + ^ 


ITTTTTTTiTtlT^r^ ^ ^xtr 




'ion T l'rolSTT'T“i ^§^0 equatio 
ot mciiie aWbrioiip I ^ Poo 

'I'iiitcgration: niais, ciTjoi ^ ®“P- 

ti.'ition iiltorieurc de cette dquTbT 




(lx- (ty-) -- (lxy{\ + pp). Par ccfctc subwtilution noire eciuatioii, c 
'isco par clx, proiiclra cette forme, 


y -- yx 0 ]/(l -f- on y -= px a \/{\ p-p) , 

il faut bion rcmarqiicr, quo qiioiqii’on ii’y n-i)per 9 oivo plus de difterenf 
-tc equation no laisso paa crotre diffcrciiticllo, a cauao do la lottrc p, doi 
iJ 

lour cat do aorte quo, ai Ton la remettoit, on roviendroit a la pren 
lation diIT6rontic]lo. 


XTI. A present, an lieu d’int6grcr cette equation difforentiellc, jc la d 
itic encore uno fois pour avoir 

dy^pd.x-)rxdp+-^^^^^. 


, ayant suppose dy = pdx^ oette valour iniso a la place do dy nous do 
-bord: 


0 = xdp H- 


apdp 

v -VvF)' 


I'l on divisant par dp nous tirons d’abord: 


puiaqu’i! y a 


“ -\-PV) 

y = px -L q- pp), 


y siibstitiianfc cette valour do 


^ ftp 

V{l+pp)' 

18 aiirons: 


(I VP , / / 1 . X « 

y = -yir+^) + -I- vv) ou y = 


vv) 


XIII. Voil^ done des valours, ct memos alg6briques, pour les deux c< 
in6es X ot y, lesquellos no renfermont quo la scule variable p; et comn 


present il n’ost plus question dc la valour supposec cio p =- 

cst losolu par cet-tc diftorentiation rcitorco. Car on n’a qu i\ cl 
/) do cos deux equations 

a /) 

’ C(i H- VP)' 


cc ([ui so fera aisement en ajo\itanfc ensemble los q\ian-t\s ;r 
aura d’abovd 


XX d- yy = 


(ta\ip a a 


= a(t , 


rjui cst requation pour Ic ccrclc, qni satisfait an probleme pr 


XIV. II estbicn vray, qu’oiitrc Ic ccrclc i) y a encore un 
(Iroitcs, qiii .satisfont egalcinent a la question, et (pio )i 
pas fournir. Muis ellc Ics contient neainnoins, et cimore pUu 
I’aiUvc moihodc ordinaire. On n’a ([u’a vegarder I’ccpuitiou 


0 -- xdp + 


n pdp 

TTTT^’ 


a laquellc la difIcTentiation nous a conduit, ct qui, pnisqi 
par (Ip, renferme aussi la solution dp ^ 0. Or dc \k nuns tiroi 
p ^ const -- n, ot partant 

y nx -j- a |/(I -j- n7i}f 

ou toutes IcH Ugnes dvoites, qni vomplissont \cs eonditiona > 
comprises. 


XV. Ayant d<^ja rcmarq>i6 q\io eette 6c|nation: 

ydx — xdy a f{dx:^ -f dif) 

nc .sauroit a pcino etue resolue par la incti\ode ordinaire, cel 
d’aboi'd par la diflercntiatioii son integrale. Car, posaut dy ~ 

+ dy^) dxf{ \ + p3), 
y — px = af[\ -f p3) oil y - px -h afil - 


ct partant 


ous tirons 

A 7 I (tVVh^ 

0 — xd'p -|- , 

— app , _ a 

■'’' y~ iy(i + p')'‘ ' 


VJ. Si Ton vcut ici cliniiiior y), oil n’a qu’a ajouter Ics cubos pour avoi 


■'■ ~ (1 -i- i;b“ " 1 -J- 7 r» ■’ll- 


te quo 


1 «•'* + -r //® 

2 a^~ ’ 




4a^)p =u {a^ -I- .r* H- ify 


0 a'* -I- 2^3 — 2«\7/ -I- x-** -h 2:t'^//3 4- //« 

jiic lignc du sixiomo ordro. Mais oiitro collc-ci satisfait ciicoro dp = ( 
“ n, k cuuso cic la clivi.sioii faitc par dp; et ce cns donnc iiiic infinite^ d 
(Iroitos contenuos dans octto 6quation 

y ~ nx -V a -1- 7i^). 


yil. On voit qne jjav la mcme mothodo on rosoudra aisemont tons It 
lines, qiii conduiroient h dc toUcs equations: 

ydx — xdy = a ]/ (ac/.i;" '|- pdx’^-'' dy'' yda;““'‘ dy'^- -H 

•osant dy — pdx, on auroit 

y = px -\- a p'{a d- Pp^ d- yV'^ -V otc.) 


erentiant ot divisant par dp, 


Hffaf -V {n — n) j- etc. ^ 

(I v^la-h pq>'' -1 y p' + otc.)"‘ ^ 

D’ou, cii oliminant p, on tirora line equation algcbriquc ontrc x ol 
qu’il y a aiissi dp =- 0 ct ?> const. vi, les lignes droitos roni 
cctte forimilc: 

y nix -I- rt I- Pm^' -\- ymi^ -j- etc.) 
siitiRfeiout cgalement. Jc passe done a uii autre problome. 

PROBLEMS II 

Sur VaxeAB trouver la courbeAM B {Pig. 2), idle, qiCayani Ur 
qudeanque M la tangmle TMV, die coxipe cn sorlc les dexix droilc 
lirecs perpendicidniremenl sur Vaxc AB, en deux points donnes A 
rectangle forme par les lignes AT el BV soit parloul dc la meme gra 



A P p ]i Fig. 'I 

Win. Soit I’intcrvallo donu6 AB = 2a., I’abscisse AB ^ 
PM = y, et ayant tire I’infiniment procho p???, on aura Pp — 
Jim =: dy. Q u’oii tire les droite.s TR et MS parallolea k Taxo AB, 
blance dcs triangles ilnm, THAI et AISV, k cause do 

PB = MS = 2a — a;, 

fournira: 




(2« - - rt) dy 


e produit dovant otre constant =; cc foimiira cettc egalite: 


y 


xdy 

dx 


xdji_ 2ady^ _ 
th:~^'dxJ~ 


— cc. 


,1X. Si 1 on voiiloit traitor cctte cfjuatioii par la metliode ordinaire, on 
itroroit bien doa diffloultua, ot peutotrc n’arrivoroit-on cpi’apres bien dea 
'3 a I’bqiiation iutcgralo. Mois, pour nous scrvir dc I’autro methodo, 
5 dy — pdXi pour avoir 


(y — px) {y — p.v + 2ap) = cc 
m: 

yy "I" ^ (« — -t-') vy -* 2appx + pq)xx — cc oil 
yy -I- 2 {a - ■ :«) py {a — ;r)- pp — cc aapp , 
'extraction do raoino fournit: 


y -I- (« — a*) p = ]/ (cc H • aapp) ou 
?/ = — {a — ;r) p + ]/{cc -|- aapp) . 


X. Difterontiona maintenant cotto Equation, au lieu cron eliercher 
rale, ot nous obtiendi’ons: 


dy pdx 


{a — .t) dp -\- pdx -j- 


uapd p 


f/(cc q (lapp) 


tonnes pdx sc detruisant cnseinblo, la division par dp donnera: 


_ r = 

V(cc -f- aapp) 


aap 


|/{cc fifi?;?)) 

3tituant cotte valeur do a — ;c dans cello de y, on aura 
— aapp 


y 




pp) 


— i') app''-{ {n — /<) ayp’’ y otc. 
n\^{n -f- Pp'’ -j yp^ -j- otc.)”" ^ 

D’ou, cn dliminaut oa tivera uao equation algehriquc cntrc x ct y, 
qu’il y a aiissi dp 0 ei p = const. — m, les ligaos droitcs rcnfen 
cctte formulc: 

ij — mx -\-a^ {a -f ftm" ym'’ -1- etc.) 
satisfcront egalenicnt. Jo passo done a an auti’c problemc. 

VROBLEME ii 

Siir Vaxe ylB Ij'ouvftr la courbeAMB {Fig. 2), qidayant tire 
Quelconque M la tangente TMV, cUe coupe en Norln les dexix droitcs 2 
tirees perpexidiculairemmi sur Vaxe AU, en deux points doim6s A ct 
rectangle jorme par les ligym AT el BV soil partoul de la mbnc grandt 



XVni. Soit rintorvallc donn6 yiB — 2a, Vabscisao AP ~ x, \ 
PM == y, Gt ayant tiro rinfiniment proclic pni, on aura Pp = M: 
7tm. ~ dy. Qu’on tiro les di'oiteg TR ot MS paralloles a I’axo AB, ot 
bianco dcs triangles Mjim, TRM et MSV, k cause do 

PB ^ MS ^2a~x, 

founiira : 




BV^y -|- . 

mchnt, doviuit ctrc constant -- cc fournira cctte otr 
L. ■>-^y \ i ••»•'/// , 2 < t ^/' v \ 


. 8 i I on vouioit trnitcr cottc < 5 f|iiatiou par la mothodc ordinaire, on 
loit bieu dcs ditficultes, et peuteire ii’arrivoi’oit-on qn’aprcs bicn cle.s 
. I’dquation intogi-alc. Mais, pour noiifi servir do I’autre inetliodo, 
' = pdx, pour avoir 

{y — px) {y px b %tp) cc 

yy -l- 2 {n — ;«) py — 2 a/;p.r - |- -ppxx = cc on 
yy -j- 2 {a -- a-} py -|- {a — x)~ pp - cc 1 - uapp , 
raction do raoiiic fournit: 

y ~\- {(f' — x) p = ]/ {cc -[■ aupp) on 
y = — (« — x) p -\- \/(cc -b aapp) . 


DifT 6 rcntiona maintcnani cctte equation, au lieu d’on olieroher 
, et 110118 obtiendrons: 


dy ■- pdx — — {a — .r) dp H- pdx 


uupd p 
Vice q aapp) 


nc 8 pdx se d^truisant cnscmbic, la division par dp donnora; 


a — X = 


a a p 


Oil ;l' = a r. — 


aap 


|/(cc -t (la pp) " p/(cG -j- aapp) 

lant cetto valeiir do a — x dans colle de y, on aura 


— aapp , , V cc 

/ = -/TT~, ^ 4' aapp) ou y = -r, 

\/{cc-\- aapp) ' ' it'/ J y{cc -\- aapp) 


rdiinination cle la- ft^iantite /> se fcu-a en ajoiitant Ics i[iiarre 
formulcs, ce qni donncra: 


done: 


(a — a-)* ^ yy _ aapy h 
aa ' cc cc-\ruapi) 


yy 2ax — xx 

cc a a 


ou ij - --- l/'(2a;V • - -r:):). 


D’oii nous voyons qiie In coiirbe clicrclice csL uno ellipse docritc 
et dont Jc demi-axe conjiiguc est — c, do sortc qiic dans uno 
rectangle dos tangentes AT ci BV soil toiijours egal au quari 
coiijngiie. 


XXII, Mais il eat clair qu’outre oette ligne courbe il sati 
problcnic uno infinity de lignes droilcs TV tellemcnt tiroes, ({ 
A T' BV soil --- cc. Cca lignes di’oiics se trouveront par le divisci 
poa6 = 0, donne p =- const. = n. D’ou nous aiirons: 

ij ^ — n (a — x) -f \/{cc f nnua). 

B'oiq si X ^ 0, nous tirons 

AT — na •!- ]/ {cc + nnaa), 

ot si .'c = 2 a, 

BV — na f j/(cc + miaa), 
do sovte qu’on ait toujoufs 

AT - BV = cc, 

quelque valcur quo pnisso avoir le noinbre n. 

PROBLEME Jll 

Veux points etani domiis A et C {Fig. 3), trouver la ligne c 
que si Von tire line iamjente quekonque MV, qu'on y mene dn pre 
perpendiculaire A V, el qu'on joigm de Vaulre point G cl V la 
droile CV soil partout de la nieme grandeur. 



cm. Poaons la diatanco doniicc AO ?>» ct pronant coUc ligne pour 
’on y mcnc du point Tapplicpieo il/’P, ct aon infiniincnt proche pm. 
= X', ct PM ■— y\ ct a cause do 

Pp ■■■■■ Mn — tlXy ct Tim. == dy, 


Mm — ]/ {fh^ - 1- dtp) = (iff. 


is6, nous avons vu dans la solnUon du j)ro!nioi‘ problomc qn’on aura: 

y Vdx—xil y 
du 

s aussi du point V surTaxcla pcrpcudiculairo FX, ct i\ cause clcs triun- 
iblablcs Mmn ot VAX uousaurons: 


yx ~ ot AX ^ ^^dVddx — xdy) 

(i.s^ " ■* 

uit : 

ox . -.h 

' d.r 


CTV. 8oit inaintcnant la longueur donii6o UV — a, ot lY cause do 

CP- (7^2 A- XV^ 

irons : 

jj , 2bdy{ifdx — xdy) ^ [ydx — xdyV 
(I a -- 00 -[ 1“ ^ ^ 

do dx^ + dy"^ = ds^; 
lus: 


2U 


>i Eui,Eni 0|Jom omnia T 22 Coinmonlrtlioiies niialytictui 


a a - 


b b (Jx^ 


(lont la vacine (iiiair^e cst 

yiU — xdtj My ^ , 

(is ils ' 

on bicn cn mtiliipliant par ds 

ydx — xdy hdy = y{aads‘^ — bbd:i 


XX\'. lei il cst aussi evident, qu’oii se ploiigeroit 
enmi3-ant, a\ Ton voiiloit entreprendre la resolution clc o 
inetliode ordinaii-c. Je pose done dy == 'pdx, et a cause dc 
notre e(jnation difl'erentielle prendra cette forme 

y — px 'h bp ~ / {aa (1 + pp) — bh 
que jo difi'erentic encore, ct posant pdx pour dy, j’aurai 


pdx — pdx — xdp + bdp = 


a up (Ip 


qui etant divisce par dp donne; 


V{aa (1 q- pp 


et 


h-x--^ on r-/,- 

q- pp) — bb) " 

)/ = _ (6 _ X) p -1- |/(aa (1 -f pp) — 


y{(ia (1 - 


Amt { 


XXVI, De la, pour eliminor p, je forme 




b~~X _ 

« v(««Tn~^pr~66) 


ap 


-■r—.-r: et 


y 


V{mi~bb) V(Q 
et ajoutant les quaiT6s de ccs formules, je trouve: 


^ yy 


«a 


«a 


_ _ (la (1 q- 
bb aa {I ppyZIJy 

<m «l requntion pour uno ellipse, dont le centre cst 
. ct le clenu grand axe = CV. Mais outre cette elli 
aouue encore unoinHnito de ligues dr'cltes, co, uprises di 

y = — ?i (fc — x) + / (aa (1 -f- 7in) - 


ml lire une ianrje.nte (jutdeonque VMXy si Von y inene. des points A e. 
-pendiculaircs AV ci BX^ h rectangle de ccs lignes AV-BX soil q)ari 
mhne grandeur. 



lXVII. Soit la diatanoo des points donnas AB qu'on y tiic 

tidiculairo MP, ot rinlinimonl. procho m/?; ot qn’on uommo los ca 
es: A P a*, PM — ?/, pour avoiv 

Pp =j= Mn = dx, 7im = dy ct Mm = j/ {dx^ -|- dy^) = ds, 

)osc, nous avoiia vu, qu’on aura 

j y ^ ydx — xdy 
ds 


1 tiro de plus AB, porpendiculairo snr ct la ressemblanco des 
) Mmn et ABU fournira 


y ajoutant 


BR 


2h(ly 


RX^AV = 


yd X — xdy 
ds 


aiu’ona 


ydx + (26 — x) dij 


clout la racine quarree est 

yjx^ bdy ^ I _ 

ds ~ ds * \ ds^ I 

ou bleu QU multipliaut par ds 

ydx — xdy + hdy = \/'{aads^ bbdx 

XXV. lei il est aiissi evident, qu’on so plongcroit 
cnnuyant, si Ton vouloit entroprcndre la resolution do o 
inethodc ordinaire. Jc pose done dy ~ ydx, ot ti cause dc 
notre Equation difii6rcntieUo prendra cetto fonno 

y — px + 6p = |/ («C6 (I pp) — bb 

C[ue je dift’ercntic encore, et posant pour dy, j’aurai 

P,lx - pdx - xdv + 
qui etant divis6o par dp donne: 

h — x~ -y — 77-7~"i — / rr x 77 — 7^ 

V{«rt(l + pp) — 0h) g(rtrt(l 

et 

y^-{b-x) p -I- ]/[aul\+ pp) — bh) = 

XXVI. Be IJi, pour eliminer p, jo forme cos fequutioi 

illl = p. y ^ V 

a — bb) y[aa — hb) y{aa 

et ajoutant les qmirres dc ces forinulca, jo trouvo: 

jl* — _|_ yy _ ^ (I -1- pp)~bb _ 
flo aa — bb aa[\-ypp) — bh~ 

qui est i’^qimtion pour line ellipscj, dont lo centre est ci: 
.<4, et le domi grand axe = CY. Mais outre cetto ellipse 
donne encore une infinite de lignes droites, comprises daiif 

y =: n{h — a:) -\- |/ {aa (1 + nn) — 


s perpcndicvlutnu'i AV c.t JJX, le re.clan(jle dv. v.cs lifjnas AV-BX soli 
^ la mhrie (jrandmr. 



XXVII. Soit la dintaiico dew poiiils doniu'H A B ~ 2b, qu’on ; 
orpcndiculairo M P, ol riiiliiinnoiit j)roclic mp; (jI qii’on nomnio 1 
DiinccH: AP PM =-• ?/, ])om‘ avoir 

J>p = Ain ■ - dx, nm — dt/ ot Mm. — {dx^ -(- dip) = da 

ola pos6, nous avons vu, qu’on aura 

AV — ^ ~ ~ // 

(Ih 


iu’on tiro do plus AR, pcrpondiculairo sur PX, ct la rossomblanco 
iglcs Mmn ot ABR fournira 


; en y ajoutant 


da * 


nx ■-= A v=. 

(Is 


DUS aurons 


ydx -|- (2h — x) d y 


XXVllI. Sans nous embairassor de la mcthoclo ordinaii 
(If/ — pdx, de aoi't-c quo 

th^ = dx^ (1 d- VV), 

et nous aiiions: 


[y — px) [y — px -!- 26 jj) = cc (1-1 pp) 


qui sc rcdiiit a: 

yy -\' 2 (6 — a;) py — 2bppx -[- ppxx cc (I -[ ? 

on a 

yy -^2{b — x)pij -h (6 — xf pp = cc{\ -1- pp) -1- 
dont la racino quarr^c cst 

y {h’~ a*) p = \/ (cc [bb -|- cc) pp) 

efc pai’tant 

y = —{h — a*) p -h 1 / (cc -|- (66 -t- cc) pp) 


XXIX. Diffdrontions encore cetto eq\iation clifr6vouticni 
dy =; pdx nous aurons: 


/nix = _ (6 — dp -f pdx 


j/(cc *|- (66 ••}- cc) 


qui dtanfc divis^o par dp donne d’abord: 


ou bien 


posant pour abr6gci* 
De Ih, nous tli’erous: 


X = 


(66 -|- cc) p 


V[cc + (66 -p cc) pp) 


b~~x:= 

|/(cc p aapp) ’ 


66 -|- cc = aa. 


cc 

vice a a 


!/ = — (6 — x)p-p ]/{cc H- aapp) — 


a y{cc-\-aapp) c y(Gc-ran-pp) 

H auroiiH eii ajonlaul Ics quarrcs 

^ yj ^ ^ 

an ■ cc 

XXX. Cette equatioji c^t, comme il {59t <^!vi(lunt* pour inio ellipse, cloi 
Di’s sent (Ians los ])oint.s A ct Z>; ct partaiit lo centre au point dii niili( 
lemi petit axe sera done — c; et e’est au qunrro cluqucl, quo aora partoid 
icUiugh) AV ■ ]JX: ce fjui cat auasi line projn’iotc conniie dc; rdlipso. Or 
si dos lignes droites, qui aatisfont au nieinc pvoblomo, quo lo divisciiv dp 
s fournira, car posant p = ??, IVujuation pour tontos cos lignes droites 

y ^ - n {b — x) {ex, -j- mhaa). 

pourroifi encore ajoutcr iin grand noiubrc dc problenios soinblablcs, 
Hrmor cc paradoxo, jnais cos quatro scront onticroinont .siiffisauKS poi 
liver la vdrit6. 


SECOND PARADOX K 

XXXI. Lo second paradoxc, quo jo ni’cn vai dialer, ii’est pas nioiiif: 
nant, puiaqu’il ost aussi oontrairo aux iddea coininunos dii eaUuil int<: 
s’iniagino ordinaireinent, (ju’ayant unc eejuation (li-fTerontielle quolooi 
ii’ait qii’A, clierolicr son intcgralo, ct A. lui rendro touto son dtcncluo 
itiint line constanto inddinic, pour avoir tons Ics cas, qui sont coinjiria 
nation difl'drcnticlle. Ou biou, lorsquc coUc equation difl’drcutiollo t 
iltat d’une solution cl’un problcme, on no douto pas quo Thquation iiitdj 
on cn trouve par Ics regies ordinairos, no ronfenuo toutes ics solu 
siblc.s dll problcme: cola s’entend, lorsqidon n’aura pas neglige Tadd 
3onstantc, quo toutc integration cxige. 


XXXIT. Copondant il y a dcs cas, ou IMntdgration ordinaire nous co- 
ne equation linio, qui no renferme pas tout co qui ctoit contenu dans lb 
i ditTcrontiello proposco; quand inemc on ne neglige pas la constanto 
mde. Cela doit paroitre d’autant plus paradoxo, plus on est accou 


piesciitos, n’cpuise pas 1 etcndnc do 1 equation (imcrcntielle, ic pi 
mcttra des solulioiis, quo rintogration no fournira point, ot pai-tant 
a line solution defcctucusc, ce qui scmblc sans doiito rcnvcrsor 1< 
ordinaircs du calcul integral. 

XXXITl. Or il est fort aiso de proposer unc infinite d’dquatic 
tidies, auxquellcs repond un certain rapport cnti’c Ics quantites vai 
est impossible dc trouver par la voye d’intcgratiou ordinaire. Soit, p 
proposee cette equation diflfdrenticllc: 

xdx + ydy dy \/(xx yy — aa), 

ct il est evident quo Tequation finie 

a‘:c -\- yy -- aa = 0 

lui aatisfait entieremont. Car ayant de la xdx -|- ydy 0, I’ln 
inembre de Tequation diff6rcnticllc cvnnouit do soi-inemc: co ( 
marque indubitable, quo cette equation finie 

yy — aa 

est contenue dans Toquation diffdrenticllc proposee on quo lo core! 
problemcs, qui eonduisenfc a ccUc equation diiTdrontiolIo. 

XXXIV. Cepcnclant, qiiand nous intdgrons cette equation di 
nous ne trouverons iiullement co rapport .rx -1- yy = aa\ car, div 
equation par \/{xx -{- yy — aa), que nous ayons: 

+ y'‘y = w,, 

]/{xx yy — (i(i) '■' » 

I integralc est evidente, et memo dans toute son dtcndiio 

}/ (.xu*d- yy — aa) = 7/ + c 

ayant introduit la constante indefinie c. Or il est clair quo I’equatioi 
v^e yy -|- .x.r ~ aa ii’est pas absolument renfernieo dans cette cqi 
giale, quelque valour qu’oii donne a la constante c. 


XX 


— aa -- 2cy cc ct y r.= 

2 > 0 

parUint on croiroit ciii’anpfoblcnicproposo, qiii aura conduit a cotte cquat 
satiafiasont qu’uno infinite do paraboles, contonues dans Tequation 

XX- -a a — cc 


on IcH din’erentos valours dc c. EL puisqu’on a trouvo une infinite do p; 
los, on doiibna d’autant nioina, qu’on ne soit arrive a uno solution com])! 
pendant nous vonouH do voir qu'au meme probleme satisfait anssi Ic ce 
ntenu dans IVapiation xx ■\- yy - aa. 

XXXVI. J’ai rennontrd qnclques aufcrcs cas de cctie esi^oo dans i 
ait6 du inonvoinont, ou j’ai dcj^i remarque ce meinc paradoxe, qn’ 
uation di dVjrcntiolIo I'cnfcrfue quelquofois dca aolutions, qui nc sent ] 
inprisos dana IV^qiiation intcgr(f‘o‘); j’y ai anssi donne une regie sure, p? 
)ycn do laquollo on pout trouver ccs solutions contonues dans les equati 
iTdrontiollos, qu’on no aauroit plu.s tircr dc Tequation int4grco. Cependj 
mnio jo n’y ai ])as fait HCiiUr assc.s ovidemmont riniportanco dc ce pnrad( 
pourroit croiro f[\ic e’est C[Uclquo I)izarroric dans dcs probl4mes m6caniq 
i n’auroit plua lieu dans les problcmcs de Geometric; ou que ce ne sc 
s un roi)roclio, (pi’on pourroit fairo dircctcnient h I’Analy-so memo. 

XXXVJI. Pour i’oxcinple quo jo viens d’nll^guer ioi, commo il est fo 
fantaisic, on pourroit aussi doutcr, si ce cas se rencontre jamais dan 
[iition d’un prob/dnio rdcl. Blais les mcmo.s cxemplos, que j’ai rapport 4 s j: 
iaircir lo premier paradoxe, sorviront aussi a eclaircir oclui-ci. Car le proi 
ohleino demandant uno courbo tcilo, que ai Ton meiic d’un point donne 
utes sea tangontea dcs lignea pcrpciidiculaircs, tontes aes perpcndicnla 
lent 6galc3 cntr’clles; cc probleme, dis-je, etant propos6, on voit dal 
I’un corclo d6crit dii point donn6 comme du centre avec un rayon egal 
oito, a laquollo toutes Ics pcrpendiculairea mentionnees doivent etre egr 
tiafera an probleme, 

1) Voir Mechanicu dive inotua scicnlia Tonuia piiiuus Caput V §(540, Potropoli / 

’<{){ Euciiiii opera omnia, nortos If, voJ. 1 p. 211. 


ou Ics vnvilibles et y sont melees entr’ olios, on a vu qu(i par lo n 
substitution 

y = u\/ {a a — ;i’.r) 

ello so cluiuge on cette separbe, 

du _ adx 
■ 1) aa — XX ’ 

(lout rintegralc prise clans toute son etcnduc btoit 

u 4- j/ (uu 1) — 71 K ’ 
cl’ou j’ai tire* cotlo bqnalion; 

2 / =•- -2 (“ + ■'C} 2 ^ (« ~ 

laqucllc no ronfenne quo dcs lignos droites, do sorto quo lo cc 
cetto licurc cnticromont cxclus do la solution du problomo ])r 


XX XIX. 11 on cst do memo du problomo second, (pu cst ri 
nous avons vu par uno ellipse exprimee pai‘ octto dquatiou 

y — .TX'); 


CO qui est aussi olaii* par les propribtes connuos do rdlipsc. Or 
cetto bquation diftbrcntielle: 



xdy , ^idy' 
d X ^ (lx 


cc 


nous cn tirerons par Textraction de raoiiic: 

dy (a — X) y-^ V'i ffayy — cc {2ax — rc.r)) 

dx 2ax — XX 


(2 ax — a;a;) dy — {a — .r) ijdx — dx ]/ {aayy — cc (2 ax - 
Or il est bvidont que Thquation 


(tayy — cc (2 «a; — ^’.t) ~ 0 


nt oil cUncrcuUant lours logai’itlimes: 

(2«:r x*a:) dy — (a — a;) ydx — 0, 


thj dx {a — .r) 


oil 


y zux- -xx 

quo dans co oas rim oL I’auirc mcuihrc do rcquatioii dilTcrcnticlU 


Mais, si nous fcraitons ccttc 6q»atioii (lifyi^icnl-iello scion la in<5fcliock 
ct quo nous ])Osions 

y u \/ {2 ax — xx)^ 

)i]’ 

y{aayy — cc (2 a:c - - ]/(2 ax — xx) [aauiL — co) 


dy — du i/{2ax — xx) -h v;!- — . 

lU'S subsUtiK^os oliaugoroui no(.ro cqimtioii on cotto forme: 

i’ — xxY -[- (« -t-) - - xx) — « {a — ■ dx \/{2ax — rta') 

= dx \/{2ax. — .T.'f) {tKiuu — cc) 


6duit inaintonant cotto sdparco, 


(hi 


dx 


oil 


adu 


atl X 


yiauvii — cc) 2ax — xx yiaatiii — cc) 2«.i: — xx 

itcgrale priso g6n(5nilcnicut esC 

juu ~l- y(aaiiu — cc) ,, x 

I - 


au + Viaauu - cc) = bi/^- ^^= 


L Do lA, on trouvora ais6ment la valour do qui sera: 


ccy'(2ax — xx) , 
““ = 2bF— + 


6x 


2 y(2ax — XX) 


Eijluki Upora omnia I 22 Coinmcululiunos amtIyUcuo 
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cci'lux — XX) bx acc , ( 66 — cc) x 
a}j= ^ 2 ~'b~ ~~26 

ct a cst 6viclent que cett(j equation intcgralc, quelque gonoral 
a. cause do la constaiitc indefinio h, no renfermo pa.s rolli]).so d6, 
meinc accident aura aiissi lion dans les eleux aiitros pi’oblcri 
lorsqu’on traitera les equations diftcrenticLles trouvees par ia mot 
on chei'chaut son integvalo; ou TcHipse qui oii fournit inio bol 
sera plus comprise. 

XLIi . Mais voici la regie gonoralc, par laqncllc on pout aia 
cos cas de rint6grale d’unc 6qiiation difterentiollo pro[)osco, qi 
I’int^gration ordinaire. Soil z uiio fonction qiielconqia^ des c 
.'c ct y, ct Z line fonction quclconqne do z. Soiont do plus P, l 
fonntiom quelconquca dcs variables x et y, ct supposons q\i’oi 
a cotte Equation diftorenticllc 

Vdz ~ Z [Pdx + Qdy), 

et il est clair, C[ue la valeur Z = 0 satisfait ^ cotto (>quatioiu car 
z = const, et partant dz = 0, de sortc quo dans lo cas Z = 0 los 
do rdquation propos6o ^vanoiiissont. 

XLIil. Par lo moycn dc cotte regie on trouvora uis6moi 
contiont une solution du second problcmo; cai‘ 6tant parvonu 
diffdi'ontielle: 

Vljl^-cc) = - xx) - dx V{aa 

pronons u ponr 2 , ot la fonction \/{aauu — cc) pour Z, et I’dqii 
sera remplie par I’cgalite 

2 — 0, on aamt — cc = 0, 
d’oii Ton tire u ~ oi paitant 

2/ = ~l/(2aa:~a;a:), 


X LIV. 1! cst ici ti roinarqncr, quo cos meinoH eas inacoossiI)Ics a V 
tiofi o/’diiiairc, aout [jf^ciscuiout coux, qii’iUK^ dinorofitiatiau roitcrcc 
)urni.s dana los ('claircisaonictiis du proinicr pavado.xc. Et pour pen qu’ 
euliisHO, on s’apcrcovia quo cct accord ii’ari'ivc pau par f|Uclquo liazari 
poiJiTu prononcer on gdiuVal, quo toutcfl los fois qidinic ('([uatifui dilY( 
Ic, ctaiit eucoro dilToicnUoo, eoiuluit inuuddiaiiMuont a mio 6(iuation I 
Lo Equation liuic no saui'oit jamais cUo troiivco par la voyc ordinair 
tdgration: mais quo, ])Our la trouver, il fani. ap()liquor fa regie quo jo \ 
xposcr. Do la on voit done quo Ics deux paradoxes oxpliqiies sont tcllci 
ctiHomblc, quo Tun ronformo ncceHsairouicut I’aiitro. 

XLV. La regie done, Kuivanl. laqiiello on jugo ordinaii’oniont, si 
lation (liffcrentielle cst integroo dans touto son obenduo, on non, ' 
gonoralo. Oii croib oojninunomont, quo Ior.s<pj*(U3 a inbogre on sort(> 
lation difVcroriLiolIo, quo IViqnation inlcgrale cont/ionb uno eonsbanle i 
0 , qiii no ae bronvo pas dans la difToronticdle, nloia r6quation inlogralo 
)ploUo, ou do la memo obonduo quo la dinorenbiello. aMaia nous voyon.s 
cxoinplcs rapportca quo, quoiquo los 6c|uationn ti’ouveos par Tinbegrr 
tioiinonb unc telle conatnnlc, {pii somblo les rendro gonerulcs, los equal 
orenbiclles ronfcnnoiit pourtanb line solnUoji, (pii ji’o.sb pas comprise 
t6grfilo^). Ccltu circonsbanco snr Ic critcre don equations intc^gralos < 
btoa nous pourroit fournir nn troisioino paradoxc, s’il n’etoit ])as (X6 
>it 02 ncnb li6 avoo lo pi'6c6clont. 

XLVl. II pout done souvent arrivor, qu’il ost m5ino abaolumcnt iiti 
0 d’intogror, ou jncino do sepai’or unc cejuntiou clillcrcuitiello propose 
it on pout n6annioins ]iar la roglo doim^o trouvor uno equation bnic 
isfait k bi question. Ainsi, si Ton etoit parveini dans la solution dbin 
mo a uno tcllo equation 

aa (aa — .t.t) dy -\- aaxydx = {aa — .rrr) {ydx — xdy) \/{yy -\- a;a* — aa 

it on ontroprendroit inutilomcnt Tintegration, on scroit pourtanb sur 
to equation finie 


1) Voir Imlilutionca calculi inlegraliti vol. I, § C40 — 2570, OOf* — 703; vol. II, § 821. Lkoa 
Eni Opera omnia, worios I, vol. 11 ot 12. H 


yy XX — aa -- 0, 


tant Tun qnc Fautre mcmbrc de I’cquation ovaiioui'l-; co ([ni (hw 
lorsqu’on met 

y — z \/{aa — 

car alors Fequation prendra cclfcc forino: 

aadz = [ydx - xdy) \/{zz — 1), 

ot posant^ = \/{zz — 1) on aura par la rcglo donneo \/{zz - 1) 
ct partant yy -j- a;.r — aa. 
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scilicet Diophanteao annloga; cuius ju-incipia Auetoi- itt hue diK.sortafio 
(lisUncte pvoponit, sod ctmm eo usque prosequituf, ut proljicinaia, ()uao iv 
lyscos longo supenivc viderontur, mino sine ullo fore laboro rosoivi (|iioant. 
haec nicthodu.s, quonsque hie cst cxculta, plurinniii) adluio a porfoctioii 
(piiturque ain])lissiinus campus, in quo Geoinetrae vires suns cxcu'ceant, at(p 
parto fines Analyseos pi-ofomnt. Quanquam cniin ai) Aiictoio inmunora 
din'eiontiales ad inlegmbilitatem sunt perductao, lamcii pluiiinao sipjt 
artificia hie iradita nondum Bufficiunt; vcliiti si eiusniodi qunoratui' lolatio i 
X ct y, ufc hnoc formula d- integrntiononi adniittat. Auotor fi 

adlmc modo id praestarc potuisso. Veruin clantur sine dubio ot in hac i 
oinneni reductioneni rcs])uonlcs, qucmadinoduin ciiain in niclhodo Dio])}u 
fornuilac, quae indlo modo ad quadraium lediici posaunt. I’lminuini igit 
stitiaso censenduK erit, qui, cuiusniodi formulae ad rcdiicendiim piano sinb in 
ostondore potuorit. 


Quanta affinitas inter analysin finitoriim ct infinitonnn iiit 
utraquo cx iisdem principiis sit aata, atquo sin\iUbus operatiouibut- 
nemo iguornt, qiii in ufcroque calculi gencre vcl loviter fiiorit voi 
latius auteni hanc affinitatem pafccrc doprcliondi, quam vulgo j)i 
quemadmodum in analyei finitorum ea nictliodn.s, qnao Dioplu 
refortur, iusignotu occupat locum, itn ctiam in anal.ysi infiriitor 
dari calculi genus observavi, qui mothodo Diopliantcao poniti 
similibusque operationibuB absolvatur. Quanquam autoin luiiui 
analysi iiifinitorum nonnuUa iam passim occuvrunt spocimina, quo 
mentionem sum factunis, tamcn in iis nulla certa solutionis via 
solutiones casu potiiis nc divinatione inventao viclcntur, ita ut ii 
cei'ta ac tuta metliodus ndhuc dcsiderotur. Quainobroin inihi qi 
calculi genus in medium proforre vidoor, qui oinnino dignus sit, ii 
cxcolendo Gcometrao vires siias exerceant. Mihi quidein tantuin c 
eius fundarnenta eruere, quao autem iam ad phirima satis illustria 
recondita problomata solvenda sufficinnt; eaque liic quantum po 
et dilucide oxponam, quo a-liorum, qui in hoc gencre elaboraro vo] 
promoveatur ac sublevctiu*. 

Ut igitur priraum indolem ot naturam huins novae methodi 


1) Vido notas, p. 70. 


]uc ox inliiiita .solutioiuuu iiUMtitudinc cas obcore dooet, qiiac quantitat 
.ionalihiiR oontinoantur, iU nova nostra mcthodus quoquc nonnisi iiide 
nata probloinata coniplcctitur, ot cum discrirnim, quod in analysi finito 
;ci' qiiaiititat (5s rationales ot surda^H statiii solct, iii analvsi infinitoruni 
‘inicn inter (luautifatoM algobraicas ac tranycendentes respondeat, nc 
strae inetliodi vis in hoe erit posita, ut ex inlinita cuiusque problen] 
iitioma)} eopia cac seeerjjantur, quao quantifcatibuy algebraicis contiiii 
i‘. tl iiiusinodi igitnr probleinata imielermiiiata methodo nostrae sunt proj 
orum solutio in gencre eoncopta formulas transcendentes, sou ijitegi 
,'olvit, ex quibus deiuceps cos casus oUci oportet, quibus quantitates ^ 
inscondontcs in algcbraicas aboimt, sou, quod eodein redit, formulae 
-egralcs intogrationeni adinittant. 

Per cxempliun tain natura linius novae methodi, quam eius affinitas < 
jtliodo Diopliantea clarius ohieescct. Uti cnim in methodo Diophantea qu 
ot, qnoinodo quantitates x el y inter sc debeant esse comparatae, iit 1 
'inula {/ 1 ////) /iat rationalia, ita in nova nostra methodo huie sii 

L ista (juaostio, qua iiitor {piantitatea variabilcs x ct y (ui qimeritur cond 
foi'niula spooio tmi)fiC‘ondon« f\/ -\- fh/^) algobraica, aou ufc h 
'inulao valor nlgcbraice exhil>eri queat. Manifestum cst, jioc problem 
od instar oxeinpli attuliinus, cjuacri curvas algcbraicas, quae sint n 
iibiles; volatio euiiu inter x ot y, quao coordinutas curvao denotabunt, re 
ur algobvaioa, undo quacstio circa curvas algcbraicas versatur, ct cum Iv 
rvao aroiis indolinito ])or d- dy'^) cxpriinatur, quoties ista forn 

5 obraica roddetur, toUcs ipsa curva crit rcctificabiliH. 

vSimili inodo si oiunos oao curvao algelmiicao desidcrentur, quao sint qiiai 
cs, ])erNpiouuin ost, C[uacstioncm hue redire, \it eao rclationes inter quo 
ios variabilos ;r ct y assiguentur, quibus haec formula integraiia ^ydx i 
itionem admittat, at(pio ad valorem algcbraicum perducatur. 

Ktsi aufcotn liio jioti.ssitnum quantitates algobraicac sunt proposi 
rindo atquo in nielliodo l^iophantca (juantitates rationales spectari sol 
non eo quoqiio roforendae sunt chismodi quaestiones, quibus form 
acpiain integralcs non algchraicc oxprimi, sccl propositam quandam tr 
identiuin quantitatuni speoiom implicaro dobenfc; voluti si quaeraiitur c 
)cli curvao algebraicuo, quarum I'cctificatio non algobraico perfici queat, 
qiiadratura oirciili pciideat. Variae cnim transcendentium quantita 


venue clocct. quoqiic ad cas oiirvas, qimruin rcctihcatio a 
pcncleat, invenieiidas aptam tore, id ejuod ox secjucnUbus cl 

liuinsinodi probiema iain ante coniplurcs annos a Colob. 
propositum^), (juo eiusinodi ourvani algcbiuicain t[uaosivon 
rectificabilia, sed cuina rectilicaiio a qiiadi’atura datao ciirv 
tameu iiihilo minus tot, quofc lubnerit, arcus absolute reef 
Piopositiono huiim problematis turn temporis aunimus Ai 
loll. Beiimouluus b. m. adco obstnpuit, ut non solum 
Heumanko solutnin esse non credidcrifc, sed ctiain sagac 
longc supcrarc pronunciaverit; quod quidoin ncinini minim 
illo tempore nulla plane ullius methodi vestigia ])atuisscnt, ci 
problcmata tractari posacut. IIekmannus etiam cius solu1 
ambages cx ijimdam Jinoaruin enrvarum contem]>Jationo Jiai 
intuitu nihil piano einolumenti ad pvopositum cxpcctarc lici 
nato ad solutionoin ante pervenisset, quam do ipso prob 
Visa nutem iaia Hermamni aolutiono, Beunoulltus (jliam 
solutioncm ox sola analysi petitam: sed cuius fundament 
absconclitum, ut divinatione potius, fpuuu ulla corta via, f( 
tionom continentes eniisso videatur. 

Cum hoc probiema non solum ob summam, qua imp 
tatem, sod etiam ob oxiiniuin usum, qui indo in analysin red 
omnium tiini teinpom Gcometi'arum admirationem oxcita 
quantum constat, in certain atqiie ad huiusmodi pj’obloma 
inctliodum inqiiisivifc, qua novus omnino amilyscos infinifcoi 
aperirctur. Ego igitur longo post intervallo fortasso primus ( 
liuius methodi cogitarc coepi, quorum benehcio memorati 
solutio dirccte sino ambagibus ac divinatione obtinori poss 
regulas quasdani non contemnondas, quae ad novae istius m( 
iacienda idonea sunt visa, carunique opo non solum plures 
quod crat agitatnin, soliitiones sum adeptus, sed etiam non 
generis problcmata dodi soUita, cuiusmodi cst illud, cuins g 
in Dissertatioue do dnabus curvis algcbraicis'*) ad commv 

1) Vide nolaiii 1. p, 76. 

2) Vido notani 2, p. 70. 

3) Vido L. Euluhi Corninontationom 48 huius voluiniDia, p. 70. 


I cclavi, cum milu propositum priina <|uaHi liuius lucUiodi clcm 

sini cx])licarc, quo coruni iisus iinipUssiimis cluniiH pcrsjnciatiir, iv 
,(1 hoc miicum pmbloma adstricta vidoaiiUir. Fatcri (piidciu sbitini o( 
Icvom adhuc partem tautum Iminw novae methodi, quain hie prop 
slcasyc; vornm his prineipiis .stalhlitiH^ non diihito, quin ea mox nu 
emonta sit accoj)tura. 

Divisio huiusmothodi in partes .seenndnmnatumm I’ormulanim integral 
rum valorcs algcbraici sunt efiiciendi, comniodissime institiiotur. Cum ( 
per rolatio inter duas quanti tales vafiahiloH .ret // quneratiir, ut iinaplm 
iMjlae iutcgrales, q\mc Inis variubiicH nna enin siiis dil\\^venUaUl>usinvol^ 
braicos obtineaut valorcs, liuinsnuKli formulas in sotpioiik^y ordines (t 
convonict: 

Ordo ])rimus contiuol)it hninsmodi formulas \Z(IXy ubi Z eat fimctio q 
(jue algol)raica ambarum quantitatnm ;r cl. y. 

Ad oidiuom secundum refero eas buanulas \Zdx, in ([uilms poaito dy 
u’a ^ est fiuKsiio non solum ipsannn :f cl y, sod ctiaru i[)Hius p. Ubi lu 
\ eat, non solum formulam f Zdx, sod ctia-m luuio jydx ■■= y algcibn 
ore doboro valorcs. .11 uc reduountnr cno formulae iutograloa, iu qiiibus i\ 
:)i'outialia dx ot dy occuu'nmt, veluti fj/ {dx“ -[• ^///')» quae posito dy = 
haiic formam jdx \/ {\ \- 'yy) rovoeatur. 

Ordo poi'i’o ttM'tius eiu.smodi comprohendet fonnulas iutegralea, in qi 
m (lilTercntialia secuiidi grades insnnt, quae aiitom, poiicudo dy--])( 
gdx, ad hanc formam pordncontiir, ubi littoral cril functio q 

turn .r, //, p et q. Ilis igitur casibus non aoliun formulae \7jdx^ sod c 
um formularum Ipdx et \(yix valorcs nlgobraici olTici debobunb. 

Ordo quartiis complectetur eiis fornuda.s inU^giules, cpiae quantiti 
t y clin'erontialia etiam tertii grades involviml; haoque ad formam J 
ucoritiir, pouciido dy — pdxy dp -- qdx cl dq rdXy ubi quaiititas Z 
;bit praotcr qiuuititatc.s x ot y etiam has p, q ot r, Jliiicquo simul 
uontium ordinum intolligitur. 

Praotcr iios ordines pcouliarcm oUissom oonatituiint ciusmodi forr 
dx, in qnibus Z non .solum qiianti laics algc.brnicas x., y, p, q etc. uti i 
inibus, coiitinot, sed otiam formulas iiitegralcs eomplcclitur, voluli si : 


:oKitAHUi Momoui 0|ioni oinniii, [ 22 C'oiiinu'iitutioiu'H uimlylic-uo 
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^xdx \dx\/ (1 -|- pp) 

efficicncl.a sit algoljraica, pro quo rclatio inter quantitates x ct p def 
In hoc excmplo piinnim patet, cum sit di/ -- pdx, valorem liui 
jpdx esse dcbei'c algcbraicum. Delude ctiani valorem luiius 

idx\/i\ -'rpp) 

esse oportebit alg(!braicum, qui si ponatiir = s, tandem liacc fori 
ad valoieni algcbraicum erit porduccnfla, ita ut imica liace formu 

f xdxf j/ {dx^ -1- dp-) 

reductioncm haruni trium formulariim 

1. [pdx = y; 11. [dxy' (1 -|- pp) -- s; TIL Jif-sY/.r 

ad valores aIgol3raicos requirut. Kx quo intclligitiir’, etiam huiusim 
ad ordincs ante cnumcratos rcvocari posse. 

Totum igitiir nogotium novae hnius methodi, qiiam oxamini / 
pi'opono, in hoc consistit, ut eiu.smodi rclatio inter binas variabik 
vestigetur, qimc unnin ])lurc8vc formulas intcgrales, ouiusmodi : 
supra desoriptis sum complexus, algebraicas reddat^). Hie autom 
problomata occurrunt difficilUma, a quorinn solntiono oqiiidcm i 
sum reniotus, sed etiam fortasse eiusmodi cxcogitari possuut, c 
plane solutionem admittunt; omnino uti nan vonii'o aok'.t in pr 
ad metliodiim Dioplianteuiii pertinontibus. Undo etiam sine dubio 
tudo locum inveniefc, ut alia problemata solutionem gonoralem, al 
turn solutioiies speciales permittant. 

Iluiusmodi igitur problemata hie tantum proforam, qiionim 
inveni, ut lioc inodo specimen ac prima quasi clomcnta novae mci 
iilteviiis excolcndatn propono, c.xliibeam, quae ctsi cxiguatn taiii 
huius methodi constituere vidcntiir, tamen viam, qua iilterins pro 
patefacient. Certa autem indo earum operationum ratio pcrs|ji( 
dii’ccto niliilqiic di\’iuationi tribuendo ad solutioncs cormn problen 
ante commemoravi, perducant. 


1) Vide iiotam p. 31. 


^ (jiiadraliira pendcbil vilcgraiio alterius jormnlae jydx^ uh cadem q 
rii(s jxdy hilcgralio pendebil. 

J)cmonstratio cst manifcsia, cum sit 

jydx = xy — fxdy, 

le patot, si formula jxdy fucnt vcl algcljniiea, vel <latuni qiiadraturai 
!anfl, (iaiidcm ([uoquc luituvam habere alUu’nm forniulaiu jydx. 

COliOIvLAJUUIVl 

2. Simili juodo intcgiatio Uiiins fonnulue vcl huius ^i/x“dx\y 

al) iutcgratioiio huius vcl lunus oh 

^yxdx — J i/xx — A 

ob 

il/rMx ■-= ^ j ?/.<.•» * ' — ' 

lo perH])ioitiir hoc lemma latissimc ])ato!(*., eiuscpic opc formulas c 
icris, (juao integrabilos sint rcdclondao, in alias transforumri posses 

SCHOLION 

.S. J.onima hoc, quaniiimvia love ac trivialo vidoatur, tamcn pracci] 
itiuct fuiiduiiKMitum novae illius mothodi, (pmin sum adumbratun 
in proposila formula intcgrali tpincunqiio jVdX alia detur jVdZ, \ 

A fYdX -h B jVdZ 

intitas algoliraica, manifestum cst, Imrmn dnarum formularmn 
dZ ratioiiom ila esse conipavatain, ut ai altera fucrit intograbilis, ( 
^ram fore iiitogiubiloin, ct a quanam quadrabura alfcorius intogiutio pen 
eadem quadratura ctiam alterius integrationem pciulcrc. Rcsolutio a 
.ccipuorum problcmatiim ad banc mcthodnni pertinentium absol 
nca formularnm integralium, ad quas porvenitur, transforinationo. 

PROBREMA 1 

4. Inveniro omiics ciirvas algcbraicas, quae sint quach’abilcs; sou cam 
iabilcs XQt y rclal.ioncin in gcncro dofiniro, ut formula jydx fiatintogu 


ciirvae area — \ydx, cuius valorem algobraicum ease oj: 
faciiliino impetratur. Denotet enim X fmictionom quam 
ipsiuH .1-, huicque functioiii X acqiialis ponatur area [y(i^ 

It/dx ■= X, 

crit, cliffcrentialibiis suinonclis, 

ydx = dX, uncle fit y ~ ; 

sicque applicata y aequ.abitur fiinetinni algebraieao ipsiuH 
algcbraica, ciusque area fydx, cum sit = A’’, algcbraicc 


ALri’F.R 

Cum sit area 

lydx yx — ^xdy, 

ponatur JavZ?/ binctioni cuicunque ipsins quae sit = 3 

(xdy = 1^, undo fit x = ~ , 

ita ut iam abscissa x function! algebraieao ipsius y acq 

algcbraica. Posita autcin x ent curvao area 

(ly 

fydx = yx-Y=y^-Y, 

ideoque ctiam algcbraica. 

COROLLARIUM 1 

G. Si X in priori solutione, vel Y in posteriori, non fuc 

ipsins a;, vel y, seel transcendens, ita tainen ut vel - 

dx ( 

braica, ourva quidem crit algcbraica, sod eius quadratu 
cendento oxprimetur. 

COROLLARIUM 2 
6. )Scilicet si in pnori solutione sit 


X = P 4- jQdx, 


uicloni algcbiuica, Hcd oiuK area 

S>/dx = -f- / Qdx 

ud-itato tranacciidoiito J Qdx pendebifc. 

C0R.()LT.AR1UM 3 

Siniili mode in alLcra solutione si ponntiir 

+ HQdy, 

aitibus /-* ot Q functi()nil)us algcbraicis ipsius y, ita tamcn ut jQdy si 
dlas transcojulonH, acquatio pro curva 


Jgebraica, sed arm, quae ont 

iydx =. -I- yQ- P-lQihj 

inUfcato tranficendenlc \Qdy pciulebit. 

SCKOLION 

1. UU liuiiis problcinalis solutio ost facillinia mdloquo artificio indiget 
ns pi’obloina, quod quklom alins oat imturao, adiungam, cuius ver 
0 in aliis ])robloinatibus, quae ad liunc mothodum referri solent, insignon 
])i'aostabit. Vcluti si (luaerantiir curvno algobnvicac gonoratim noi 
cabilos, quao taiuon, quot lubucrit, Imbcant arcus rcctiiicabilcs; aliaov 
generis quaestioiics })ropoiiantur, principiuin solutionis ex sequent 
3mato orit potondum. 

PllOJiLEMA 2 

Invcnii'o curvas algobraicas in goncro non quadrabiles, sed qiiarun 
•atui'a gonoralis datain quantitatem traiiscondcntom involvat, in quibu 
1 , quot lubucrit, areas absolute quadrabiles nssignarc licoat. 


rcdirc, ut euismodi fonniua transconcleiis invesi'igci/i 

casibus, vciuti si ponjitiir x (i, x h, a: = c cto., ovancS' 
qiiantitas 

J P \Qdx, 

quao ill geiicre e,st transccndons, quippo forinulani 
algoJjiaica, ncmpc -- P. Hoc iit cfficiatiir, statuatur 

^Qdx — \u(lx — Ivdz, 

uhi V tabs sit functio ipsius 2, qiialis u cst ipsiiis x, ita 1 
siuiilem quontitatcm transceiulcntom oxhibcant, ( 
debct. Sit autcm 2 ciusniodi functio ipsius .r, ita ut casib 
X b, X ~~ c etc., quot lubuci’it, fiat 2 = .r, idcoque ctv = 
cst, his iisdcm casibus fore \vdz = \iulx, hineque \Qdx 
fonnetur iata fimctio ipsius x 

x" — (a -i- 6 -I- c + otc.) X"-' + {ah + 0 c + he + etc.) — (tt 

quae lu'cvitatis gratia vocctuv = S, ita ut aoquatio S = 
X — a, .X = b, X = c etc. eos scilicet ipsos valoros abscii 
absolute qua(]ra!)ili8 respoudero debet. Turn voro statuati 

2 — X = S, 

atquc manifestmn cst, iisdem casibus x = a, x —■ b, x 
omnino uti vequiri ad nosti'um propositum ostendimus. f 
generalius satisfict, si ponamus 

2 — X — ST, 

dumniodo ST = 0 alias non praebeab radices realcs, nisi c 
scilicet X — fl, X h, .x = c etc. Hanc ob roiu si S den 
tionem ipsius x, ut acquatio S 0 alias non haboat rad 
sunt pi’opositae, .scilicet x = a, x = b, x = c etc., quod 8 < 
fieri potest, turn suraatur 

2 — X = ^1, sou z ~ X 8. 

Quo facto, si ^u<Lx cam quautitateiu tvanscendentom ex] 
qiiacb-ntura in gencrc pendcro dobofc, pro v substituatur 


im (“.niin si constrihatiu* ourva algobraica, cuius abscissae = x rcs])oii( 
plicata 


(IP . 


vdz 
~dx ’ 


IS area in gcncro crit 

^ydx = P -\- judx — jvdz, 


rulcbit scilicet a cpiaiititatc Iransccnclonto ^udx, (aii altera \vdz cst sin 
liilo vcro juinus casibus x — «, x 6, x = c etc. cius area algcbraicc 
inictur, (ictquc = /^ Hoc ergo inodo el'fici potest, iit ourva praecise 

lot ({uis volucrit, olitinoat areas quadrabilcs, neque plurcs, necpin paucic 


COUOlXARimi 1 

JO. Cinu n tails sit functio ipsius 2, qiialis n cst ipsius x, ita ut v obtinc 
: 11, si Io(!() ;i; scribatur 2, soqiiitur cUain « talcm esse fmictionem ipaiu 
lalis 2 (^st ijisins x. Qimro cum sit 2 -- x -J aS', sequitnr v obtineri ex ii, si 
scribatur :r -I - /S'. 


COKOLLAIUUM 2 


LI . Quoniam igitur quantitns v rosiiltat ox functionc u, si loco .i; scrib 
-|- /S', (ix pro))riotatc ruiictiomiiu alius domonstrata sequitur fore 


V ~ u - V 


Hdu 

(lx 


ti-^ddn 

\- 2 dx^'^' \ - 2 -:id^ 




\- 2 -‘i“idx^ 


-I- etc. 


;)sito elcnionto dx eon.staiite, sed cum liacc expressio in infinitum sit ci 
iianda, ju'acstat valoroni ipsius aetuali substitutiono defiuire. 


KXJiMPLUM 

12. Invanira CAirvam (dycMi'dicam^ cuius (juudraiura hidcjinita yendi 
mdralura circuli, cuius vcro area abscissae, a* = a resyondens ahjchraici 
ibealur. 

Ut quadratura ciirvac indcUnita a quadratura circuli pendeat, por 

u — l/{2 lx — 


Ergo ob 


2 = X + na — n.v na — {n — 1 ) x. 


crit 


V = j/(2 fz — zz) 

V = ]/{2 naj — 2 (?i — \) fx — 7mua -1- 2 ti (?? — 1 ) ax — 
Ponatur, ut liaec formula siinplioior cvaclat, 21--- na, oritcpio 

V = ]/{n{n — 1) ax — (?i — 1 .r.f ), 
et ob dz = — {n — 1) dx habcbitur 

Q rr^ \/{nax — m-) -h (n — 1) l/( {n — 1) ax — (/i — 1 


ac pro curva erit 


(IP 


7/ = -f- \/{nax — xo:) + (it — \)Y{n (??. — 1 ) ax — [n - 


area vcro erit 


jydx = 7^-t- j/ {-7(«a; — .ru;) 4-(71 — 1) ldx\/ {n {n — l)rttr- 

Verum Inn notanduiu est, quemaclmocluin intcgralo ludx ita ea- 
ova!ioscat ])osito x — 0, ita quoquo intcgralc jvdz ita capi doboro, 
posito z 0. Quainobrem ut tot-a area ovanescat posito x ^ 0, i 
qnoquo fiat z = 0 hoc casu; alioquiu eniin expressio arcac [f/dx c( 
quantitatoiu coustantem portioncm nreao circiilaria donotantci 
X = a dcstrueretur. Huic autem incoiuniodo ocourretur, si pv' 
biimatnr fimetio, quae posito x = 0 cvancscat. Sit ergo 


ot 


S = 


nx 

a 


{a — x), 


HOl^ 

z = X ■{ (a — a;), et v = \/{2 fz — zz), 


atquo quaesito satisfiot modo solito. Pouatur, ut expressio fiat i 
n = — ], ut sit 


XX 


, Ilf XX 


rc 

r«— 

aa) ~ 

(1 


\/{2uf — xx), 


dz — atque area fict 

lydx = P 1/(2 lx — .T.r) — 2 | y{2 aj — ■ xx ) , 

G, qualiscunqiio P fucrit fiu^ctio ipsius x, in goncrc semper a quadri 
uli pcnclcbit, casu auteni x = a area fiot algebraiea -- P. 


SCHOLION 

13. Cireumstautia liacc rationc constaiilis ad ai’oac oxpj'cssioncin adii 
, no (;a ipsa sit trancciidcna, in oninilius oxernplis probe est observj’ 
1 C in fincni functio S non solum ita accipi debobit, iit ensibiis pi’Opi 
: a, X ■■■-■ h, x c cto. cv{incsoa.t, sctl etiam casu x = 0 ovancsccro del 
jil quidoin per so est porspiemnn: nam quia oinnis oiirvac an;ain absc 
neacenti x — 0 respondontem nihilo acaiualom asHiimiiniis, idooq 
iscondentibus quantitatibus vacuam, ovidens est, qnotcnnqiio casus ])] 
siut, quibus area liat algobruica, iis scnqior supormldonduin esso ci 
: 0, sicquo functio S ita comparataossc debobit, ut non solum easibus x 
- h, X — c etc., qui sunt propositi, sod otiain casu x = 0 fiat S — 0. 

IMtOBLKilA .3 

14. yi Z .sit functio quuccunquo algebraiea binarum variahiliuni x 
niro rolationoin algobraioam inter x ot ?/, ut formula intogralia jZdx 
icum obtinoat valorem. 

yoi.UTio 

Etsi probloma lioc uiulto latius patoro vidotur, qimrn primum, tamoi 
itio non est difficilior. rouatur onim jZdx fiiuctioni cuiounquo algcbi 
us X, quae sit = X, acqualc, oritquo 

Zdx = (IX ot Z = 

dx ' 

cum ^ sit quoquo functio algebraiea ipsiiia x, liabcbitur aequatio 

ica inter x ct yy, qua caruin rolatio algobraico dofinictur: indequo eri 
lothcsin jZdx -= X. 
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ita Ut t < 

sit mhilominus fuiictio algohmiua iiiniuH tmn oridl.m- 

aequatione 

expressa, seci valor integralvH imlo oviiinduH ^Adx non (w 
fuuGtiouGm transeondoiitcin fQdx involvot. 

COKOId.AUIL/Al 2 

16, hJi pro Q ciusmodi quaulitatoui HulmtiUmuiUH, q 
praecedonto dcscripsiimis, tiun valor (piidiMn iinli’lliiil-ti.H l( 
algcbraicus, sod a (piadiutom (luuj)iarn data jitMtilolat. Uo 
ct'dci potest, ut cius valor tot caHil)UH, (plot liiijurrii., I'l 
X = a, X = b, X = cctc. lial algobraiouH. Ul>i qiibbwn no 
l\i3 casibus swperaddoudmu chho scnq>or uiiwuin a; (1. 

yOHOldOjN 

17. Si igitur unicu proponatiir foi'iinila IntogtuIiH ad 
rcduconda, caque pcrthicut nd ordiiioin priniiim, tuin ( 
difticultatc. Atquc siinul pari opoiu cClicl poUwt, ut illii 
a data qmicbatura pondcat, akpio inaupor lit tot, <jiiot 
algcbi'tticum obtincat valorem. Autoquain igitur ad fonu 
num progrediar, ciusmodi problomata i>roponiLin, tpiibim 
lae oveUnis pvimi simul ad valorcs algobraicus Hint roduco 
bus V et /C fimctionibus ipsarmu x ot ?/, valoron Imruui 
jVd.r ct jZda; vel ]»hu‘ium buiusmodi algobraici Hint oflioi 
omnia aminadvorto, liacc problomata in gouoro r.oiuuq 
soliibllia videri, sed nonnisi sub cortis conditionibim, (pil 
slut praeditac, soluUoncm admittoro. Q.uibuH igitur otii 
soUitionem perveniro licuorit, Iiio cxpoimm. 


oiun inter variabiles .r et //, ufc jimbae hac foniuilae \yPdx et lyQdx 
os algcl)rai(;us aclij)if 5 rantiir. 

SOLUTJO 


V)natui- utraqno formula scorsim 
10, scilicet 


ergo fict/ 


[yPdx. = L ct 


y 


Wx 


acqualis quantitati cuicim([ue algo- 


[ijQdx M. 


diM 
■' ■■■ Qdx 


no 


P _ dj^ 
Q dM* 


nt ./y et M functionoH novae oiiinapiain vai‘ia!)ili 9 2, ita ut^^ sit functio 
raicn liuius variabilis z. Opo acquationis ergo invontao 


djj 

(i *■ dM 


ipsiuH X, cuius Eiiuctio ost , jior 2 expreswus roporietur, ita ut iiicle pro- 


iim sit .r aoqualo funclinni ouipiam ipsius z. Qua inventa obtiiiebitur 
no valor ijisius y porfunotiouom quainpiam ipsius 2 cxprossiis, opo formulae 


dJj . dM 

y=w^’ 


e iitraquc variabilis x ot y per novain variabilcm z dctcrminabitiir, iclquc 
raico; undo r(^latio inter ot y quacsita inuotcscot. Ex his autom valoribus 
iti assumsimus, 

jyPdx = L ct fyQdx — M, 
no scilicet functioui algobraicae ipsius z aequalis. 


ALIA SOLUTIO 

’onatur ufc aiifco altera formula jyl^dx quantitati cuipiam algebraicac 
puilis, sou 


((iKie al^ebraica rcddciida restiit. lam vei-o por loiitina pni 

Sioquc formula ad algcbrainiim valorem rednoi d 

huiiismodi formam Xdx esse habitunmi, iibi sit, X fui 
Poimtiir ergo \Ld-^ functioni cuiounque ipsiiis x, quae 

r - 

fuuctioni vScUicct ipsiua x. Invento autom valovo ipsius h ( 


f!/Pd.v = L-, Ji/Qdx^^-V 


atquc variabiUs y ita dcAniotuY pov x, \\i sit y 


dL_ 

Pdx^ 


ox 


L = dV-.d-^^-, 

h(jc ergo modo immediate, nulla alia nova variabiii i 
vaviabilcm y pev x dedimus deterininatam. 


COROT.LARIUM 1 

19. Cum in priori solufcione nltern variabilis x dcfiiiiri 

P_ __ dL 
'Q ' M ' 

altera vero sit 

dL 

^ Pdx ’ 

sicque utraque per novam variabilom 2 , cuing L et M sunt £1 


OOJIOLLARIUM 2 


20. P(;r caiulcin ergo solutioiiem suincnclis pro L ct M fanctionibus trans 
lciitil)us ii).yius z, ita tanicn ut 

tlL ^ dM 
Tz^^-d^ 

funotioiiOM algebraieae, offiei potcrit, ut intogratio utriusque formula 
lositae 

ft/Pdx cfc fi/Qdx 

tta qiiadratura poucloat; vol ut altera sit algobraica, altera voro datar 
Iraturain iiivolvat. 

COROLLARIUM 8 

21. 8i afubao bao fonnuJao dobcant c.sko algebraieae, sohitio postorio 
lorn praesLat uHian; Huinta cnim pro V fruictioiio cpiaciinquo algebraic 
ifl X, crit 

L = (IV ■. (l-f^ 

pio functio algobmica ipsiuw x; turn voro .si .sfcatuatur altera variabili 

pih> 

\yP(lx = L ot \yQ(lx^--^ — V 


\yPdx = ot lyQdx -= - T'. 

d’j, I d-j, 


COROLLARIUJI 4 

22. Sin aiitom in liac solutiono pro V capiatur functio transcondens ipsiu 
a tamon iit ~ sit functio algobraica, ob etiara functioncm alge 

3am Hot quoquo 


Q 




vnlor fict algohraicna, atquc all-or/i taiitiitn a 

pcndcbit. 

OOUOLLARIUiVl 5 

23. Per hanc igitiir altorani .s()lu(.i()iua]i (‘flici ikmi | 
fovmulii mtcgraliH proposiUi daiain ijuailral.urain invnlvnt., 
semper veperitur algolmueua. Quan; ai ii(,ra(jii(i (l('l»cal. Imli 
cendentom, solutiono prioro t5ri(. iiUmkIimii. 


I^:X10MPLUiVI 


24. Invamra cxirvas aUic.hrakan, in qnihu.'i non sohun m 
fircac xnomenlim ftjxdx algehraicc. (■xhihvri ■postil. 

Per prioroin soluCiuiioin ponaLiif: 


ei’it 


undo fit 


lydx ■■■■- Jj (it Ji/'-i'dx /!/ 


(Ih dM 
dx xdx’ 






ubi pro h ot M fnnctioncs quacciimiim aIg(ihrMi(ia(i novaa 
possimt. Nihil ergo impodit* <pio miiuia KtaUiaUir h •; r 
fiinctio quaocmiquo ip.sius s, quao.sit tpio fac.l.o iM-it 


a* 

ot sumto elomonto dz conslaiitc 


dZ 

dz 


dz^ 

Tlil'Z' 

Per altoram solutionom pojiatiir 


ObULuaiur laiu 


ILdx --= y 


dV . 


fuiictioiii cuicunquc ipsius x, orifc L ~ — klcoquo 


r j , r 1 


dx 


y, 


undo posUo oloinoiito dx constanto applieata y ita per abseissani x 

, ddV 

ut Hit y --^ 

»SCHOLION 

25. Me non inononto iutelligitur, simili mock) huiusmodi fonniil 

jVPdx ot HYQdx 

ad valoi’os algobraicos rodnci poaso, si 3' funcUonoiu quanicunq 
variabilin y doHignot, dumrnodo P c.tQ aint fmiciioncs ipninfj :i:; deter 
cniu\ ante ju'o y inventao nunc ipai 3^ aunt tribnondao. Quin otiain, hi 
fiinoUonom (|uainpiani ipsannn x et ;/, aoJnUo pari mode ab.soi 
roduolio baruin forinularuin 


jPdx i/{xa: d' yy) ot jQdx -|- dP) 

ad valoro.s algol)i'aicoH millaiu habobit (UfficulUitonq quoniain ha( 
ainiilca evadonl propoHitin, ai jh’o i/(xx -}- P?/) wcribatiu* unica Jittoj 
Unde colligilur ope huiiia problcinalia sciuper binas lunusniod: 
ot jZdx ad valoi'oa algobraicoa porduoi posse, quucoiniqv 

fucrint fiincUonoH ipsarum x c(. ;/, dumniodo^ aib fnnetin ipsius 
8i oniiu X sit ista fiinetio, sou 4 — X, loco altoiiua variabilis y in 

/j 

nova V, \it sit i; = ^ sou v ~ atquo formulae rcducondac orunt 

jvXdx ct ^vdx, 

qiiarum rosolutio iain orit iu prointu. Iiivestigomus voro otiani alia f( 
intograliimi paria, quae siniili inodo ad valoros algobraicos reduoi qu 
oveniot si quapiani transformationo ad liuiusmodi formas rovocari 


algobraicos acUpiscantur. 


.SOLUTIO 


Cum pov Uuuuia pnvcmiaaum stI 


ll\hj Py — \ydP cfc [Qdy ^ Qy — ^yclQ 


quaestio hue reclit, ut hac cliiae formulae intcgrales ^ydP c 
algobraicos consequautur, quod ])cr prohlcina praccodens 
cflicietur. 

L Statuatur cnim 

^ydP = L et jydQ = M 
erit 


__ ilL __ dM 
^ ~ 'tiP~ d(y 


unde fit 


fU’ _ dL 
ilQ ■■■ f/iU’ 


vdii cum sit functio ip3i\ia x, si i>vo L ot M functioncs qm 
ciiiusdam variabilis z assumaiitur* ut fiat fuiiotio huiua 

Clj'i 

acquaiiono 

dP _ (IL 
dQ ~ dM 


qnantitas x per z deterininabitur, ita ut o: acqualis reperiatur i 
ipsius z. Dchiuc aeqaatio 

dL 

y ~ (IP 

definiet alteram variabiloin y per canclom 2 ; quo facto habebil 
lPdy = ^^—.L et JQrfy = 

II. Pro altera solutiono fiat 


eritque altova formula 


[ydP^L, ut sit y = f^p, 


iy‘lQ-f§'iL = L.§-iLd.§; 


cuicunquo ipniuH x, orictiu* hiiic 
irgo hac quantitate 


, _ dV 


L 


dV 


<1((IQ : dP) ’ 

fimctio ipwiiiH x, habebitur altera variabilis 


dL 
= dP 


/alores algeliraici biiuiniin formularuin intogralimii })ropositarum 


-- /*?/ - — h 

\Qdy V. 

COHOI.LAHIUM 1 

i Into forinuhuj iicm debeant ohho nlgebraicuo, Hud daf iiH quacliuturaa 
5H, oadoin valebuut, ([luie ad ])i‘oh]oina prac(HM](MiH annotavi. Scilicjul 
c) doboat OHHO tranHoorKkniH, lioc nonnisi ptjr solutiouoni priorom 
potorit, win autoni altera tantuni quaniilateni transooudontom ini- 
boat, per iitra,niqiio solul.ionoin aatiallori ])otorlt. 

COilObLARI UiVl 2 

due otiam patet, ai forinulao }m)ja)8ilao fiiorint kiiiuainodi 
J?//kLr ot 

nn ad valoro.s algobi’iiieos pari inodo porbei poHSo. Cinn oniin sit 
fQdi/ =- Qf/ — fi/dQ, 

'ormuhiH rcduci eporfcobit 

ot fi/(£Qy 

di/l’orunt ab iifi, qiiao in pracoodonto problcnmto sinit tractafcao. 
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20. riilclligiiiir ctiani, ai Y denotct functioncin quanda.ni 
inodo liiiiusniodi binaa formulas 

jPYdy ut ^QYdy 

;ul valorca algcbraicos ixKluei po.sao, dummodo ftYdi/ integral. 
1‘ositu enim 

jYdy 1 ), 

formiilao redncendae eniiifc 

jPdv ot \Qdv, 

<j\iuc bic pvoposiliH am\t sijniles. At si ^Ydy sit functio trauHc 
vetluctio inodu hio ox})osito non succedit. 


VROBLEMA 6 

00. hwenirc rclatiouem algcbmicaui ii\tei’ vaviabiloH :r. ol 
fonuidac integrates 

et ^y>‘'X''-'dx 

\’alorc.s algebi'aicos oI)tinoanfc. 

SOLUTTO 

Coacqnatis his formulis inter so fit iiiido c 

Ponatnr ergo 

v-n 

y 

ut sit 

nv—iin 

ym ^ m-^ gm 

atque formulae propositae abibniit in has: 


lam vero eat: 

r* v-;in 


•b 


MP — fin 


j ^ mp-fiii 

z^dx et 


^zi^dx. 


1 »» »’-/«» , , mi—, 

X «-i‘ z-(/x = -I* s’» _ ro."^r: 

mv — fin -lyiv — ■ ij,n 


«»■-/• n 


mv~yn 


V 


itio pcrducetur ad lias formulas: 

jvz’‘^-^dz ct jvzi'-Ulz, 

per probloina suporius sino difficultato resolvuutnr. 

yVlJTER 

■yi noquo n iioqiio v fuoril, 0 , alia sohitio ftiriiili modo adJiibci'i potcsfc. 
ot cutti sit 

jyy/^ ' (Ut yy'‘ x'’ — , 

5tio rcdit ad has duas formulas: 

/i ' m 

posito a; — z jioritido aUpio ante knctaiitnr. 

COKOLLAKIUM 1 

11. >Si sit vol vh -- /(. vol n ~ v, formulae propositao statiin ])er superius 
oina rodiici possunt, siiK*. tdla pracvia praoparatiouc. Casu tamoii postC' 
quo 71 ■■■ 7> oxcipiondus cst casus quo n — v — 0; quia rcdiictio supra 
orij>ta Jiio non .sncccdit. 

COm)ld.ARlUM 2 

12. Per ])nicco])ta ergo adliuc tradita liuiusinodi binao formulae 

Ji/'Ulx J'yi^dx 

dorcs algobraicos roduci noquount. 

COHOL1.ARIUM 3 

13. Praotci'oa voro ctiaiii excipiuntur casus, quibus 

mv = fill, sou 7n: 71 = yi v, 


COKOLT.ARIUM 4 

. , dx d V j 

:U. Sit ln’Civitjitis gratia z et .r*’ = v, 
irie4iiOti))ilcs sunt 

-jz^v^-^dv ot —j^zdv. 

Ac si ultfriiis ponatur z hac formulao abibnnt in 

I t'n^dv . 1 

efc - — , 

VJ V V,} V ’ 

qu.'io iam in fonniiUs OoroUarii 2 cxcliisis contineriiur. 


COROLLARIUM 5 

lin. }U'li(juis igilur oasibns omnibus, qui in his oxooptionibi 
liabent, I'cdiiotio ud valorcs algcbraicos semper absolvi potcrit, : 
niodo pro utraque solutiono hie tradita, atquo utroque modo gon 
valcljit Hcoundiun binas problematis superiovis solutiones. 

PRORLKMA 7 

313. Si P ct Q fucrint fimctiones ipsius a*, inveniro rolationoin 
inter X ot y, \ii aml)ao hao formulae 

jy"'Pdx ot ji/^Qdx 
valorcs algcbraicos obtineant. 

SOLDTIO 

I’onatur 

80 U y = Qm~npi^^ 

ox hac\jue substitutiono asscquoinur; 

ftrPdx = I P'^^Q«^^'zmd.x , 

-M m 

jy’^Qdx = . 




:ograUonom ucliniUat. Nisi onim hacc coiKlitio locum habeat, fatoor 
lutiouem oxhibcro non posso. Sit igitnr 




3oqiio fuiiotio algcbraica ipsius .r, formiilaeqno rciluoendae erunt 


ido rcsuliat 


jz*'ulX ob jz’'dX, 

^z^'UlX — Az"* — w. 
j^z’^dX -T- A'a" - n ^Xz*^-Ulz. 


xrum atiboni formnlarum rochictio mipra') iatn, idquc dujdici modo, est ostcr 


C()lU)]dw\liIUM 

117. Si osHol- m •: 'M, pi'oblcina congruorct cum problcmaio quarto, ita 
;5()minnda, (puio in (uu; .st)(utiono imio oritura vidcnt-iir, nihil piano noccr 
ii\(litio igitur, sub (pia roduotio propositanim fonnularurn succodit, postu 
formula dilTorontialis 

•'H W 

|•»•-»Q•n-ndx 

Logralionom admittat. 

I>U01^J.KMA 8 

38. Si V ot Z Hint funetioncs ipsarum x ob ?/ homogcncao, atque V functb 
monsionum, Z voro fiuKtUo n dimonsiomnu, invcniro rolatiouom algebraic 
lor .T ot y, qua diiac liao formiiluo: 

jVdx ob iZdx 

ddantur intograbilcs. 

SOLUTIO 

Quia V ot Z Hunt functionos Iiomogonoao, ita ut ainbao variabilos x c 
)iquo oundom dimonsionum numcrum coinplcant, ibi ncmpc dimension 


1) Vido § 18, 25, 20. 


H. 


V cfc 


= x’^Q, 

fonnulao acl reducciKiuin propositac cnint 

jPx”‘dx efc jQx^'dx, 

ul)i P utf? sunt fmictioiiosalteriua variabilis /, cuius ad .r rolatioucin ii 
oportet. lam liac duae formulae ex cluabus variabilibus f ct a: c 
rcducuntur nd 

— —V? f,r"‘ I ’d/* 

flumniodo noquo m noque ?i fiierit — — 1. Qiiarc cum roductio ad lia^ 

lx’‘*^UlP ct 

revoeatur, ponatur 

<10 ~ * — - 

fonnuluoquc reducendac orunfc 

u t J , I ^ I 

riuiljus vnloi-os algobraicos eoneiliaro licebit, si fornuila (lilToronUiiliH 

iti ”1+' /JO 

absolute fucrit integrabUis; reliquis enim casibuB haoo roductio non 
Ponamus ergo liaiic fonmilani esse integrabilom. ct cum cius iiitcgi ali 
sit fuuctio algobvaica ipsius I, quae sit T, ita ut liabeatur 

w ~H m+ 1 

atquo formulae lediiceiidae fient: 

!z’»>d'l' --^z«»T~{m+ 1 ) ^Tz«‘dz 
lz-*‘dT = z’‘*^'r-{n+ 1) jTz-dz. 


algobtuions ()l)t,inoro tlcbomit, hoo per probJcaia quaiitun dnplici mod 

r. 

OOROl.LARUJiM I 

Viiiiil oigo priino, si fiioril vcl m -- - -1 vol n ^ — 1, rochiotionoj 
liocltirn pcopoftibitn jiot /ici non possu. (h-actciva voro cam qoocpic locur 
ere, nisi formula (liIT(5vonUalis 

»H J t«+ I 

! fucrii intograhilis. 

OOnOi.bAUlUM 2 

Quodsi fiicrit m — w, dummodo ntriiisqiio liLtcrao valor non sit ~ 1 

ri transforniationo non orit sod formulae oL im 

()])(^ ])i‘ohlomaUs quarti redmu ))ot.oruut. 


1‘IXRMIM.UM 

Qn<ioralnr wlnlio altjtdmdca inter a* el //, ut hue lonmilac 


f'ipdx . (‘ilx, , 


lyeh micos oh tin can I . 
i )iio sit 




ergo funcitio K ct Z lioinogcnea, illiimqno dinionsionnm numorui 
mills vero n : - 0, si jioiiatur y —■ ta, liot 

V Ot Z (J - 1 - a)\ 

ilao rcducciidao ornnt 


ot ^dx (1 -|- It)^ , 

iPxdx = iPxx~ - 3 fxHtUi 
^dx (1 H ■ uy a (1 -h iHy — JS jxldi ]/ (1 + U) . 


netque 

\x-ttdt lzzdl{\ -'r U) ^ 22 (^ 1 - ■ 2 J (i ! 

jxtdt 1/(1 + ti) = jzdi (1 -f It) = 2 [t - 1 - m — j( 
Sit brovitatia gratia 

i-j- 


ct cum formulae rcducendac sint juzdz ofc judz, ponatur 


fiot 

idcoquo 


juzdz --- L et judz = M 

__ dL _ (IM 
^ zdz dz * 

dL 

^ ~ dM * 


Si igitur L ot M fucrint fuactioncs ciiiaociiiuiuo novae cuiu 
aequatio * = ^ dabit functionem ipsius 5 pro 2, undo otiai 




lOl 

dz 


clabitur per s; ac propterca pro t roperitur hiuc valor in s 0 
porro dabitur per s variabilis a: =■■= y \/{l + tt) ot y ==■- lx, u 

V 

ofc y dctiniri potent. 

Altova solutio posito 

judz = L 

dabit 

juzdz = IzdL zL — \Ldz . 

Sit ^ 


\Ldz := 8 

o.xistonte S functioiie quacunque ipsiua z, fiot 


r dS 
dz' 


iiiiio rclatio inter x et y rcpcrilur. Nam ob 


•cs in aoquationo 


f/ I x.y 

= -- ot 3 -• — - 

.r y{xx -\- yy) 

(IJy dlls y^ 

(lz~ (l^ ~ 


iti dabiint aoquationcni inter .ret y. 


PltOUj.KMA 1) 

Si y et Z fuoi'int iit ant(^ functionoH hornogoneac ipHaruin x ot v/, ill 
liaec vei'o n dinicnsionmn, inveniro rolatioi^oin algobraicain into 
ut liao duao l'orimila(5 \Vtlx ct fiaiit integrabilos. 

SOj.U'PlO 

natur ut ante y lx, llot(|ti(i P ••• x"*/* ot Z -- x''Q (5xi.stontibus I* c 
ionibuH novae variabilin I, et ob dy ■ Idx -I- xdt formiiluo rcduconda 

fx«‘ ' d P 

J m -I- J I J 

jQ/x'^dy fQx»ldx \- 

^Qu«dx - I ■■ - + t<lQ) , 

abobiniua: 

fQx^^dy ^r. {tdQ—nQdt). 

adeo formulae ad valorem algcJiraicos ])orducondac orunt 
jx’“'-^dP ot {klQ — nQdt), 

onondo 
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fuerit integrabilis. 

Gbi quiclom itcniiu excludctidi sunt casii-s, quibiis v 
n ~ — 1 ; praetcreu vcro notanduin ust, si sit m — tinii ul 
tioiie no o])ua quulcm esse, quia fornmiao ct /;< 

statiin per ])roblenia quartuin rednei possunt. 

SCHOLION 

4!^. Atquc hi sunt fere casus, quibiis diiao formulae iutcgi 
ad valorcs algobiuicos inctliodo qnidein ndliiic ex})osita rcduc-i 
autciii est dnbium, quin luvee niothodus ad inaiorcin jicr 
evehi possil., ut efciam fonniilac hie cxelusao ad valores a 
queant, quod nogoliuin aliis uberius oxcolondum rclinquo. Co 
potissinunn casus barnia formidarum 

ot 

quus genomtitn qitlJcni nullo adliuc moclo ad intograbilitatoi 
ctsi non est difficile inmmioros rclationos inter x ct ?/ oxhibor 
satisfaciant. His igitur regulis pro diiabiis forimilis i)rim 
contontus, ad tres plurosve fovniulfis oiiisdom ordinis progrod 
turns casus, quibus omnes simul mothodo Imctenus oxjjoflit}' 
braicos roduci queant, quod qnidom ca motliodo, qua in f 
problematis 4 sura usus, praostari dobere animadverto. 

PROBLEMA 10 

44. Si P, Q, Ji sint functioncs quacomiqiic aIgoI)raicao 
relationem algebraicam inter variabiles a* et y, ut tres hao fc 

iyPdx, lyQdx, jylMx 
valorcs algobraicos obtiiieaut. 


Ponatiir 


SOLUTIO 
jyPdx — L 


c 


y 


dj^ 
Pdx ’ 


(iiiao rcliquao fonnulac; rcducendao fieiil.: 



oro luio dune forniulno 


oblcma quartmu facih^ I'osoiviintur* i<I(iuc dii])lici modi). 
Pi’iori inodo porii oportot: 


,10 oritj 

(jlicitiur aoquatio 

d{Q:P) _ (IM 
dUi-P) ~ dli' 

pj'itnimi moinbrutn oum sit fuiud-io ipsiuH a, pro Al ot N oa})ian 
onos uovno variabilia at(|uo pei* liauc no<jiiati(>nom a deliniotui* i 
mim, undo porm i)ei' z dabitur 


L 


_dM 
'd{Q : P) 


, dfj 

!' Plh:- 


I. Poatorioi'i re.soliitiono utoulcH jKaianuiH 

rt I Q Tijr , T dM 

J Ld--p “ - Al lit Hit h — > 


ilor in tortia formula substitntus producot 

d[RiP) 

P ~ d{Q:P^ ~~ (1{Q:P) 


{Ld-— •— fcZTIf 

}Pd p-^djyi d^Q.p) 


ur ergo 




uncle pro M invenitur fniictio ipsius n;, qua inverifca erit 

r _ 

diQ:'P) 

ac denique y vero valorcs algGl)raioi tiium forniular 

sitarum erunt: 

\yPilx — L 
l,jQdx = f~-M 

lyRdx — - - M . pj -h N, 

COKOLLARIUM 1 

4n, Cuni in priori soliitionc pro littcris Af ot N fiiiictioncs q 
ipaiua z accipi cpieaut, si iia valorcs tranRccuclcutos tribuauCur, itj 

'(/T ^ funotioiics algobraicao, cffici poterit, ni Ln'utn f( 

intograliwm pvopoaitaiatm duac ^yQdx et ^yRdx a daUs quadraturia 
Quod etiain por prol)lenia 2 ita expediri potorit, ut ntracpio tot qu 
casibus nihiloiniuus valores algobraicos aclipiscatur. 

COKOLLARIUM 2 

46. Sin autcm solutionem posteriorcm adhibeamufi, quoniain u 
N arbitno nostro relintpiitui*, si pro ea fuiictio transceiiclcns ipsiuB x 
iiniiis tantum formulae propositae integratio datam quadraturan 
reliquao vero cluae necessario valores algobraicos obtinebunt. 

COKOLLARIUM 3 

47. Patot cfciam, si Y fucrifc functio quaecunque ipsius y, siini’ 
tres formulas; 

fYPdx, \YQdx, jYRdx 


rH0J3LEMA II 


48. I, Q, R fuoi'iiit iunctioiics (|iuicciniquc f\lgol)raicfio vni’ialji] 
i-oiiini vdlatioiiom algobraioain inter x ot //, ut iiac Iros foi'iniilao intogi 

fPdy, ^Qdy, jRdy 

loroH algoi)raicoM obtiiioaiib. 

SOJ.UTIO 

Eornuilao istao per loinnia praeiniasiim transforniantur in sequciitcs: 

^Pfly = Py — lydP 

IQdy Qy - {vdQ. 

\Rdy — Ry — [ydR. 

.meatio oi’go redit ad liaa tres formulas: 

\ydP^ [ydQ^ jydR 

;obraicuy efficiondaH, ({uae cum similes sinfeiis, (juaoiriproblernatopvaecoc 
nb Irucbabae, roHolulio ludlam hnbebit dil'Iicultatcm, atquo adco di 
xio absolvi })(>lonb. 

(I()K()L:r.AHIUM 1 

Quill obiam si ordo iiitoi* has formulas iinmutetur, quoniam pci 
L a Quaiiam oaruni opcu'atio incipiatiir, uovom omniuo solntionoa oxli 
ssunt. .fnoi])i(Mido eniiu a prima pouendo \ydP ■— Ly soliitio prior 
idiba uiiaui jiracbcb soluUoucm, posterior voro dims, proufc duao reb’ 
rinulao suiminbur, vel lydQ ob lydRy vcl ordino inverso lydU et Ji 
:quo liiuc broH solubioncs im])clrnntiiv. Atquc cum operabio a qualibet iu 
rmiilarum incoliari qucab, omnino iiovcm solubionos oxliiberi potcriint. 

COKO.LLAR1UM 2 

60. In hac ergo mobhodo perindo csb, sive formula quaepiam propoaii 
Pdx sivo [Pdijy quia posterior iPdy facile ad formam prieris \ydP i 
mr. Hinoquo iii])ostoruin nulJmn amplius discrimen inter duas huius 
rmulas consbibuain, no praetor neecssitatem lianc tractationem prolixi' 
ddam. 


vol 

vcl 


^yPdXy ^yQdx, ^lidy 
^tjPdx, iQdy, jpdij. 

Superfiiiuin ergo foroL tlivevsa- hiiic proijlc-mata constitucrc. 


PROBLEM A 12 


52. Ad valores alge))raico.s reduccrc quntiior Imiiismodi formulas in 

ji/PdXy lyQdXy jt/Hclx, jijiSdx, 

ill (piibua liWorae P, Qy Jt, S denotent functioiics quascunque 
ip.sius X. 

SOLUTIO 


Inoipiatur oporatio a qnneunque haruin quatiior foriniilarun 
sitai'uin, ponciido 

^yPdx = U 

ut sit 

dL 

" Pdx ’ 


atqiie Ires roUquao formulae tranaforinabuntiir sequent! modo: 

fV&’rfx- ^ -pAl ■ I . 

Cum igitur mine ad valores algebraicos rediioendao sint hao tros f 

fW.|, 

liaequo congruant cum iis, quae in problemate 10 sunt perfcractatae, 
eint in promtu; ot quoniara hie iiovem diversac solutioncs suppe 
totidemque reperiiiutut, a quanam alia quatuor fornuilaTum pi'op 
iuitium capiatur, omnino hums problematis quater novem, seu 36 s 
exhibori poterimt. 


•atiim ])eiiclci‘o dclwat, ca in operations ad linoin uBipic ent resei van 
Dcl 12 inodiH divoiHi.s fieri poto.st. Sin aiiUnn ilimo forinulao datae, vcl 

lyRdx fit lySdxt 

quadralairis ])onder(i dcljoant, line, uonuiai duobiis inodis dive; 
bal)itur. 

COHOLLAiilUM 2 

14. Hine otiani patet, oundoin solvondi inodiim ad qninqmi, ])luresq 
(uot jiroponanlur, siinilea forinnlas oxteiuli, dununodn qiiaolibel toiaii 
it s])ecic!n 

lifPdx vel |/V//, 

into R functionc ip.sius x, iia ul in mngulis fornmlis altera variabilii 
si iinieam obtineaf. diirKinsioncni. 

COltOJXAHlUM :i 

15. Queinadmodinn in easii dnannn luiinHinodi fornudanun prf)|)osifrav 

iri poH.siint .‘I Holntionos (?t in (raftii trimn forniida-rinn f) snlntioruis; sic 
4 forinulanim inveniimtur 4 • 9 — .‘10 solntioiu'.s. Atcjiio porro in oi 
luilai'inn 5 • 00 -- 180 .solnUone-s, in ca.sn (1 i'ornnilaT’inn 0 • 180 1( 

ones, ot ita porro. 

PliOHIdCA'IA 10 

iO. Si pTopositao Cuoriut cp{otcun(|no hnin.sinodi forniidao iutogralcM 

j/jdx vcl \yjd?j, 

ibus omnibus Z sit fiinctio iioniogcnea ipsaniiti x ot y, ct in singulis id 
isiomuii numonhs n deprcliondatnr; iuvoiiire rolationem algebraic 
X ot y, nt .singnlannn harinn forndilaniin valorcs prodoant algobj*aioi. 

SOLU'l.^lO 

Jum Z sit fimctio honiogcnca n diinonsioninii ipsaruin x ot ?/, .si pona 
rr, ca tranaibit in huiusmodi cxjn'ossiononi a" 7', o.xistcnto 7' 
am ipsius t tantum; idcociuo qiiaolibot formula IniiuH gonoris 
itur soquonti modo: 


(ly — idx -f- xdt 


\%dy 


formulae liuius generis 

simili mode traiisformabuntur: 

izdtj = yrx" {fdx f .17//) ji-'* rdi + J7' 

[Tlx-dx = - i nx«*' — - ^ Ji“+' ( Tdi - 

J « 1 /i + 1 ■' 


at 


uncle fict 




Quare quotcimciuo proponantui’ formulae integralcs, vol 1 
J/f/y speoioi, Cjuaestio rovocalMtiir ad totidem fornudas is 


exiatente Q functione ipsiua U quae posito a*”'-* — u aboun 

juOdl. 

Quotcunque axU^m huiusniodi formulae juOdt fnerint ] 
per pvaecepta Uactcmis tradita ad valorcs algobraicow x-c 


COROLLARIUM 1 

57. Kxcipi tamon debent ii casus, qiiibus funotioiu 
sionum n cat = — 1, seu -f- 1 = 0, quoniam his on 
adlubitao ixou succedunfe, 

COROLLARIUM 2 

58. Patet otiaiii, quacennque et quotcunque fucrin 
dummodo eac cranes per substitutionem aut tranaformt 
huiusinodi formas jiiOdl roduci queaiit, cas omncj 
recldi posse. 

SCHOLION 

69. Vis igitur raetbocU hactenus ©xpositae in hoc 
proponantur formulae intograles duas variabilcs a’ et ?/ 


iinguliH altera variabilis y unicam obtincat dimonsionom ciusvo difYorer 
reductio ad valoros algobraicos semper })errici queat; hoc ergo ovon 
Tulae formulae fuerint vcl liuius generis Jv/Xf/x', vel luiius JXd?/, prop1 
)d liiiiuH intogratio revoeatur ad haiic lydX, aiquidom X sit fuuotio cj 
iquo ipsius x. Atque hi sunt casus, quibiis chias plurcavo formulas intog 
iii ordinis mihi quidem adhuc ad valorca algobraicos reducore con 
atur vcro etiam formulae sccuiidi supeiiorumque ordinum, qiias facil 
[uulas primi ordinis forniao /j/Xda* reducore licet, ox quo, si oiusmodi 
lae intcgralcs superiorum ordinum ocouiTaiit, rcsolutio problcmatiim 
us allatorum perindo succcdot. Kas igitiir formulas superiorum ordii 
le huiusmodi rcductionom admittunt, liic indicari coiivcniot. 


PllOBLEMA 14 


60. iSi P ait functio quaccunquo ipshm x olemontiimquo dx suir 
istans, rcduccro intogrationein huiusmodi formularum integralium 


rPddy 

J dx ’ 


rPd^y rPd*y 

J d^ ’ J dx^ 


ot ill goncro luiius 


•Pd’^y 


intcgiutionom formulae primi ordinis huiusmodi jyQdx, oxistonto Q i 
no ipsius x. 

SOLUTIO 


Oonsidorotur formula pvima oaquo per lomma ita roducctur: 


i’Pddy 
J dx 


Pdy 

dx 



at 



ydP njd dP 

dx J dx * 


pie orit: 


j' Pddy 

J 'Ifx ' 


Pdy ydP . ,'yddP 
dx dx ' j dx ' 


cat oxpreasio dilforontialis formao idooquo formula J 

ad formulam ^yQdx. 

Simili modo formula sccunda reducitur: 


ret 


rPdhj Pddy t'dPddy 

.) dx^ dx? J dx^ * 


('dP ddy 

J~^2— 


dPdy yddP , ryd^P 

~ ~dx^ j ~d^ ’ 


BONitAnDi niui.EKi Opura onniitv 1 22 Coinmoiiliilionos mialylicoo 


36 


ubi [ cst itcrum formae j?/Qdx. 
Pro lovlia formula proposita erit: 


J t/x^ dx^ J dx^ 
at por rodiictiononi pracdcdontein 

^-dPdhj dPddy — dyddP yd^P ^'yd^P . 

J dx^' ~ dx^ ■ J 

ergo 

rPtPn P{Py — dPddy -|- dyddP — yd^P ryP^ 

dx'^ ~ "■ "^J dx'^ 


ubi itcrum J ' eat formae \yQdx. 

iriuc colligitm* fore ultenus progredieudo; 


^ Pd^y _ Pd*y — dPdh j + ddPddy — d ydH^ -j- yd^P 
J dx^ dx^ 


. pyn 

imdo otiain genovaUm paid, hae rulioue islius formulae | 

reduci acl iutcgmtionein Imius formulae forequo sempi 

fPP 

aionem huius formae oat cuim functio algebraical 
loco ai ponatur Q crit 


iV^P 


COROLLAUIUM 1 

61. Oinues ergo rednctioncs, quae supra circa formulas lu 

sunt oxhibitac, coclcm succcdimt moclo, si huiusmodi i 

proponantur; undo opus non cst probleniata praocedentia 
forniulis altioriiin ordiniiin I'esolvore. 


1/2. 


dx’’ 








lUl UUIIcVlll 


f/a;" 


i)W)liiU', iiitograbiloin; ea ergo his casibus in no.stris prohlcinatibiiH locii 
alKjbit. Hoc JUiUiiu cvoiiit, si fucrit ipsina ;c huiusmodi iuiictio 


^ a - I- Px -1- yx' + -h . . . . 
iiin onun uitogmUonoin absolute adinittct. 


( COROLLA RIUM 3 


iVA. Korinulao ergo iiitograbiles cum .siiis intogialibus erunt pm 
[)MiiiH n valoril)\iM soipientes: 


adi/ ay 
'*(« I - Ox -I yx^)d'^y 


1 -/^; + („ p., y 2 y^% + ‘ly, 

■(" -I: I J: . („ y p, _ ^p 2 ,, 3 ,, 

+ i2y + 6 &,)“£- 

SCH0L10M 


(14. Progrcdiainni ergo ad I'ormulas ordinis aecimdi, cum reclnclioni e 
|iiao Huut primi ordinis, iam tautinn simus immorati, quantimi q 
u’oCccjtuH in luic inotliodo facti ndhuc pormisenmt. Q,uoniam voro aci or 
(KUiiiflmii oas retulimus formulas, in quibus utriusque variabilis .r cfc y 
oiitialia dx ot dy insniit, cao sino dul>io siint simplicissimao, in qnibui 
)iiui cliiTcroutialia plus \ina dimonsione non obtinont, cuiusmocli in gone 
laec formula 

fiVdx-i^Zdy), 

ibi V ot /j Hint functiones quiuscunquo ipsarum x ot y. Nam si unioum 
lilYorontialc dy^ quaiiquam indo posito dy = pdx, littora p in fimct 
ngrccUt\ir, tamon manifestum cat, binos variabilos x et y esso comrauti 
.tcjiio formulas j^^dy porindo tvactari posse, ac fZdx. Quibus orgo c 
luiu.smodi fornuiJis 

j[Vdx~\-Zdy) 

’alores algebraicos conciliare potucrim, explicabo. 


algebraicam inter x efc y, ut haoc ioriniila 

\(Vdx + Zdy) 

algobrnicuin obtiiieat valorem. 

SOWJ’IO 

I. Dispiciatur pvia\o, utrum altera pars 

\Vdx vel l^dy 

per lemma reduci possit, ut tiat 

vol \Vdx=P—lQdy 

vel \Zd)j = P — 

Si alterum onim auccedit, solutio erit facilis: priori oiiini caau h 

\{ydx + Zdy) = P ^ i{Z-Q)dy, 

posteriori vero 

f ( Vdx + Zdy) = iiV — S) dx. 

VHravis autem haec formula nuUam habet clifficultatem per probloma 

11. Si hoc modo rcductio inveniri irequeat, indagotur funotio a 
ipsarum x ot y, quae sit = P, ut 

Vdx + Zdy 
P 

fiat differentiale funotionis cuiuspiam algebraicae Q ipsarum x et y, 
casu fiet 

f(Vdx-yZdy)==^ fPdQ, 

quae formula nulla difficultate ad integrabilitatem perducitur por pn 

III. Saepe etiam huiusmodi functio algebraica ipsarum x ot i 
inveniri potest, cuius differentiali existent© = Pdx Qdy^ si ponatu 

\{Vdx + Zdy) = P + KF — P) da: + [Z — Q) dy, 

ut haec formula modo vel prirao, vel aecundo reductionom adinittat. 

IV. Intordum quoque iuvabit, in locum unius vel ambarum va 
X Qi y unam duasve novas ( et u introducere, pouendis . 1 : et y aequab 


onibus quif.uapiain havum duaruni novarun, variul,ili,„„ i ct u, ita ut 
ihslitntiono foniiula haiusmocii ohtineatur 


J { Vdx -1- 'My) == J- (PJi 

1)1 mill I' ol Q siMit fuiiotiones ipsamm I et u, quae aUquo expositonim n 
iin ro(l\iciionoin adnufctai. 

V. OaHMR ndhuc singularis eat mcmorandus, quo V et Z suiit funct 
>M»<)goiioae i]»Haruin ;« ot y ciuadom ambac iinmeri dimensiouiim, qtii sit 
onito ojjiin ?/ =;= tx fiot 

V ~ Pa:** ct Z = Qx^‘, 

viNtciitibiis otf*) fuiiotionibiis ipsiiis/. Turn oh 

dy = Idx -b xdt 

inv\uia prnpoHita trunsibit in Wane 

J {l*x»dx + Qtx^ulx Qx'^^Uli), 

](P A- Ql) X« dx —-j ( l' -I- Qt) a-H I - -.L J q/ ( P + (Ji), 

i(lo rodiictio n)vocat((i' ud {uiiusinodi forniam 

ai Hit 11 — 1, oxistonto S fuiictiono ipai\i 8 t. 

SCHOLION 

(iO, iSufficiat has oporaliojics in genero explicassc, qiioniani exempla, c 
Him quompiani inomorabilom habere videantur, non succiu'iunt. Int( 
iiTion notanduni ost, plurima oxompla proponi posse, quae vel difficu 
d piano non, per nllam harum operationuin rcdiici queant. Cuiustnodi 

rolafcio inter a: ot y quaerenda sit, ut haec formula integralis /*|” “f 

ilorom algobraioum obtineat, noque oniui video, quomodo huic quaest 
iisfacioudinn sit. Quamobrom multo minus talia attingo problcmata 
libiifl duao pluresvo luiiuainodf formulae ad integrabilitatem perduoi dobe 
oquo otiaiu formulas superionnn ordinum gencraliter pertractaro lice 
’aotor casum in sequonti problemate confeontiim. 


(quantitates finitae .r ot // in cam non ingrodiaiitur, acl iniograniii 
iianc fonnulam \Zdx. 


80LUTl() 


Cum formula diflerentialis 7j(Ix ita sit coniparata, ut ])nio 
c'onstai\tes nomiisi diffcrcntialia dx ot dy oontiiioat, ([uao [> 
(limensionem acliinpleJjimt, ciiiusmotli sunt hae foiunnlao: 




a d ;(;2 -\ ■ h d ij“ . 
\^{dx^ -i- ih/) 


])onatur dy — ydx, atquo formula proposita I'/jdx induot 
J Pdx, ita ut P lint functio qiiantitatis p tantinn, x. ucaj 

Efficiendum ergo crit, utnon solum liaec formula jPdx, sod otiai 
liacc ^pdx, algebraieum nanciscatur xudoreui, quod por problci 
inodo praestabibur. Cum cnim sit 



\Zdx ---= IPdx /^ 

V ■ ■ fxxlP 

fiat primo 

y ---• fpdx -- px 

fxdp, 

fxdP = i)/ ot 

fxdp — N 

eritquo 

dM 

diV 


X = jp 

dp’ 

uncle fit 




(IP _(IM 
Tp 'UN • 


ot quia cat functio ipsiiis p, indo valor ipsius p end deb 
habcbitur 


ac deinccps 

qui valores pracbcbunt 


(IM dN 

- iv sou X — 

(IP dp 

y px ~ N, 
jZdx •--=^ Px — M. 


Pro altera soliitiono jjonatur 


fxdP = M, 


Dnatiir \Md ~^ = li funotioni ix^sius p cuicunqiio, a.c roporiotur 




ioj'e ipsiufi M invcntn prohibit x^orro: 


it 

iiatui’ 


dN .. . 

liot 

d/j 


djV 


iijn J\Jdp , ,» 

tip'^ y=- V3: -h It, 

i/.dx -- Px M. 

jxdp -.= tV. 




dp ' 


Sm.'^, = s, 


Q 


3 ua cfficifciir 


N=::dS:(l 


dP 

tip ’ 



ot y = px — N f 




COROLLARTTBI 

. iSiniili modo soliitio oxliibori potorit, si dime ]>lurc.svo Ihiju.sjiio 
10 \/^(lx propoiiantiir, qiiibu.s valores algobmici coiiciliari tlobean 
eni))} dy ---- pdx, jmaotor iinnc formalaii) jpdx, dime plnro-sve huiii 
'J^dx, iQdx etc., iibi P et Q etc. sint funoUonos ipsine p, intogmbil 
fiicieiidao, quod per methodos supra tradita^i facile praestatur. 


oy. UL igitiiv unem Jimc aisquisitioni impoiiam, oxiiTiiiun t 
aolvendis praeeipuia huius generis problcmatibus, qiuio quidcm 
agitata, ostondaiii. Vcrsantur auteni luiec proi)lcmata potissimum 
I'octificabiles algobraicas, quainobreni ox motliodis liactoniis tr 
derivabo regulas, quarum ope tot, quot lubnerit, curvas algobrai 
biles reperivo licoat, unde siniiil patebit, qiiomodo eiusmodi curva 
sint inveiiiendae, quarmn integratio a data ])ciideat quadratura, i 
pi'oblemata, qunc opo cniuspiani qiiadraturao sint construct} 
rcotificationein ciirvae algebraicae expediri possinb. I'um vero ik 
difficile eiusmodi curvas algebraicas exhiberc, quarum rectificatic 
data quadratura pendoat, quae t-amon nihilo minus unum j 
praecise tot, quot lubuerit, liabeant arcus definitos Jilgcbraico 
Deniqiui solutionem mei ilUus problemutia de duabus curvis, in qu 
communi abacisaao rcspoiulentium sunima fiat algcbraica, ox 1 
deducam. 

PROBLEMA 17 

70. Invonii'o curvas algebraicas rectificabiles, scu quarum 
algebraicc exhibeii qiioant. 

SOLUTIO 

Sint ciu'vae coordinatao orthogoiiales x ot y, arcusquo hif 
rospondeus = z. Prime igitm* quacritur aequatio algebraica ir 
doindo valor ipsius 2 indo omergons debet ease algobraicus. Cu 
2 = jyidx^ H- dt/% liacc formula intograbilis erit roddenda, qu 
bus modis praostabitur. 

I. Ponatiu' dy — pdx^ atquo liae duae formulae 

V = \ pdx ct z = \ dx]/ {I -\- pp) 
algebraicae sunt reddendae. Gum igitur sit 

y ^ px — J xdp 

snmantur novae oiiiusdam variabilis u functionos quaecunquo 
P et Q, ponaturquo 


pdP = dQi/[}-\-pp)^ 


ilQ 


ocgo p ])oi' fudcUoiiorri quandain ipsiua u, quae ob 

tip 
dQ 


dP . (IQ . dP 

77 ct 7- Klcoque -r;= 
du du • dO 


loH iifgubraiaua, ipaa erifc algcbraica 

>IQ 


P-^T, 


uihobitur })orro: 


V{dP^--dQ ^) » 


dP 

"" dp * ^ ^ ^ PP) — Q- 


Q = n (di Vy 
fjonito (in oouHtante cat 


dp — 


— dudVddV 
{dV^ — du^y^* 


ir: 


du 

P “ yJdW^W) 


{dV^~d0) 

duddV 


?/ = 


ddV 


~V 


-..dVidV^ — du^) 
tUMV 


)i P.ca.iJiit Opora omnia I 22 CommoiUutionca onniyticao 


ut V sit functio quaecunque ipsiua ob 


dV , , div^ddV 


posito d u constante, erit 


jdu^ — dV^]^ 


duddV 

dVidv^^dV^) 
~ duddV 


flu^~dV^ 


■-V. 


II. J^osito lit ante dy = pilxt sit 


uncle fit 


Poiatur 


\xdp — IT, icleoquo x » 


p xpd p j* pdM pM p 

J t-'( i + pp) ■■■ J |/(I J- ?qj) ~ J T 


H- 


r* _ p 

(I + 


finictioni cuicinunjc ipsiiis p, fielque 


unde erit porro 




dM 

^ = V = px~M 


z = x]/il ~\- pp) ~ -p P. 


/(!-[- PP) 


Sou posito dp conatante ob 


'^VdPyil + pp) 



t: 


ddP , .2, :ipdP , 

■*■ I' PP^ 


!<-^(y + Pi»^ -I- 


dp 

i I i^pp - ^)dP 


dp 


1/(1 -! pp) 


ddP 


(1 -I- VVY I- Mi_-!^!^)^ + p. 


HI. Sit 


d ;)* 

J 1/(1 + M.) •'■ - ^(7) — ' 


oquo 


iiatiir 


f.dp i/(l + .. J'l/d -H 7>P) h J . 

J ppyCi^p-/^ 


p 


ctioni ipsius p, entquo 


quo valoro orit porro: 


,v .- VP*fPV<^ + Pi^l 
^ - Up' 


= ~ ''p^ ’ V = VX— ^/(l -I- VV) — P otz = .r 1/(1 + vp) 

iito autem dp constante ob 

} • 

^ i~ ^PP). 


X ~ 


dp^ 


dp 


V 


ppddPil + pp) , pdPil 2pp) „ 
= + JZ -P 




2 = 


+ 7??))^ 2dP(l + 
dp 


2q ^ 2q 


IV. Ponatiu* 


Hinc fit 


z-\^y^l^q(lx et z—i/==j~; 
duae orgo hae formnlao intograbiles sunt roddondao. Ponatur 



^qdx = qx — jxdq — qx — M 


J 7 7 ./ 77 7 

ut sit 

w 

*« 

II 

ergo 

1 idM 

8int iam 

ilf et iV fiuictionea quaeomujuo ipsius «. et ob 


, dNddiM — diVddN 

2rfAVrfilWi7 

erit: 



^ fiNddAI —dMildN 


, 2dM^dN ,, 

orgo 

rf.U(/Ar ((W/ — fZiV) M N 
^ rfiVf/rfiU — d/UfidiV 2 

et 

djl/rfiV (rfil/ -1- t/iV) M — jV 

^ iimdAl —d'MddN 2 * 


erit 


V. lisdem positis fiat ^xdq = M, ut sit 

jqdx = qx — jl/, 
dM 


lam sit 


f, ofc f" 2 

J ? J 77 7 77 J 7 


Afdq 

fT 


J ^ = Qf ideoque A/ ^ 


g^dQ 


dq ’ 



dM ■ = 


ff^ddQ . HqqdQ 

~ d(r </</ 


^ -1- // 


i^ddQ 2 q^dQ 

dq^ ' dq 


qqddQ , -iqdQ . 

-- y = -lif- -i TT + ^ 

MO pronton^a 

qq(qjr-i)ddQ ^qq—^[Q___Q 
H -'- ■■■ 2'f^y2 ' " 

qqiqff -S- i)ddQ . q^^rt_‘^}l9. -\- Q . 


L. Vol fiat 


= iV 

J uu 


il>oatnr 


- oO Ucdq ■= !'/'/</ A' = 

<i(J 


fA'<?<i9 = 0 

tonto Q tunotiono (|uaounquo ipsius q, atque ent 


N 

dQ jAT-'i!??- 

^qdq’ “ qdq 

(!Q 
77 ’ 

qddQ 

J.9.- ot 

_ qdQ 

fl fl 

T/f/ 

dq 



qqdd(2 'iqdQ 

-h 2g 

2 - 1 - y 



lo Hot 


i^uamoorem nancisuoiniu rma 


lUi. lumtin 


qddQ (IQ 
^ ~d ('^ ~d (i 



■ -\)ddQ 

qdQ 

y = — 

2d(P 

dq 

- _ C'?'/ 

-I- l)ddQ 

qdQ 

* 

2dq^ 

dq 


eritque: 


VIT. Ad alias fonnulns iiivenicndas ponainus: 

dx = 2pduy ilij = du {pp — 1) ot (Iz = du {pp + ] 

n: = 2jpdUy y 'V ^ = 2^ppdu, z — y =- 2 u, 
orgo quaestio ad lias duas foriuiilas rethioitur: 

J pd^t. = pu —/'«</'/>, ippdu = ppu — 2J updi 

jndp = M et \updp — N, 


Sil nuno 
erit: 


_ (IM _ dN 
'^^~dp pdp’ 


ideoque 

uncle 


dU , , (IMddld — dldddU 

P = JJ, ot dp = - 


(IM^ 


u = 


di^P 


z — 1 J 

diVddN — (INddM 


Porro est 


jpdu =^~- 


dMHN 


dUIddN — dNddM 


M, 


et 


IVPdu 


— ^ + 2/ _ 


dMdm 


dMdd^ — dJdddM 


— 2iV; 


ergo 

dM 

^ ~ (IMddl^ — dmdM ^ “ dUddid — dNddJi 

atque 

dM {di^^^ dM^) ^ 

^ ilMddli — (li^ddM • 


^' = ~-ddN 2.Y 

__dN^-\.dM^ , 

— ^idN 


VI If. In pritGCodciiite solutionc ponatiir, ufc ante 

(ud'p — M fleu u~~ 

dp 


am sit 


ndo fit 


inpdp -= jpdM = pM —^Mdp. 

jMdp — P, orit M = -j- et dM ~ ^-!~ 
J ‘ * (Ip dp 


ddP 

■'t - ‘,/y ,8 ’ 


tqu(' iJoi'i'o; 


1 ^~zy 

** ^ " dp^ dp ’ 2 ” d p^ 

z -\- !/ ppddP 2pdP , f, jj 
'2 dp^ ■ dp 


jncciiie olioiiiJitur istae loirnulac: 


‘ZpddP __ 2dP 

(/y) 

?/ dp + 

('P7^ ~i' i]ddP 2pdP , 

^==-—W — — 

tX. Loco j)i'acceclcntis oporationis fiat 

r , „ dN 

\upd'pr=N, S6U U = -TZ> 


Titqiio 


Jam ait. 

— p 


J pp ’ 

fietque 

et dN-P‘f"‘ + 2 pdP 
dp dp ‘ 

unde 

pddP ^ 2 dP z — // 
dp‘^ ^ dp " 2 ’ 

at oi'it 

2 + y y^ddP ppddP , pdP 

2 dp^ dp^ ' dp 

eigo 



^yyddp 2 pdP _ 2 p 
dy^ dp 


_p{pp — \)ddP 2 dP 
~ dp 

- — vSet^ _i_ 

f/75® ~'' dp 

CORULLARJUM 1 

7 1 . Si rcctificatio curvae non tlcbeat esso algobi'aica, sc 
pcndore, lioc ope rcgulae primno ac secundae facile pra 
eniin I'egula pro V omsmodi capiatiir [posito P at Q 

ceiidcns ipsius «, quae datam tpiadiuturani pnta (Udu in 
dV 

du fl'J<anUtas algobraica, si sccunda regula uti volirr 
functio iranscendons ipsins p accipi doljet. 

COllOLLARIUM 2 

12 . Utravis aiitoin rogula adhibeatur, id facile oxpcc 
blematis 2 utcurvaerectificatioindofinitanonsolum adata 
sed lit ill eadein curva tot, Cjuot Inbuerifc, extent aroiis 
algobraicG cxpriini queat. 

SGHOUON 

73. En ergo novem formulas specie quidem diveraas, 
braioae, reciifieabiles, continontur, vorumtamen quaolib 



iv'icon) rcdnoiinfcnr. Ha, solutio quarta ad primani rcducitur poiieiulc 

M = + K oti N ^ u~ V. 

ai in soxt.a ponatur 

Q = Q(/(h 

itm' ad quintani. Do hia autom solutionibiia notanduni cat, cx singulis 
3ni finifcaiH sou /initis quautitatilius oxprcssani inter Ires (puuititatef 
z reperiri posse, onm diAercntialm indo climinari qiioanfc, pro singulis 
ikit/ionib\m hao rclaiiones finitao ita so liabobunt: 

f. dat, (2 -h K)2 - a'2 (y ~\- uf 
H. dat d- pp) a- -f py f P[/(l pp) 

IJ T. dat 2 ]/ (1 -|- pp) = ,v -|- py Pp 

IV. dat (2 -1- y -j- il/) [z — y — jV) ~ xx 

V. dat 2 {] -I- q(i) 2 qx -h [qq - 1) y -!- 2 Qqq 

VI. dat 2 (1 -1- qq) — 2 qx -h {qq — 1) y -h 2 

VJl. dat (2 -1“ y -V 4- N) {z — y) ~ (.t -j- 2 Mf 
VII'I. dat {pp -h 1) z = 2 px h {pp - 1) y 1 - 4 P 

■fX. dat {pp d- 1)2 — 2 px d- {pp — 1 ) y -\- d: Pp 

tot solutioncs 11 ot (H in imam conleacoro, si in soemnda ponatur 


lOrtia 


P = 


U 



in prodit haco solutio siinplicior: 


ifp^ " dp 

'P ( 1 -h pp) ddR dii 

dp^ dp 

( 1 d- VP)^ ddU 


iDi ntn.mii Orora omnia I 22 CominontotlonOH amxlyticiw 


^7 


lit tantiun rcinaacant 4 solutiones quae pro ilivcrsis haberi qiiGiuit: 

(I, IV), (Tl, rJl), (V, Vi, VUl, IX) et (VH). 

atuor igitiiv bus solutionea }irincipales !nc conspeotui cxponovc convei 
mis earum ita paniuiper immutntia, ut in singulis sit P functio ([naccun 
ius p. 

SOLUTIO r 


jdy—dp^-)^ 

^ ■ Ipddp “■ 

^ _dP{dq)^ — (lP^) 


dpddP 


p 


z 


dp^ — dP‘^ 
ddP 


(2-1- = (//-|-7^)"- 


SOLUTIO II') 
ilpdP 

= -hp - ^ 

y - — p 

•' ” ''2ddP ^ 


^ ■” " UdP 

{z -4- PY - {X ]- pf -f (// + Pf 


SOLUTIO in 
r — tJlL _ P 

dp^ ' dp ' 

p(l -y pv)jldP dP 

7y d p 

, _ (I + PP)^ddP 
dp^ 

z]/{\ -yvp)^x-y-py~\- p 


l) Hat ‘0 fiohitic) coaloHCot in sjolutioncm VII, quao Boquuntiir coalosnont In RoluLiones IT 

H 


SOLUTTO IV 


ptMP _,ir 

dp^ Up 

n _(PP pdP 

2ftp^ ~dp '■ 

^ ivn± v_i^[ , ]> 

'Idp^ dp ' 

{pp 1- 1)2 %}n: -J- {pp — - 1)// h «■/■’• 

igitur, si jiro P functioncs sinipliciorcs ipsiiis p siibstil-uaiitui-, cur 
raioae simpliciorcs, quae sunt rcctificalnles, obLincbunlur, ac parabol' 
m ox Hi cr\u oljscrvo, si poiiatur P A -)•• Bp^ -\ - Op‘^ - j- 4- ' 
)fr)cionto.s debito (leten))i))cntur. 


PUOKU5iVrA 18 

4. Jiivoniro dnas curvas <algol)micas ad oundoui axoin ?’{}ln.i,a8, quat 
squo I'octificatio a data quadiutnra pendent, ita \it taiueii utriiiR< 
m oidoiu absoissao respomiontinm mimina algobraicc oxliibori qnoat’ 


ftOLUTJO 

>it abscissa comnuinis a:, 

lua curvac applicata = ?/, arcus z; 

Itora ourva sit applicata -• «, ot arcus to. 
air dy ^ pdx, et du — - qdx, oritqiic 


pro curva I 
y = px — j‘Tdp 


z = x]/{l -i-pp) 


xpdp 

J ]7( 1 -T- ppf 


w 


pro ourva II 
u = qx — f^'^dq 

+??)-/■ 


Vi^-bOQ) 


ISO Gst orgo pri/no, ut formulae jxdp et jxdq ^'alores nanciscantur a 
)a, dcindc ut summa nrcuum z 4- w sit pariter algebi’aica, tertio 
uo arcus scorsim sumtus, vcl, quod eodem redit, arcuum difTorentia z - 
a, quadratura pondcat. 


I Vido L. Eulrui Coinnioiitatioiiom 48 indiois yi'nca^ocmtani; p. 76 luiiua voluminiH. 11. 


ut sit 


1/(1 + rv )— 4 - qq ) -- ^9 


y = 1 : px - ■ \xdp, u = qx -- Ixdq 

z = ^ Jx* {dr + ds ) , 10 = ^ — I Jx {d r - 

z \- 10 = xr — jxdr 
Z — 10 = xs — Jxt /5 


Efficicndum ergo cat, ut hae trcs formulae: 

^xdp, fxdq ot jxdr fiant algobraicac, 
simulquo ut formula fxds a data qundratura pendeat. Ad hoc pc 


et 


Ia?u ponatur 


orit 


et 


dL 


jxdp = orit X* , 




ft fit dr Ldr rr t dr 
= Jrf/ JLd 


dp dp 


dp 

ds 

dp 


jwj = i¥, seu i = ^ 


dM 


dp 


d."^- ^ d-^ 


d.$- 




d- 


dr 


dp 


dp 


dp 


, da 

ds i- , ifp 




, da 

a • -,- 


dp 


d-$- 


iMd 


, da 
d--r 
dp 


dp 




dp 


dp 


— — /t Gt ■ -'-r ~ V 

dp tip 




tl Q 

\Ld-^ = Mv-~ \Mtlv. 


KirtiHl, iii formula rcrlclatur algcbraica, altera vcro \M(}v a da 

(h’at.iini () 0 )i(lcaL. Sit ergo 


— N son M = , 




iam /-* oiuHinodi fuuctio tmiicondens, quae clatam quadraturam invoivi 
ponaCur: 

utsit A'= 

» valoro ill jiraocodoutiliiiH fonnulis substitnto reporientur binao curvaeal^ 
ioiUi qiiacwito Hatisfnciojil-es, Snmatnr scilicet pro q functio quaecunq 
i(H p, ita lit ot .9 Mant I’unctioncH ipsins p, ernntque otiam ^ ot v function 
UH p-, qiiaro pro P capi clcbcbit functio transcendens ipsius p, quae quick 
poHitam qiuuiraturain iiivolvafc, liocque inodo dabifcur per P, imde dei 

H iitraquo ourva dofiniotur. Hinc autcin cum ^ sit functio ipsius p, a 

lUo oxhibori potorit. 

►Soilioot ponatur: 

jjildfi = li et fMdv=^S, 

uti R sit functio algobraica, S vcro datam quadraturam includat, entq 



unde fit 


dp __ dU 
dv dS 


iiLiiiqiifc} uiirva. iuvcniuiituL. 


SCHOLION 

76 . Haec ium siifficere viclentiir ad ostendendnni quous((n( 
cidt\u’a huiiis novae mctliodi adhuc porfcingerc liciiit; 110(^110 d 
spcciinina aliis ansam sint praebitura, vires s\ias ad Imiic me 
promovendam intondendi. Si enim mefchodus, qiiao Diophautci 
quondam ab exccllciitissiniis ingeniis omni studio cst oxculta, 
mothodus, quao in (juaestionibiis longo sublimioribus versatu 
Mono digna non cst aestinmnda. 
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( loiitiitc'iiliilio 206 iiuiicis KNr«TROKMiAVt 

Niivi CoiiiiiK’nI-iii il nciult'iiiimi PotiupoliUuiJio 7 (1768/0), 17(51, p. 10^ 202 

Suiiiiimriuiii ihiiloiii p. 11- )2 


SaVIXrARlUAL 

Sin^iiliirom al.()\i() unmiuu novam mol-hoduin, iipcjuationcs diil’erentinlos seoi 
idiiH l.i'KOliuidi, Aiudor laadii.uvuH, slaliin ohsorvni., jdui'imii iitqiio adeo iniinita ca) 
oriim ovohiUo ('liumiuBn in Mnllto.si dosidorunUir, lul Aiinlysin ao potisHimum 
loUiUonoin aiKiualionnm dilVomnlialiinn socmndi gradua rediioi. Qiiotioa onim qunt 
|>!U't(mi ((uninplani MatlioaooH, tiU vooaiT aolot, a))))!icatao HuscipiUir, eius onod 
iiiaiii oporalionilmH ahwolvilnr, quunnn uUoiiiiH ox ])i'incipiiu iali pavti propriia sol 
ai 5 i|ua(u)miH analylioaH rovouat-nr, altom autom in hanim aoquationum resolut 
iiHiiiiiil.ur, lam vniTi |H inoipia ilfcolmnioao, sou Sciontiao inotiia, tain solidoruiii, qi 
idonirn, (ami oMam AHtroiKiitilao theoioticao, lU aunt oxcidta, ut vix qiiaoatio cxc 
■i jin.HHit, ouiiia mdnf/ionom non laloniin priiioipiomni bonoiicio ad aoquationoa aiialyt.j 
111 })lm jn)iijn {MiVunnilialoH Hconiidi grndiw, pordncoro licoat. Ex quo manifes 
j)moui))imin MulliosonH jiorEcotioimin, (|iiiiin quidom spciaro licot, in huiusr 
iimilioiuiin vosululiono oaso qiiaorondam. Quani ob caimnm Col. Auctor, cum 
3 pniH in hoo nogoUi) viroa Himw oxorouiaaol, ac variua inotliodos particulares, ([uae sae 
uaum vuuari ([uoiinl, in nujdiinn ntUiliHSOt, hie oinnino novam latissiuieque paten 
un ingrodiUiv, iHlns iiC{(iiaUoneK Imclondi, quao in hoo consistit, ut inultiplic 
.'onl igobur, in (luoin luiiuHinodi nuqualio duol-a fiiU inLograbilis: Quin otiaiii ])ioniint 
n (lul)ilnt, miiiiMaiuKpm fuorit ordiniH RCf|iitttio difTorontialis, somper ciusmodi in 
ojitoroni nogotiuin aonfioiontcjin duri, atquo in huo diaaortationo nonnuDa luiiusi 
quatiomiin genora, quno aliis mothodifl iimcoosfla vidontur, hao methodo felicito] 
qu(tli(jno .4 di/loronliftloK pi'imi gi'ftdiw mluxit, iiequoiilJuni estdubium, quinhaeo me 
H, HI nboriuH oxcoJalur, maxima inurpmontain Analynin eit allatura. 


l[liaUDtiu Liuicim u libuiii , niicnj 

nem continaro dicuutui*, altera veio pav9 iu ipsa harum aequ 
oecupatur. Si qimestio ad Mathesin mixtani, vel applioal 
pars petenda esb ox principiis, cpiibus ista disciplina Ma' 
huicque scicntiac quasi est propria; pars autem ])osterior 
puraiii est referenda, eiini tota in rcsolutiono aequatioii 
quaesbio, vcl cx Mcclianica, vel ex Hydvodynainica, vol c? 
doainnta, ex principiis cuique harum disciplinaruni pi 
pi'inium ad aequationcs rcduci oportot, turn vero istarum 
Uitio artificiis, quae qiiidcm in Analysi coniperta habcin 
quenda. Ex quo satis cat manifesium, quanti sit nfion\onti . 
Matheseos partes. 

2. Principia autem fero omnium Matheseos apjilieat 
.sunt evoluta, ut mdla propemodum qiiacstio co pertinons 
solutio non acquationibus comprehendi tpieat. »Sive er 
acqiiilibrio, sivo do motu corporum ouiuscimque indolis, ti 
fluidorum, cum ah aliis, turn a me, principia certissima su 
opo semper nd aequationes pervenire licet: atquo si corp 
qnibuscunque in sc invieem agcrc statuautur, oninca portu 
in corum motibus officiuntur, non difficulter ad acquatioin 
si has aequationes rcsolvore valcromus, nihil amplius su]; 
soientiis dcsidorari posset. Quocivea omne studiuni, quod 
till’, utilius impendi nequit, quam si in limitibus Ana 
elaboremus. 

3. Quoties autem problcnm ad Mathosin applicatam 
rarissime in aequationes algobraicas incidimus, quarum rc 
dum ultra quartum gradum sit pcrducta, tamcn ope a 
exact© perfici potest, ub pro perfecta sit liabenda. Perpot 
vimnr ad aequationes ditlorentiales, et quidem maximan 
tiales seoundi ordinis; principia qiiippe mechanica atatim 
gradus implicant: ita ut sine Analyscos inlinitorum subs: 
scientiis praestari liceat. Cum autem in rcsolutione ac 
tialium primi gradus non admodum simua profccti, inul 
dum, si aqua nobis haoreat, quando qiiaestiones ad aeqn 


nitatao, ul ctirti.s tfiTiluin casibus, qni non admodum frequenter occiirr 
iiHiini voc-ari ([iicatit. Mtiiusnio(liautomi’egiiiasi)iuvcscxposui in Comment! 
[•.julotniiio JVtfopolitanae ot Voliimine VIJ. Miacolianeoriiin J3ei'oIinensin 

'I-. Intoriin tamen iiim aacpiua eiusmocli se milii obtulcnmt casua ae( 
)imin difloroiitialiiim aooundi gradiia, qiias tametsi ope regularum ilia 
aeUirt! Ufai lionorit, tanion alinndc oanim intcgialia habucrim perspe 
‘(|iK) ulla- via diroota ])atol)at, qua haec iiitogralia orui possent. Huiusn 
LHiis ot) niagia mint notiitu digni, quod comparatio illarum acquationum i 
lis iiiU^gruUbna tutiaaimam viam patefacorc videatur, earum resoliitioi 
'f (asrtaH metlioclos porficioiidi. In quo ncgotio, si cvcntiis spem non fefell' 
illiiiii oHt (Inbiinn, quin nictbodi bnnc in finem detcetae, multo latius pate 
•. uostrait^ fiUiiilUitoin, Jioquntiones difl'crcntiales secundi gradus tracta 
)u nuuliooritor ])r()movoant. lia ergo, qiios liiiiiismodi studiu iuvant, 
gratinn tore arl)iti‘ov, si ctiaiiH illoa mild oblatos eommomoravero, ut o 
onon) iinlo adipiseantur, in bac parto Analysin ampiidcandi, turn vez'o 
otliodoH ox})oinun, ([iiaa liorum cnsuiim contomplatio mihi suppeditavit. 


5. Prhniini huiuHinodi oxomplinn mihi occiimt in Mechanicae meao®) 1 
pag. 40f), ul)i iid luinc porvcni acquationem difi’erontialcm secundi grai 

iii 

2 lixddx ■ - 4 -- (1 pp) , 


i (jua dilTorontialc dp Himitum cat constuns. Eius autem integvale alii 
lilii oonatabat in liau forma continent): 


Kiatoiite 


!L+i 

(I I- pp) ^ Ods^ ~ 0 
= (1 -I- pp)dx^ -b tpxdpdx -h xxdpK 


otoram otiani iiotaro valorem luiiua conatantis C esse — — (n + 1) 5. 
mi temporia opoi'iLin inutilitor pordidi in inotliodo directa indaganda, o 


1) !,. lOuMJiu Coinmonlal-ionOH 10, 02, 188 indicia EnesHocmiuni\ vido p. 1, 108, 181 

ihiiiiiiiiH. 

2) jlfccluinica nivc motim scicnlm (imlytice exposiia. Tom. I, Potrop. 1730, § 1086. Leon 
UL iiiti Opera, onuiiu, aorioa II, vol. 1, p. 393. 

3) Vi<lo § 13. 

LicaNitAKOr l-IULKm Opom <nni»in 122 Coinmontfttionwi anftlyticao 
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opo istam aequawoiiuH! 

possein. ncqim uUum artificiuni cognituin huo cloduoero 
notari convcnit, iiitcgmle liic exhibitiitn tanUini crho 
continet (piantitatem constatitoin ah arbitvio nosti'o p 
integiatioueui asset iiitrocliieta, infra aiitein osteiulani c 
acliici posse Ituinsmodi teriuinuni hx^dp-. 


0. In alinil simile exempluni iiicicli in Opusculoniiu i 
tione') pag. 82, ubi motiiin corporiini in suporficicbus na 
tatua: pevveni aulem incvoUitione certi cuiusdaiu casus 
dilJerontiaicin aecundi gradiia: 

ddr . {F+MkkfOW 

"r {Mklcrr'-{- F + 26'?i -P IIuu)^ 


vibi difVcvenUale du sumtum oat constans, littorac autei 
denotant qiiautitales constantes (pmscnnqne. Nullo 
aoquationia intogvalc eniore potovani, aliunde autein nc 
csHo;=) 


(/'’ -I- MkkfOhh^ 

Mkkrr-^'F^ iOu -1 7 /« h ‘ 




}.a “I j-y 


q\iod quidem etiain oat particulare, et quia tantoporo 05 
minus putet, quomodo per integrationcm ex ilia ae 
Doinceps vovo monatrabo, hoc integrale complolum 

adiiciiitur , ita ut C dcsignefc qiiaiititatom 
quae in aequatione difterentiali sccundi gradiis insunt, 


7. Deindc etiam alia pvoblemata tractans, perdu* 
aequationos dift'orcntiales secundi gradus, quarum int' 
condita vklebatiu*. Veliiti hiu\is aeqiiationis dilleroiitial 


1) Commeutatio 80 indicis k!ue^^troc^niani: De niotu co 7 -poruii 
Oimscula vnrii iii'giunonti 1, 1746. Lkosiiauui Eulkui Opera otnnia, sorioi 

2) Viilo § 23. 


rdr -j- nrds -{- nnsda — 0, 


3 quideni aciqiuitio, quia binao variabUc^ r ob s iibiquo ourunclom di 
\iru, por lucthofiuni a ukj olim cxliibitain-), tracbari po«sel. Porro qnoq 
i o()tuUt iiaco aoquabio (Ii(f(jr(mtio-cli'frcrentia(iH: 

(is- {afis -b fis -\- y) rrdr- -i- 2 f'ddr 

to clomonto ds constanto, cuius integralo coniploLnin dcprchoiidi cssc 

(j . - . ^ „L y f .)_ jJl Oarr 

' r ) da - > 

:1, qiioinodo indc cHni quoat, liaiid facile patot. Quin cbiain ipsa aoq 
grabs, otsi c.sb diiTorontiaJi.s ]>rin)i tantiiui gradiis, panj?T» afliuincuiti a 
tbiir, ob insignoni vaviabiliuin implicalionom. 

8, Mace ([uabuov exoinpla suflicimifc, n<l ostciidcndum, j)iiirG9 n 
hodos docHSc, quiljuH acqunUoiic.s diifcronfcinios socinuli gratliis iiitc 
iint, Hiinul autom, quoniam Ins {piidoin ensibus inbogi'alia oonstan 
iin invontiono non csso desporanduiu. I’^piicloin post vavia tonbai 
)us has aocpiationcs tractavi, coiupon, totu») lu^gotiinn oo vedire, ub ic 
oi'atni' quanbjbas, por quam isbno noquaiionc.s nudtiplioatao intograii 
littant; tali autom multiplicatoio iuveuto, intogiutio nulla aiupli\is la 
oultato. Quomadmodum cnim onnuum acHpiationum dlfTcroutialiuni 
lus intogratio co rcduci potest, ut invcstigancia sit fmuitio quaopiarn 

: variabilinir), por (pjani aoqjmtio ninltiplicnta ovaclat intcgrabilis, ita < 
omnibus aoquationibus diH'orcntialibus sccundi gradiis, hano rcgnlan 
ito tanquain goncralom in medium aitcri-o, ut sbatuam soinpor oius 
itioncm variabilium dari, por quain ao<iuatio inuItipUcata reddatur 
jilis. 

9. Loquor autom hie do oiusmodi baubum aoquationibus, quao 
in variabilcs involvunfc, ct quao iam co sint porductae, ut diiforen 

1) Vklo § 36. .... ^ 

2) Confer Commontutiono.s 10 oL 44 liuiiw volumiuta, iin 3 >rlmiR j). 0 ot 65. 1 

3) Viclo § 40. I 


ncquationcs dinorontiales cuiusquo graaiw ad lormas scquontcs 
constat: 

I. Forma gcneralia aoqiiationuin rlifforontialiiun primi gr; 
p = funot. (.^ ot u) 

II. Forma generalis acquatiojiuiii diffcicntialiuin secundi g 
q funct. (a*, y ot p) 

HI. Forma generalis aoqiiationuin dilTcrontialiuni tortii grad 

r — funct. (:c, y, p ot r/) 

TV. Forma generalis aequationuin <liiTerontialium quarti gra 

s = funct. (a;, y, p, q ct r) 
ot ita porro de soquentibiis altiorum graduum. 


10. Cum igitui* proposita quacunque aoquationo difforontiali 
p = funct. {x ot y), semper dotur eiusmodi fiinotio ipsaruni :i' ct 
ilia acquatio multiplicata redclatur integrabilis, otiamai saopor 
fimctionom asaignaro non valeamus, nullum est dubium, quii 
aoqiiationibna dillorontialibus secundi gradus q = funot. (a;, y ot 
multiplicator existat, qui cas reddnt integraliiles, ideoquo ad 
])rimi gradus reduoat. Iain voro liic casus distingui oportet, quibi 
plicator vel binanim tantum varia))ilium a* ct y functio oxistat 

quantitatem p, sen rationom differentialium involvat: ob hoc 

men ipsa multiplicatoris inventio modo facilior, modo difficilior ( 
aiitem ovoUitu facillimus habobitur, si multiplicator alterius taut 
solius fuerit functio. 


11. Si igitiir litterae P, Q, R, T sumantur ad designandas 
fimctiones ipsarum variabilium x ot y, soquentos ordines simj 


Multiplicator ordiiiis priini 
Multij^licator orcUnis sccuiKli 
Multiplicator ovdinis tortii 
Multiplicator ordinia quarti 

etc. 


P 

Pdx \- Qdy 

Pdx^ -f Qdxdy -\- Hdy^ 

Pdx^ + Qdxy-dy + lidxdy- -f- 


Hi quidoui aunt o?-dincM simpliciorea, quihuK y ■— vol ad nullair 

Ct 

main, vol duaa, vol trcs dimonsiouoa iiaaurgit: facilci autoin colligitiii 
^0, ut littcra p vol per fractionca, vo\ irratit)iialia, vcl adeo tranaccndi 
tiplioatorom afliciat, cuiusniodi casiia ingcnloin cainpuin novarum 
atioiium aporiunt. Hie qiiidom tantiim in forinis expositis voimri coiif* 
i oao aufficiunt exemplis allatia cxpcdiciuiis, simulquo nos ad uoquat 
to gonoralioros earuni ope resolnbiJcs nianiidiicont. 


12. Proposita orgo aoquationo qnacunquo difforcntiali aociindi gr 

<7 = fimct. (a;, y ot 7)}, 

o .suinto dx ooijstanfci ad lutnc fonnam rodigofcur 
ddy -- ftinct. (^x, 

^ctur primo multiplicator iminao formao l\ mnn oius opo intoj 
3 oilat; sin minus, sumatur multiplicator formao socimdao Pdx-l-Qdi 
nogotium coiiliciat, rocurratur ad mnltiplicatorom formao tortiao, 
rtao, etc. ; mox autom colligoro Hcobit, ntrurn por factoros luu’um form 
jgratio absolvi quoat, nee no; quo postoriori caaii ad formas mugia cc 
rs orit confugiondum, ac dnmniodo Juiiusniodi cnlculo fuerimiis as 
dtatem nobis comparabiinus, pro quovis caaii oblato idonoam mu 



1) Cf. n. I'luMCfu CominonUviionos 420, 431, 700 iiuHcla Enoslrocmiuni: Dc vnriis inle^jra' 
'ibiut. Oonsidcrulio (lajuntionis (liffcrcntio-difjercMicflia : 

. . , dxdz ,, srfa;* 

(a + bx)ddz -{- (o + cx)—^ -I- {/ -h j/ro) — - = 0. 

i fiommont. ncad. bc. Potrop. 17, 1773, p. 70; 17, 1773, p. 126. Do Jormulis dilJcrenlialibua 
us, quae inleywtionem admillunl. Novu ucla uoad. bo. PoU-op. 1 1, 1708, p. 3. Vido qiioquo 
im calculi integralia vol. 11 § 806 — 028. EtONifAitui Evlkiu Opera omnia, surio.'* J, vol. 23 
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PKOBLEMA 1 


13. Prop(Daita aGqufiUone clillcrentiaU sccuncli gradua: 

K 1 

2 (i-yddy — 4 ady~ — (1 + aia;) ^ — 0 , 

ill qua dilTcrentiale dx smntiini cat conataiis, cius integralc invcnii' 


SOLU'nO 


Factorem primaofornmcPtoiitanti mox patobit, ncgotiiim noi 


nisi sit ?i ~ — 2, quo quklcm casii forot P -3 ofc acqiiationia 


2(njddy — 4ady^ 


dx^ 


y' 


= 0 


intcgrale casot 


2(tdy 


(l-h :ra-)F(l 'f- a::i:) 
xdx 


yy 


V{\4 rxx) 




deuuoque iulcgranclo liabeictiir 

“ ' y — 1/(1 + -I- P ; 

ita lit hie casus apccialis luillani habcat difficultatcin. In goiior' 
valore cjuocunquo exponontis n, tontetur factor formao socundao i 
et aoquatione ad hanc spcciom reducta 

2 addy ^ (1 -f- ^ = 0 

productum erit: 

-f 2aPdxddu-^^^-^-- Pr‘^‘dx^{l -I- xxf^ 

y I 

±nQ/ltfi — 

+ 2aQdyddy ~—-—-Q.y'^^'^dx^dy[\ xx) 

y 1 

quam per hypoUicsiii integrnbilciu esse oportet. Duo autom pri 
qualescunque P ctQ sint functiones ipsarura x et y, nonnisi ox clifX 
horum 2aPdxdy -{-aQdjf orivi potucrunt; undo habebimus pm 
iniegralis 2 aPdxdy -f aQd'if. 


dp 



f-io orcJiiuil-a crit: 



y V 


idPdxihp *iaQdy' 

y ' ~^~u' 

2a, My = 

-adxdy^i^§) 


:)i) dx sumtum (ioiintana nviUo inodo iiitcgrabiliw usso i)Otcst, nisi torn 
ot dy'^ a/Yooti scorsini sc tollanfc. Weccsse o?*go ost, sit; 




y 




it ox aoc|iiaUono pi'iori valoroni i}).sius Q cruanms, apectcinus a; ut c 
oritquo 

T.t onim d?j inororiiorituiu ipsius Q ox solius ij viU’iabiUtato orti 

Gum sit 4 Qdi/ -j- ydQ 0» ohtinobimim intograiido Qy* = K funoti 
n: tantuni, ita ut sit 



'JC 


orit functio ipsiua x. Nniic in altera aoqiiationo quoquo x snmn 
ins, fictqno: 


4Pdy+ 2ydP + ^^(^) = 0, 


por y inultiplicata ot intograta clafc: 


ideoquo 




P := k. -|_ , 

Uif ‘ 2 v^\dx 


If!/ ^y 

ubi L donotat fiinctionom ipsiiw x tantum. DestrucUs ergo isUf 

idP\ 1 /dJj. . 1 fddK\ 


' dxi ~ yuxtix! ' 2y’\ dx^ j 
eiifc (diera pars vitegralis: 

qimc ouin constet duobiis menibris, pro })riori esse debot X = 0, c 
f(i -b xxy d-dCf/^iii/) 


integrale crit 


Ky>‘*^ 


11-1 


n -\- 1 




Supereat ergo, ut rocUlatnv 

»i -I 


ri-:l 


seu 


«(1 +«)-+.'— (I ly,..,UlK(l 

2{n — 1) Kxdx = (n — 1) dK {1 - j- a:a;). 


Atque hino elicit lu* A = 1 xx; ita ut altorius partis intogri 
prius sit 


at membrmii posterius ob X 0 et j ~ 2 fiot 

J 2 /^ yy 

cuius integratio cum spontc suocesscrit, totum nogotium est 
integralis pars altera erit: 


oindo ait /y — 0 ot K — I xx, erit {-!\] liinoquo fiot: 


(lx j 


y'i *> 




iiit(}gralia para priiua luibobitur 

2a:cdxdij « ( I r/y- 




■ua aoquatioriia dinbroiitio-diiTnrcntialiH propositau adhibito torinii 
ntc C(lx^ intcgralo complotum oril: 


ilx- 2ax(lx(ly ft(l -1- ri:;»:)rZy“ 


II 4 \ 


yy y-' 

V ?/ n)!jltij)licando: 


V- -|- I 


I' = Cdx'^ ; 


II -I I 


-f- xx) ^ — a -I- V^xydxdy (1 -I- xx)dy^) — Cy^dx'^ 


gi’ogio c'ouvonit cum co, (puxl anto |§ 5] per )Motlioduni indii’ccfcam era 
bus. 

OOIlOlyLAHIUM 1 

L Acquatio ergo di/Vcrcutio-diOcroMtlaliH 

‘2a<ldii — - //'" -|- xx)"'^ ~ 0 

tbilis rcdclitur, m iiudtiplrcot(U' per lumc bictorcm 

xdx 0 -l- x;v)dy 

jjH yt 

.liiuidocognosci potuiasut, iutogriitie Hino ulla clif/iculfcato porfoeba fui.ss( 


COUOJJuAlUUM 2 


). Vicissim orgo si acquatio iiitogralis invoiita 

njdx^ -h 2axydx(ly -|- a{l -f xx)dif 1 v,.a/, 

I/* ~n+l<^ 


a,\r) a = 


Cdx^ 


AJiDi Ei/r-cni Opom onmlft I 22 CuininonlfttioimH arinIyl.in<<o 
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Rcu haiic 


xdx (1 -f- 

'¥ IF 


xydx -f* (L + xx)dy i 


ot (livisione instituta ipsa demum aeqiiatio differontio-dift'erontiali 
provoniot. 


COROLLARIUM 3 
16. Si aeqiiatio proposita per— — multiplioetur, iit habe 

iaiddy — y,— — v’'dx^(\ -1- xxy = 0 , 
multiplicator earn reddens intograbilcni crit: 

7 ( fl ^* j - + ^’■'■1 '/< ' + • 2 ^ l/{ H - ■ 

Quare si ponatur 


?/p/(l -}•• XX) = 2;, 


liaec obtinobitur aequatio: 


2addz{l '{• xxY (1 + •iaxdxdz{'i xx) 2adx'^ 




quao per dz inultiplicata integrationcm adinittit. Erit enim intogra 


<^u_+ ^ ad^ ^ = Cdx^. 

z* ' zz « + 1 


COROT.LARIUM 4 

17. Mine ergo patet, quomodo per idoiieam suljatitutionor 

sublevari queat; cum cninr aequatio proposita per subatitutiononi 

in iianc posteriorem formam fuerit transmutata, non ampliua f 
integrationcm peragero. 8ed praetorqiiam quod talis substitutii 
OGcurrat, si multiplicator fuorit ordinis tertii, vel altioris, huiusrn 
no locum quidem habere jioterit. 


.jniii oiK^iim-ii «pL‘(;u: caicuii, qua aa pin 

[irariun iiiiroduct-ioncm vifcamlam clifToreniialu functionis P tluaruin v 
uiti c5t» y oxprcsfji p(;?* 

jflp 

moj’o iani aatis usitato, dx clenotai incromciitum ipHius P ox 
iabilitato ipMiuH a; oriuii(Unn, ot dy cius incromcntiim, quod ex v 

tato soIiuM y nuHcitinq conatat aiitnin hacc duo inoreincnta adclita prac 
'i])lo<>]jni diOoroiiiialc ipsius 7* ox ufcra varialjili x et y nafcuni. Hinc foi’ti 

I ot donotabndt fiinciioMos Hiiitna variatilium x efc y, qiiippe qiia< 

'oroniiafcioJioui ouiiasis difTorontialihus liabcnliUr, ita si sifc 


P ^ yy/ {I f xx), 



fy 

XX) 



1/(1 -j- XX), 


in voi'o oognita altom parte luiiusmodi dift'orontialis vohiti dx (^^j> 
vntitaa P indo ox j)ar(.o eoguoscitnr. Spectata euiin sola x ut variabil: 



lotanto y fiinotionem ipyius y tantnm, atquc cx hoc fonto in solu 
oros qnantitatuni P ot Q dotorminavi. Manifestnm est qnoquo, si K i 


ictio ipsius ^ tantiini, turn j oiiis complobum dilTercntiale iam e 

iro, ita nt sit dx --= dK; poiTO autom haec scriptio dei 


in quod sou si ponatur(^~j = ent(~-j = (|^J. Erit 

iter k functio ipsius x tantum; ita si sit 7C ~ j/ (1 + xx), erit 


'dK\__ X , ___J . 

dx) V {\ -V XX) \dx^) (1 + xo:) 1/(1 + .-va;) ’ 


[jqiio modo ultorius progredi licebit, ut ait 


atqiic hfiec ad intolligentiam tu-tn iiuiuH Bohitionis, quain seq 
necesse est visum. Cacteruin considoratio huius solutionis 
sequens Thcorema gcneraiiua. 

THEOUlilMA 1 

10, lata ucqnatio differcntialia sccnincH gradus, posito 
addy ~ + ifdx^{a -i- 2f}x d- 

intcgrabilis reddiiur, si miiltiplicctur })cr himc faotorcni: 

, (fid 2/ix-\-yxx]dij ^ 
(m— d' 7/="' 

atque aequatio iiitegralis orit; 


ay\/d%^ + Z{ni—\)a(p d yx)ydxdy d — l)®ri(fz d 2/? 

“ 2(7«-._ ])2y2.» 

+ Sfl Gd 


COROLI.AKIUM 1 

20. Si fucrifc n = 1, prodibit ista aequatio difforontial 


addy - f = 0 , 

y ' {u-\- 2px-{-yxx)^ ’ 


quae ergo multiplicata per 


ip d Y^)dx (g-t- 2 /3.1; d Yxx)dy 

d- y2m 

fit integrabilis, eius iutegrali oxistcnto: 

(lyyyd x^ d 2 (7» — l)«(^ ^ Yx)ydxdy d (m — l)Vi(a d 2j 

2(7rt— * 1)® 1/2 Ml 


difycroiitialis priini ordiiiis: 


, ouai.iui.imiH y = aecjuatio nc 


adv — uavvdx -|- 0 

' («+2/9.r + ya;a;)2”^’ 


(iiiiim orgo iiilcgraliH crit. 


ayy!,dx-‘ -|- -f- yx)yrlxd!/ -(- /da{a + 2ftx yxx)dy’‘ 




mu pro y valoro auo HiilmUtuto 


ay I- -|- 2/9.« -|- yxx)vv = 2au 

COUOLLAUJ UM 3 

22. iStaUm orgo acquaCionia diflcrcntialis propositao: 

adv — uavvdx -f ~ 0 

' ' {a -\- 2 fix yxxY 

poHito 0 0, Jiaboiniitt acqnatjonoin intcgralom particularom, quae 

0 2fxa{fi~\- yx)v ~\- iea{a 2/?.r -f 

ox (pia per inoiliodiirn a mo alius oxpoaitam’) integral© completum eri 
Quill oUaiu, HI ilia aoipiatio diffcrontialis per hane fornmm intcgvulon 
tur, iiitogi'abilis roddotur. 

PUOBI.EMA 2 

2J5. J^r()]) 08 ita aoquationo difforontiali secimdi gradus^): 


1) Ij. i'hiT.Kiii CuninioilUaio Ofi § 8 ol. 5); viilo p. 107 liuius voliiininis. Cf. Instiluti 
intcyralia, vol. I, § Odi; Commontutio 784, § 4. Lkonuahui ICui.kri Opera owmui, awiii-d I, V( 

2) Pro cnftu o=fl, vicln Coinmoiitutionom 208, § 07, p. 37J. Vido qiioqiio 
intcymlia, vol. IT, § 800—010 ol Commontntionom 734; Intryratio aequationie dijferentialis 

MdmoiroHiioml.HO. I’clornlj. 3, 1811, p. 3 . /vKOWmww A'r/L/sie? Opera o?«nra, sorios I,vol.l2otJ 


UH.t 




V (a -i-2/}x -I- yxx -I- ci/ij)‘ 


in c[Ufi diiTorentiale elx auintum cst constatis, eius inlogrulc invci 


SOLUl'IO 


Tentetur iterum integratio per factorom Fdx + pos 

gratia 

a + 2 fix -i- yxx + cijij = Z, 


convortatur aequatio in hauc forniani: 




quae per Fdx + Qdi/ miiltiplicata pracbct: 

Tij 7 I , n ? . aPi/clx^ , aQydx^dy _ „ 

Pdxddy + Qdyddy -1 ^ 1 y ?/ — ~ 'J* 


Quae cum intograbilis esae debeafc, dabit statim 


I. priynam iniecjralis partem = Pdxdy -\- ^ Qd'if ; 
superesb orgo, ut integrabilie rcddatur scquens oxpvessio: 


Primiim ergo neceafie est, ut sit (^'j = 0, undo fit Q funotio ips 

quae sit Q = K; turn voro otiam tormiiii dy"^ involvontos dos 
ex quibua fit: 


sou sumto solo y pro variabili: 


<Jj/® + 2(IP = 0 , 


cuius integrale est 


D r 1 (dK 

p=^—2y\Tx 


denotante L quoque functionom ipsius x, Quare ob 


(dP\ _ (dL\ 1 i ddK 
\ dx) ~ \d x) 2 ^ \ dx^ 


siimtum constans, altera pars intogralis crit: 

- \ydx (^) + Kd,]) - dx-^^dy ( (g - * >/ ('^^) 


(iKydy ^ c j^dy 

J ZZ J (a + 2fix yxx cyy}'^ 


pro integrali nascitiir 


, r a Kdx^ 

II. pars —■ — _ 7 TTa" -. T- — 

^ 2c n 2fix -[• yxx cyy 


[uo dcbct ease : 

l^(Ldx-yydK)^-^-^ 


a (a -|- 2/? X yxx c yy) ilK — 2 K(lx (/? -f y.r) 

ZZ 


ydx — \ac/iiydK = aKdx {(i I- yx) — —adlC (a -1- 2d;r -1- yxx -j- c.y^ 
2 ' ^ ' 


acLydx = aKdx [ft -|' — -^adK [a yxx). 

)icuuin ergo ost, csho doljoro L = 0 ot K a - I- 2px -1- ya’.r. Quarc 
=■• 2y orit 


HI. ultima pars integralia = -|- -^yyydx^. 
igitiir sit: 


P — y (P -P y.v) ofc Q — a-\- 2p a; -|- yxx, 
lostor miiltii)licator: 

— ydx (P -1- yx) 'h dy (a P 2px -|- yxx) 
logralo quacsitum habobitiir: 

a (a H- 2 px -h yxx) dx^ 


~ ydxdy {p -1- -h^dyHa p 2px -p yxx) — 


yyydx^ = Odx^. 


L ponatur C 


— a 


2c 


j- C, orit hoc intograle: 


. I 

^ 2{a-\-fifix + yxx cyy) 


Qiiao forma convenit cum ea, quam supra [§ 6] exhibui. 


THEOREMA 2 


24. Ista aeqiiatio cliff erentialia sccimcli gradus po.sito dx oonstai: 


1 j 1 ay“*^dx^ ^ 

ddy + --i =--= 0 

iu-{~2(ix + yxx-\-c!/ij) ^ 

integrabilis reddotur por multi jjUcatoioin : 

— ydx {fi yx) -1- <ly (a d- 2fix -|- yxx) 


et iiitogralo orit: 


9 yuydx^ — ydxdy {ft + yx) + I dif {a -|- 2 (}x + yxx) 




(n H- 2) (a + + yxx cyy) ^ 


COKOLLAlllUM 1 

25. Cnsua problemafcis nascitur cx 'J'heorcinato hoc, si pouati 
Coterum iiitogralo in Theorcmato exhibitum siniili inodo olicitiir, 
tionom problematis oxpedivimus; luide superfluum forct, oiiis demons 
adiicoro. 

COKOLLARIUM 2 

26. Si ponatur c = 0, casuB habebituv, quern otiam ex Tlieovom 

clcrivaro licet, si ibi ponatnr vi ~ 0. Diini onim pro a Rcribitur ^ ot t 

n, integrale ibi datum pcrfectc cougruit cum hoc, cpiod istud Thoorci 
ditat pro casu c — 0. 

COKOLLAHIUM 3 

27. Hoc autem Tlicorema adeo primiim in se coinplcotitur: acqu 
primi 


madv^ 

addy + y’^dx '^ (a + 2[ix + yxx) = o , 

u 


a -II— f» - 4 j?i + 

j + 2ftx + yxx)' 2'«'3 0 

(iddz '* *'* n — 4 to + n 

-\~ {a 2px + yxx) q^ 

iam afcatiuiinr j n -!- 1, nt fiat )i = 1 — n{m~-}), 

io lmo(; alnbit iii iatain formam: 

(I (I (t 2 — 1 1—4 

-b -[- 2fix -j- yxx) a" = 0 , 

(iiiHUH i)ai'ti(UilariH praoyontiH 'riicoromatis, ox quo quippo nascitur, 

0 c 0. 

COIIOLLAHIUM 4 

. PracHona oi'go 'I’luioroina latiHsimc patot, atqiic oiusmodi casus diffi- 

1 in HO (JoniplooUtur, qiii uullo alio modo rcsolvi posse videntiu'. Si eiiim 
foi'LaHHo I’opci'iotiu' tnothoduH ricgotium couficions, propterea quod 

loH 1)0)1 Hunt invicoiu poruiixtao: afcsiciion = 0, ob pcnnixfcionom varia- 
nulla luothoduH ooguila iiic cum hucccssu in usiim vocabitur. 


OOllOLLAUlUlVI 6 

. CuHim iiio im])rimiH uotatu <lignu8 liic occurrit, si a = 0, ^ = 0, 
= 1, quo habotur liaco aoquatio: 


I’go iiitognilo oat: 


ddy + = 0 , 

ixx-\-yy) “ 


;dydx — xdyY -1- 


J. == cdx\ 

{7t-\'2){xx-\-yy) * 


i' y ^ ux, orit ydx — xdy = — xxdu^ 

UDi KuMciu Oiioia oinniu T 22 Cuininciilulibiioa anftlytioao 
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ideoque 


fl + 2 

dx d u(\ + uu) '* 

XX tii? 2 fi 

l/{2C(l + uu) a 

quao ob variabilea separat-aa denuo integrari potcat. 

SCHOLION 

30. Hie quoquQ mwlfciplicatoris forma siibstifcuUoiiein idonoi: 
cuixis opo acquatio ditfcrcntio-differenfcialis in aliain tractatii 
trnnsformabitur. Statni scilicet oportofc 

ij = z\/ {a -\- 2/?.^• d- yxx), 

Hanc voro ipsain aubstituUonom auadet foi’inulao indolos 

n + 4 

(a H' 2px -b yxx + cyy) ® , 

qnia hoc pacto unica variabilis in vinculo roUnquitur. At por ha 
tionom ipsa aequatio inulto magia fit porploxa, ita ut, otiatnsi p 
sunpliciorem 

dz{a-{- 

ad integrabilitatom rovocetur, id tamen minus patcab. Veriun si i 
fuorit ordinis tertii, seu altioris, no liuiusinodi quidom aubsbitut 
invoniri potest, uti in duobiis reliquis oxomplis usu venit. 

PROBLEMA 3 

31. Pioposita aeqnationo diffcrenbiali socundi gradns: 

yyddy + mydi/ = axdx^^ 

in qua difi’erontiale dx suintum est constans, eius integral© invo 


19 * 


'-f’tio (Icsinnat-ur. J.'’or(lucta ergo acquationc 


ouv;i;uiuii, ua > 

ad haiic formam: 


ddy+^^-^^ = 0 

^ y yy 

uiltiplicotur (;a per Vdx’^ 1- 2Qdx(ly + ^^Rchf^ unde atatim habobitur: 

. 'prima -pars inicgmlif^ Pdx^dy -|- Qdxdtp Rdy^ 

L integrando I’oiinqnitur liaoc; forma: 


aPxdx^ 

yy 


'XuQxdx^dy "^aRxdx^dy"^ 


yy 


yy 


mPdx^dip 2mQdxdip 

"y y 


Z 7)1 Rdy* 


y 


- dxHy ('g - dxHyi^£^ - dxd,f (g) - df (g’ 
-dxHt(^£)~dxd,f(;^-l^. 


lane aiitoin forma inlograbilis caac nequit, niai membra, qtiao dif, d^f 
njdieant, doalruauUn*. Jb'iinum ergo pro di/* habebimua: 


'* y — (^7) ~ ^ fnPdy = ydR , 

.bi !V auniitui* pro ooiiatatito, undo fit R = Ky^”\ denotante K funct 
[)siu8 ;c tantum, sicquo crit: 



am pro doatructiono torminonnn d^f continentium fiot: 



oil sumto X constanto: 

^mQdy ~ydQ = 


piae divisa per ot intograta dat: 


yi m 


1 

W-p 1 



sumta denuo l pro luncuone ipsius x, lua uv hiu 


idcoque 

\dx) \dx) \dx^ ) 

Dostruantur denicpio etiam termini (hf contincntes, \ui(Io prodit: 

- ('“) -I- 't - S 


‘ddK\ mP fdP\ 
(Ix'^j y \dy} 


quao sumta x coiiatante per ydy multiplicata praobot: 

-- ^aKxy^^-Uly — mPdy- 


quae per divisa ot integrata dat: 


— - ,.2 nHz(^^iLi\ F, 

2m— l w + 1^ U-V^2(m4-1)2^ \dx^ j 7 /" 


denotante M functionem ipsius x tantum. Ergo fit 

P= ! 7/3»''H _[ L 71 J 

ideoque 


'dM\ 3fl 


dxj \dxj 2m— \ ^ 2m — [dxj 


j 7 / 3»i+a .... 

• 0/-M. .i_ i\ 2 tf .1 


Nunc termini 


2(m + l)2i' \dx^]' 


2aQxdx^dy 

¥j 




integrati, x pro constanto sumta, suppeditabunt 
II. alteram integralis partem: 


— 2a.rda;4~5 — \ 7/8nf/^\ \ 

\2m — l ^ 377i{ja+l)^ U.rj) 

— ^1 l~n \ 7 ^~ 1 ^ ”* ”* ( 


1 7/3w+2f^i^'\ _L ^ ,.3 

2 {m + 1)2 ^ \dx^)^ Q (w + 1)^ ^ 


[ius ergo dillerciitialo posito ?/ consfcantc sinntuin aeqiialo esso dobet res 
'ti 7 /^ und{5 per dx'^ diviso habebiniUH sequontcin aetpiationoni 




3»N-3 


ax 


m 1 


y 


iZ Mi 


I 

Uxj^ 2 ( 7 ^ 4 - 0 '^ 


2a r 


2m-l I 



2 m — I-'' 


fdIA 2ax 

[Uxj ^ ;ii/i (m + 1 )^ 


3»i 


?/?. (2 


__L i + „3.. {<iX\ 

771-1-1''^ \ j ‘7/1(2771 — 1)”'' \(lxj' in{2in — ij'^ [dxj 

^ _]_ . ^ ! ^,3m + l ( 

= f uuctioni ipaiiis x — ^ • 


dVC 

\(lxi 


D iain singulac divorsao ipsius y potesfcates scovsiin ad nihilum rediganf 
ia ct jy3''‘-3 acinol ocournmt, nisi sit vcl m — 2, vol 7n = 1, habo 
= 0 ct /C =; 0; ct auperonint tjuituin tci’iniiu ppr L {ifl’ccti, intor 

itarius eat 7/2”‘+2j undo ease dobet = 0, idcoquo 

h =■= a 4- 2 fix -\- yxx^ 
hjui per 7/2 »«-i afl'oeti daut: 


2ax{() -I- yx) 2a (a -|- 2f{x 4- yxx) inx{ (i + y^ ) _a 

?/t 1 2m— \ 2m — 1 ” 


tic debot csso 


„ = 0 , Ot -I- 

’ 771-1-1 2t/l — 1 


^: = 0. 


libus conditionibiis in gonoro satisftcri acquit; constituondi orgo sunt 
luontes: 

I. Si a 0 ot y — 0, fiot 7n = — acquatio proposita sit: 


yyddy — kydy^ ~ axdx^ 


i 

ddy 


2 ?/ 


axdx^ 

yy 


m igiUir sit K ^ (i, L ~ x, M = 0, orit: 


./2 = 0,g = -- etP = — 2 

» iJ y 


et noster multiplicator erit: 


ideoquo integraie qimesitum: 


y 


— 2dxHy + = Cdx\ 


yy 


sen por dx dividendo 

axxdx^ -\- xydif -- 2yydxdy -- Cyydxr. 


II. Sit a 0, — 0, erit m = — — efc aecpintio diiToronUo-< 

proposita: 




yy 

Cum igitur ait K = L ^ xu* ot M = 0, orit 


i 1 0 ^ 

7(! = 0, Q = xxy S P~ — 


unde noster inuitiplioator fiet: 


10 


— H* 2 .ra 7 / ^ dxdy 


ot integral© quaesituin 


10 f 


10 


— y Xtfdx^ cUj +xxy ‘dxchf + -^-axhj » dx^ ,/"? dx^ = 


SOU por dx clividendo ct y~^ multiplicaiido 


10 


— Y^vyydxdy -f- xxijd?/ jaxHx^ -i- ?^~ifdx^ = Cipd: 


III. Ante vero iam duos casus conimomoraviinus, quibiia cat 
vel m = 2, Sit ergo piimo m == 1 et acquatio proposita 


ddy+'^-‘l?-^^0 


ao fieri debet 


yy 


JddK\ 


CdTx ) = "r - ^ + 4 '«2/- 

- 2a,Ly + 


+ i r(0)- 


bincinus M — 0, iV — \^aalKxx.dx et 
ldlj\ j- n (ddKX 7 ldK\ n a 

litionibus satisfit, si sumatur: 

L = 0, 7^ — 1, — 0 ct N - ■- - - aax^, 


: n = y\ = 0 , 7-* := — 8 axif, 
u’o noator multiplicator orit: 

— 8 (vxij^dx^ -| 3 

I’alo quacsituiu: 

— 3 axif^dx^dy -\- -\- ay^dx? -[- imx^dx^ ■■ - Cdx^. 

Sifc iam m = 2, ul. acfiuatio noatra lial 


, , , 2dtf axdx:^ 

ddy - - • 7 -- 0 , 

' y uy 


icri dobot liuic aoquationi: 

9 = - aaKxxy^ - 

' 9 \f/a:j ^ 18'^ [dx^j ' 8 ^ \ dx^ J 102" [dxy' 

;o N = ujMxdx, ac ataUii potcat // — ()» /C — 0, ./I7 — 1, undo fi 
:ca’. Ilino vovo fit: 

Ji 0, Q - 0, /-» = 


[iltiplicator futiirns ait y^dx'^ cl intogralo 


yydx^dy —axxdx^ = Cdx' 

2 yydy — axxdx ~ 2Gdx. 


COROLLARIUM 1 

Casus ergo ultimus, quo m ~ 2, cst omnium facilliinus, cum per mult: 
oin aclco primi ordiuis confiei posait, quiu primo intuitu aoquationi 

yyddy -f- 2ydy^ ~ axdx^ 


patet. Casus autum primus ct sccundus, quibus est m = ~ 
multiplicatorom formao sccundae, ob 7? = 0, resolvi poti 

COROLLARIUM 2 

33. Solus ergo casus tertius, (pio est m -- 1, rcsolutu 
requirit multiplicatorein formao tortiao. Quare notctur, 
ncm differoiitialem sccundi gradiis 

yyddy ydi/ — axdx^ — 0 

iutcgrabilem reddi» si multiplicotur per ^ydi/ — '^axdx^ 
ot intcgralo esse: 

— ^axyyilx^dy -f- ay^dx^ -h iiax^dx^ 

CORORLAHIUjVI 3 

34. PoiTo autoiu notand\nii est, haiic oxprossiononi 
plices resolvi posse. Si euun ponatur brevitatis gratia a ~ 

ct V ^ , aequatio Imec integralis ita rcpvacs« 

{ydy + cydx -f c^xdx) {ydy -j- fxcydx + [ydy -\~ vcy 

COROLLARIUM 4 

35. Hinc si constaus C siunatur = 0, tres statim ] 
integrales particulares: 

ydy + cydx *1- c^xdx = 0 
ydy -\- jicydx -j- vc^xdx = 0 
ydy -f vcydx + yc^xdx =■■ 0, 

quarum prima contiiict caaum iam supra [§7] indicatiii 
sunt imaginariao. 


ds"^ {ass ps -\- y] = rrdt^ -f 2 }^ddr , 

osito 

" 2 -- 2 * 2 -- 
r ■- lit sit dr “ (jf, ^ _y ^ihly — _y a ^ 

hanc formam: 

.|?y^fZ(/7y — (a«s -I- ps y). 

ro autom observo, si liaboatiir huiimmodi acquatio: 

Sds'^ ynr>‘dr^ -|- np^^^ddrt 

L‘ siibstitutionoai r = ly"* *"’' vcduci ad hanc formam simpliciorcin: 

/m - »>->•» 

Sds^ z:=i ~-~y *'•+" ddy. 

locli ergo acquationos onmoH compiceti licot iu liac forma genorali: 

ddy — if^Xdsc^. 

lUB ergo, quibimnani casibus tarn oxpouentis w, quam fuiictionis X lui( 
o integrari queat per uost/rani mctliodum. 

PUOBLEMA 4 

Casus pro oxpononto n ot iiaturani fuuctioniB X invordro, quibiis ha« 
o (lifTerontiaJis secuudi gradus 

ddy -b y^Xdy^ = 0, 

3st constans, integrari quoat. 

SOLUTIO I 

matin’ primo multiplicator primi ordinia P, ot intograncUi erifc hai 

'.Q\ 

Pddy d- y”PXdx^ = 0, 
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unde uecesse ost, sit -- 0, ideociuc P fiinotio ipsiua x tantu 


P — et intograri oportet ob dx ooustaus: 

dx{y-KXdx-d,/i^/^) 
cuius integi-ale neqnit ease, nisi 


Oportet autem sit 




ipKXdx^ -j- yddK — 0, 
quod fieri nequit, nisi sul» his couditionibus: 

ddji 


« ■= 1 et A'^ ii.- 


Kdx^ ’ 

ac tuni aociuatio intogralis crit: 

Kdy — ydK — Cdx. 


SOLUTIO II 


Sumto multiplicatovo socundac formao Pdx %Qdy^ integ 
cienda est liaec aequatio: 


2 Qdyddy Pdxddy -f ipXdx"^ ( Pdx -t- 2 Qdy) — 0 , 
unde integralis ‘pan prima colligitur 


I- Pdxdy Qdy^. 

^Supci'cat ergo, ut intogretur: 


ipFXdx^ 2tp‘QXdx^dy 


y? ■vel ti2 


l<‘Q\ 


\0.y] Q = K fiinctioni ipsins x. 

liabohiinus 



era pavH iniogralis orit: 





-i' }f'hXdx 1' ^if^KXdy j 

l)ililal(5 ipHiuH // (irgo eoucIndiUir par/i inieijralis: 


Jl. 


V''"7<yV — 

idlA , 1 



\7J 1 


''\dx} ' 2'' 

'’\dx-' j 


tl)ili6aH ipsiiiK x pojjtdlat, u6 alt: 



i velir?ni« iiul(3/initiini r(;lifi<|ucro, esse dobet 




o 

2 .JdX\ 71 + 3 y/d/f^ 

71+1 \dxj 77+1'“ \dxj 

lligitur 

H + S 


11 

X 

1 €1 

1 

; at ob| 
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DR AEQL'AU'IO^^LBUS DTFFERENTIAT.113DS 


K — a -r 2px -h yxx, ideoque X = 

(a+ 2/?xH- yx- 


Q ^ ^ a -f 2lix -r ; P~ ~ 2y + yx). 
Quocirca miiltiplieator crit: 

— 2ydx ( p 4- yx) + 2dij {a + 2(5a: -h yxx) 
ct liaiua aequationis diftovciitio-dift’ercntialis 


ri i A)i'Ulx^ ^ 

ddy ^ — ,TT3 = 0 


(a + + yxx) ^ 


integralc evil : 


— 2ydxdy{^ H- yx) h dif (a + 2^.r + yxx) -F 

(rt + ! 

4 - ypjdx^ = 


S\ipersunt autem casus, quibus est vol n = 1 vel n = 2. 
I. Sit n = 1; ot conditioiios praeccdontes postulant 


hinc fit 


+ f^1= « = 4i + ft-T 

LXdx^ + ddl = 0 ot 2KdX + iXdK + 


2KKX + = Const. 


idooque 


2KKXdx^ p KddK — y = Edx^ 


Bdx^ + ldK^ — KddK 


2KKdx'^ 


[denotanto E constantom]. Pro priori conditione autem pona 
crit 


Q = K, P=-y y^\., 


atqu© huius aequationis 


ddy -}- yXdx"^ = 0 



2KKdx^ 


rpic fuiicUo ipHiua x sumatur pro iC, erit integralc: 


— -h -h yyKXdx^ 

,Sii n -- 2 ; ot. coTicliiionefi postulant : 

2MX-l-5Xrf/f ^0, iA' = lg). (f^;) = 0. 

Cl 

at X — AK 2 , qui in altora substitutus pracbet 

_ 6 

2 ALK~^(lx^ ^d^K; 


iddK 


ob 


)Hit(> 


j — 0, erit // = a + 
/C = (a -f /?xr 


,_ f' C' . 

2 id (a -1- /ix) ^ /f (^ — 1) (/^ — 2) (a + 


^ ; hinociuo 




— 24j93 


M 52 

343(a + /9x)’ 


Q = (a_|.^ic)’; P^^a + Px-^Pvi^ + M'' ■ 

iiontor liiiius aoquationis diffcrontio-clifferontialis 

lUy d- y^Xdx‘ = 0 

-24jS» 


to 


X = 


^ 

343 (a + ’ 


40 (a -I-/J.X-)’ 


in. f^i 71 2 » aclhiic camia iiotari incretur, quo L — a, ot 

K xi ^ , 


crit 

undo fib 


,1-3 


2 fjAx — 1) (/i 2 )x , 

0-1 -8 -- 24 




= -~ ei 2aA = ~^\ ideoque a 


Quavc erit 


24 r ^ 

K = x\ L= , A" —6 . 


ac pori'O 


” ^ 24 fiw 

Q = x\ ^ = 3 ^" 1 * 

7:f’ 


Coiiacqucnter hiiius noquationis 

, , , A fdx:^ 

(idy + ^ 


iiitcgi'a-le oi'ifc 

2.1,!at<Z!/ (Sydxdy 7 , , , _ ‘Ajiyd^,, 

-3433 i“ + ‘ + 


lx 


• 7 


3n;’ 


49. t 


7 


SOLUTIO III 

Sumto multiplicatoro 

Pdx^ + 2Qdx(Ly + ^Mif, 

'prima integralis pars existit 

PdxHy + Qdxdif + Pdif, 

et reliqua oxpi’cssio integraiula 


7/" PXdx^ n’- '^ipQXdx^dif 3;//« HXdx^dif 
/WP\ , .. , ^idP\ 


Q statini, ut ante concludimua, U ■-- K fuiictioiii i])siu.s x, tuni vcro 
/) / I^^Q\ (dJA (ddK\ 

ide dcstruuiio teniiiiionim pov d//* aiTecLoruni pracbet: 


pio (it 


P M — 


/ d(j\ I /dd/( . , 1 } „ 7 /- 

y\-,Ep^-- 2 yybu^)-^- 


1 orgo ait 


ldr\ 

{(ii\i\ 

iddL\ 


\dx) 

'"\dxf~ 




^dK^ 


'‘I tpQXdx^dy --'‘2Xd:d^\if‘'Ldy • ■ (p^hUj j 
liui pci‘ dy alTccti praobonl alic.ram inlcymlu partem 

:n “ -,—2-'^ bd- "(tu- ) + T yy[& ) 


dri;^ 




« d \Ux^f 


,/d.KX 

(li -l-l) (h-I- 2 )'' ATiFl 


f 'V 


voi'o, ol) priiuum tonninum if'PXdx^, case oportot 

0 = rMx-r>^x(^ + ^ 2 /-«a'zx 

7i + 1 \ do: / n-\-2'^ \ d.r® j ^ -h 2 \d:c)\dxj 

/Mv . i! Jddjcvy diV 

^\da;2j 2^-^\da:V‘ 0 ^ (?i-|- 1) (nH- 2) \ da:^ j dx’ 


liic casus ad praccedeiitcin docliiocrctur. Considcrcruus ergo casi 
1. Sit -u = 1; critquo 

Ar==0. i/X + gj = 0; 


unde Jie X ad primam solutioncm revocebur, iieri dobot M 
habobifcur; 



Ac nc X ad modum casus praecedentis defimatiir, quo erat n 
Ay — 0; unde ox hac ncquatione definiri debefc: 


4- KXXdx^ + ^XdxMdK + -dx^dJCdX + i- KdxHdX -|- - 

i xi %y i 

II. — eribque 



sell 

^^XddK + ~dKdX + jKddX = 0 , 
sod huiusmodi casibus non imraorov. 

SOLUTIO IV 

Teiitetur etiain factor tortii ordinis 

Pd^ + 2Qdx^dy d- SRdxdif P 4:Sdy^, 

undo nascifcur integralis 'pars prima: 


P(LvUly -p Qdx'dy^ -\- Udxihf ~\- Sdif 


rcUqua oxprcsaio intcgi-anda orit: 

PXdx^' -1- 2y^‘QXdx'dy f ‘^ip^^RXda^dy^ -j- 4i/“ SXdx'^dy'^ 

rf,rri2/-(g 


— dxdy'^ — dy 


it orgo 


[UO 


liici in caloiiloH ninii.s niolcatoK <lolalnunur, ])onanuj8 

K A , fj — lit ait /S' ^ A ot U = B; 

orii, = 

m voro habobimua : 


11 ob 


(0 


iL‘\-\ (u-|-l) (h- 1-2)*' \aa; 


''^i:] = 

xlxj \dx j («-|-M \dx^ I 


nc orgo nascitur allcra into.gralw jxirs : 

1 (_M . XX}p>^^^ ««+af H- 

loquo debot 


4/1 

(H-l) (kH'2) («-|-3)2/ 


7143 
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0 ? ~ Xyi 


\d.vl + 


3/? ‘iA .id^. 

'■ (JiTiFC" + ^ \ ) (« + Tyr^r-f 2]7;r-r^ (/7 ■ 


Cul aequatioiu ut satisfiat, ponatiir 


^ = 0 ff;i) = 0 


fiatque 


X = tt 2 l^x -r y.t'x*, 


(« + l) («-r2) ■ (7t-hl)a 


n~ 7 --r-TTa = 0 sive = - - - 


luiclo crit; 


= 72 = 0. /? = — ()/ly H«-]- -1- 7.w;) ot P^36 


Quare haec aecnuitio cliffcfcntio-difl'oientialiis: 


Udy -(- y (a ^- 2 fix -(■ -- 0 

fit intcgrabilis, ai mnltipliccUir por 
i 

30 -)- )/.(:) r/.i:'-* — 12 y » {a -f- 2 ,9;}; ~|- yxx) dx^dy + 4 

cfc integralo erit 

I 2 

36 y^fj -I- yx) dx^dy — 6 j/ ^(u -1- 2px -h yx'.r) q- 

^ » 

+ 9 y ^(a + 2 y-v-i')® rfa"* — 27 yy^dx'^ = Cdx^ 

atqiie iii hue solutionc continctur oxcmplum quartum. 


COROLLARnJlVl 1. 

38. Quartum ergo cxeinpliini supra albifcujii [§ 7 ct 36] aoqua 
rentialem maxime memorabilem continot, proptorea quod oa nor 
torem tertii ordinis ad iiitcgrabilitatoin porduci potest, unde oi 
multo mimis ab aliis luetliodis oxpeefcari potest. 


). Hi vicisbiin orgo ponamus y = iit sit 


y^=::z^-^l efc ~ , 


o L o' _1 

<l!f= ot (Hy=^.--fz^dd% -Sr -^iz ^ dz^ 

iiatio proposita : 

-i. I/s 

izWH 

igrabilis, si mulUplicclur per 

y6sb/?-i- .1- 

gralo orit : 

07 u I 

ijz{P -!- ya') (lx}^dz^j — 2 px~\-^yxx)dx^d^^ff -}- j^-;^j'^zzdz^ 

. (i(a^- 2/?;(; -I- y.xx)2rf;c< , , , 3 ., ni a 

jzzf j 21ylzzdx^f/f = Cdx\ 


COllOLLARJUM ^ 

. Ponatur // f' jj ~ ^ , ut iiabcatur luicc aoqualio: 

2z^ddz -r zzdz^ + dx'‘ (a -|- 2px - 1 - yai.r) = 0 , 

0 fioi intogi’abilifl, si imilUpiicctui* por: 

2( (i -j- yx ) dx^ _ («-f - 2 ^x + yxx)dx^dz dz^ 
zz ^ z ^ 

iiitegralo : 

{p + y^) dx^dz — (a H- 2 Px -\- ya;.r) dx^dz^^ -b -^zzdz^ 
j_ — i — ~'J — — 2yzz(lx'^ ~ Cdx'^ , 

IZZ ' 

jquatio otiam hoc moclo I’epracsontari potest: 

2px + yxx) — zzdz^y + 82 ® {p + yx)dx^dz — ^yz'^dx‘^ ~ Ezzdx^ 


41 . Si ait a = Q , /? - 0 ct y = a\ sou ista acquatio intcgvau 
2^fl(/z 'h 1- 

ca iiitograbilis rcddetur per hiiiic miiltiplicatoroin: 

2aax(}x^ aaxxiUc^dz dz^ 
zz 2 


ot aequatio iiitcgralis erit: 


{aaxxdx^ — zzdz^f + ^aaxz^dx^dz — Aaaz^dx^ - E 
sen 

{fcaxxdx^ + zzdz^)^ — {zdx — xdzY zzdx^ — /tz 


COROLLARIUiVI 5 

42. Posita ergo constautc E ~ Q, pvo hoc casu goiniiui ao( 
particularis Uahebituv: 

1. aaxxdx^ -h zzdz^ — 2 azdx {zdx — xdz) — C 
II. aaxxdx^ -1- zzdz^ + 2 azdx {zdx — xdz) = ( 


quaruin ilia lesolvitur in 


l\aec VGi’o in 


axdx + 2^2 = i zdx ]/2a 
axdx — zdz = i zdx ]/ — 2a . 


SCHOLION 

43. Evolutio horura exeraplonim ita cst comparata, nt non 
in resolutione acquationuui diffcrcntialiuin secundi gradiis ? 
cum eiiiin baec cxompla, si nonniillos casus faciliores excipiami 
rum adliuc usitatariim e.xpcdM nequeaut, nova liacc inothodi 
per multiplicatorcs conficitiir, non solum optimo cum success 
etiam nullum est dubium, quinea, si uberius excolafcur, multo i 
sit allatiu’a. Pari autera quoque successu ad aequationos di 
ot altiorum graduum extendi poterit, siquidem certum est, q 


H. t^^uod cutu otiani vcnim sit in acquationihus ditferontialiljus i)rimi gi-fulu 
lariitn rosoiutio por inotlioduni tales factorcs invcstigandi non inodiocriti 
niovori i)otoi-it; ubi quidcin totum negotinm co roduoitnr, iit quovis cai: 
!i(o idonoiKS niidtiplioator inveniaiur; atquc in aocpuitionibns quidoi 
'orcntialil)iis prinii gradns hie factor semper crib fnnetio ipsarinn x et 
burn, v(!i'(ffn oh hoc ipaiun quod diversitas ordinuin locum non habet, cii 
csbigatio innllo diflicilior videtur, imprimis quando iste factor est funct 
ns(:{jn{lc/iH. Cum nnto?n iincc ratio iiitegrandi naturae iiequationnrn s 
xitno eonsontanoa, non sino eximio fructu stndiuni in ca excolcnda coll' 
>itiir. 


DE IN'L'EGEATIONE AEQU/VTIONUA 

diefeeenttalujm 
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Siiintniu'iiitti ibidem p. 5 — 12 


SU-Mi\IARlUM 

Sjieoiilmn ?nox crit clap8nm, ox (luo idea Diiliorcntitiliujii ot Integral 
succohsu in Analy.sin cst invcctn, mikIo otinin Imoc scientia tanta Mubiio 
mcnlii, ut, quicquld antca hierat exploratuin, vix Romparalioncm anstinon 
antoin hoc novum calculi genus suinmorum ingcnioruni studio ct indefess 
est oxcultum, minimo tamon id exhauMtum est reputandum, ot quo ulloriii 
poiietraro licot, eo ampliores cami»or> etiam nimc prorsus incuUos dotugi 
qui vii'os humonas longc snperare vidontur. Cmn igituv laboi’os in hoc ntuc 
tantum utilitatis uttuioi-int, co magis hlno nniiui Ocoinotnirum jnflami 
onmihiiR viribns immen.sum luinc ojunpuni perscrutari annitaiitur. Quorutr 
aiitiquis tantum olomentis sunt adstriota, vel qui a Mathcmaticis dist 
abhorrent, oos idoa Inhniti, eni sublimiores istao invostigationes sunt fiuji 
inecliocritor offendcro solet, ot voce perperam intolleota, plornmquo s: 
siibtilioieni hanc Aiialysoos partom tantum in vanis civoa Infinito mugna c 
speculationibus consumi, neque indo quicquam utilitatis ad vera cogi 
obiccta, quippo quao omnia siiit Hnita, expeotari posse. Quao opinio, otsi u 
tis, quao subiiniiori Anniysi accopta refeire dobomus, iain funditus cs 
tanien abs re crit porvcisas illas Tnfiniti ideas, quibus ea innititur, remove 
Cmn igitur tinivorsa Mathesis in oinnis generis quantitatum contemplatic 
tione versotur, nemo ignorat, x>lura8que quantitates, quas in mundo 
coiitiniio vnriari, ct pei petuis nnitationibiis esse obnoxias. Coeluin inspioi 
solom, hmain et stcllas situui suum iugitcr mutaro, sola ilia stella except 
in ipso niundi polo fixa appaiot; situm autom per quantitates cognoscin 
cuiusquo stellae, sivo rcspectu nostri Horizontis per Altitudinom ot A 


onoj)ijani cogiutjono qunniitaUim continori, qunmni niiao corjtimia.s miitat 
ini.iir, niodo niaiorcH inoilo ininovcH, ulitio vero ])ovpoluo eaodotn tniiiiount, ’ 
luclo cuiusquo stcllao fixac, oLijunsi nunc quidoin liie lcvi« variatio sit obsoi vat.a 
oj'go (((tatiiitutimi, quas natura iioIha o/Tort, divisio in Variabiics ct Coiistantcs 
naiiiCosla, sinmlquc intcIligiUir, (liffidllimum noatrae cognitionis purloin in acc 
ililaluni Variabilium invostigationc oaso constiUiliun. Soilicct turn dcnmun ])orfr 
itionom inotmun coolcsUum, vciuti planctnc, aou coiuotao, Hunius atlopli, oiin 
ns toinporo oius locum in codu, hoe e.st, ciiw Longitndinoin ot Latitndinoni, assij 
crinius. ronanuis nobis iiinao motuni hac rationo csso cxplnratuin, (luo inolius ik 
- utiouoH figoro qncainus; quicquid onim dc hoc cusu dixoro, id faoilo ad oinnis gc 
ititatcH varialMlc.s IranHforotur. Cum igiUii-adquodvistcinpna, quod {laritcrqiian 
nuir, hinao tnni Longil.udo, qnum Lalitudo, nsnignari qucal-, utrutjno haoo quai 
:onipus dolcrininatni', sou si lonqma a corta opooha clapsum doiioloLur littora f. 
p'tudo, quain Latitiido hinao oxprimotiir corta quadain formula per toinpim I ut cii 
lita, cuius vaiorom pro quovis toniporo fassignaro licoat. Hiiinsinodi foi iniila gont 
s valor clotonninatus jno quollbol l.cin]»oi‘0 dotorniinaLo oxhibori potest, vooat 
ysi h'’unctio quantitatis I, sicquo nostro caaii ot Longitudo ol. LntiUido lunm 
^qM^lo<laln Piinotio tomfioris^, ouiiiH riatura, hoc cst ratio couipositioiiis, si nobis 
|)C(ita, inotuH Innao poifcctam haborcinim cognitioncin, quao igitur tota in ra 
un Ciniotionum sita ost oouftonda. Cum igitur hulo constot, qimnfcani mutationoiu 
'itudoot Latitiido quovis toinporo suhoat, vaiintio etinni. nnnimi) toinporo fauta, 
10 ot ipsa ovit niiniina, dufiniri, oiumpio rolntio ad ipsmn tonipus niinimiini <us.si 
lit; (juao nognitio inaxinii ost momonti, omii indo mututio muinontanoa innoU 
quo hio impodit, quo minus tonipusoulum istud evuno, scons sou inlinito par vuni aci 
AtquoJjio ost foils Infinito jmrvorum, in Aimlysi rccoptoi iiin; ubi [jroliu notari coin 
Lain ipsoi'um iiarvitiUom, qunni rationom iiuitiiam, quao uticpio ost {inita, eonsidi 
loniadinodinn liuiusinodi Innnito parva j)ilTorontialia vooantur, ilaOalonluH, inc 
iono Horutauda ocoupiitus, BiiTorontiaiis appcilatiir: noquo liio quicquam do In 
ioosl inotuondum, oiun omnis oaloulus in conim rolationo, quao cat finita, absolv 
;omis quidoni aHsuniBimns indoioin oanim formularuin, sou Fiinctionum, quao L 
loiu lunao ot Latitudinom por tompus oxpriimint, c.sso cognitnm; vorniu si vie 
mutatio momonUinoa darotnr, qiiippoqimm ox viribiis lununi uollicitantibus ool 
, turn (puicstio ad naturain illaium 3 *’iinoUoimin invCBtigandum reduoitur, tol 
3 tlicoria ipsi cst suporstruonda. Hio igitur ox mutationo inoiuontanca, bou, ut 
ao loquuiitur, ox data rolatiouo Jlin’erontiuliiun, indolos no natura i|)sarum fur 
dolorminari dobot, in quo Cilalouhis Intogralia continotur. Quomadmodum i< 
ilus Dill'cronlialis docot l^unotionum DiiToi-onlialia, hou potius ooruin rationen 
garo, ita vicissiiu Calcuhiri Tntogrnlis ex data DilToi’ontialium rationo indolom Fur 
oruoiidi inothodum ti-adit. Utriiisqiio orgo vim ita cornmodissinio doscriboro 
V fuorit Functio qimcounquo quantitatiu I, ac ponatur Diftoroutialium ratio 
aluB Difl’orontialifl mothodum exlnboat, ox iiidolo Fimotionis v hano DiiTorontii 


indo natura Funetiouis y, sen quomodo ea por I detorniinetur, 
ox ilia aequationo data qiianlilatom ^ por t ofc v dofiniio lico 

Mdl -p Ndv ---- 0 

nascotur, DiP'oronfcialis nppeUata, ia qua litlcrao M ot N utounqi 
sunb mtcUigondao, ot iani quaerilur, cwiurtmotU funcUo quautita 
codcm rcditj ncquaiio Tclationoin inter L ot v expi-ijuoiib requiritu 
ip.sius t valor ipsiua v asaignari queat. 

Haiio igitur qunestioiicin in latisbimo senbu accoptam Col 
batione eontcinplatur, ot postquani aniinadvcrtit, cam tantuni p 
rcsolvi posbc, atquo in hunc linom mothodoa nmxiine diveisas a ( 
inoLliodum multo sinipliciorom niagisquc niituraloin oxponit, oini 
qimo siinul viaiii nd pliuimoa alios cubus patcfacoro videtm-. Qiu 
ox ipso Auotoris scripto cat iudicandum; hie taiitum notasso in 
Mdl + Ndv = 0 otiam in latittsimo sensu accoptam, oxiguam 
vciaoe Analyseos iiinniiorum continoio, quia tantiim Difl’oionl 
pleotilur. Quodsi enim v fucrib functio quaecuiiquo ipsiuH t, ot 

— p, otiam baeo qtianbitas p ost variabilis, ox ouius vaviatio 
potest ^ as quao qtiautitab q DilYei'ontialia seoundi ordinis 
cum paritor a t pendcat, ponatui quo r, liaeo littera DilToro 

pUoaro consotur, ot ita iiorro. Quibus positis Caloulua Intogralis 
nicthodua ox data relationo Bifforontialium ouiuaquo ordinis i 
vestigandi, ox qua ilia Difforentlalia nascantur, seu, quod eodem 
quaounquo inter quantitates I, v, p, q, r oto. quonmdmodum quan 
inveatigari opoitot. Ab hoc autom porfcctionis gradu onuiiu c 
artifioia multo mugis sunt remota, ot quae adhuo ignorantur, imrr 
illam particulani, quam etiamnum ovolvoro liouit. 

Vonim no sic quidom lota vis Analysis infinitorum oxhaurit 
funotioncs liio aumus contomplati, quao por unioam variabile 
longitude vel latitude lunao epootari poterat tanquam Funotic 
qua tempus oxprimitur. Dantur autom utique casus, quibus oii 
I’unlur, quao simwl per binos, vol tornas, vol adeo plurcs varial 

Huiusmodi exeraplum se oiTert, quando motus fluvii dofinir 
tatcra pro omnibus punotis, quae in fluvio oonoipero Ucot, detori 
autom punoti situs per ternas coordinatas x,yc)tz dofinitur, ot oe 
tanquam Funotio ternarum istarum variabibuin x, y Qtz orit o 
relatio inter harum ot ipsius l‘\inotioais quaesitao Differentialit 
cjuam forte ex prinoiplia motue ooUigore Ucot, quaostio huo red 


do — q)dr. qdy '\- rdz, 

iit-a relatione intor c|uunlitiitcs w, x, y,z, 7), </, r.acqutiUonc qnacunquo cxprcbna, q 
quonioclo fnnetio v per variabiles x, y ct z oxprhnaiui’. Turn voio, cum etiam • 
rao bint futicti(UR’.s coardinaianun x, t/ct z, eaniiu quoqiio Di/l'orcntialia, quae we 
niri Hunt cenHcnda, in coinpuLiim ingrcili possunt, uiulo luinc ((uach;tioncin, ub laid 
taf., etiam ad lelationom J)iH’erc)iilialiuni Kocundi iiltioiuiiujua ordinum extendi 
ofc. Qiiod«i motus /luiuinis obiam cum fomporo v/uictur, tutu ad oius cogititi 
rilatcm non solum ])i'o quolibet jnmeto, quod iaiu teinis eoordinatis dcfinitui 
in ad quodvis lompua aasignari debet, ox quo ccloritiiH quacEsita, tanqnam I’l 
dior vai'iabiiium, triuin aoilicet coordinatamiii ot tcmporiH, (u it speotauda. Que 
ulna InlcgraliH goneralisbimo il.a dobnirl j)Olerit, ut dicatiir esHo mclhucluH ' 
cl.ionem ([\ioleiinquo varialjilium invostigandi, cuiun nilTeiontialia euiustiuo 0 
)Ositam tcncaut relationom. Qidoquid autem adlma in liO(5 genore ost j)iaestibui 
urn fere casinn, quo fnnetio iiniii.s variabiliacx dnbi Diriorcnl.ialiinn l elaliono quae 
n um udmodiun, (]\iod (piidom ad fimctioncH plurium varuibilium pertineal, in me 
iometris ckI allatum. In quo cum quasi Calculi InlegraliH pars altera sit constibii 
li coiihinir, oam ct.inm nuno foro lolam moultain iaooro. Interim tamon v.oiluu 
ei'Ham Thooiiam moUiy lluidonim buic Aimlyseos laiiii inaximam partoin inni 
10 vix cjui(!([uam solidi ante oxpcctari ])osbo, quum I’mcH Analysoos oliatn in lioc g 
I mediooritor fucrint prolati. 'l‘'ortlori cerLo incitainoulo Ocomobria baud orit opi 
OH viroH ud hoe quasi novum AimlyKcuH goiius oxcolendnm intendant. 


t. Consitloro hie aeqnaUones diObrcntialcfj priini graclua, quiio clims tai 
iiibiloft invoU'unt, qnas proptcrca sub luic forma goiiomli 

Mdx + Ndy - 0 

ucsciitaro licet, aiquidcni M etiVdonotent fuiictionos quaacuaquc bim 
labiliiiin x ct 7/‘). 'Doiuoustratum autem cat, hiiiusniodi acquutionom boj 
aru I’olatioucm inter variabilos x ct y oxpriincrc, qua pro quovis vi 
m corti valoros pro aUora dciiniaiilur. Cum autem per iutegrationom 
tio fiiiita inter ambjis variabilos iuvoniri dobcat, aoquatio intcgrali 
loin ad onmoni amplitudinoni cxtouclatur, Jiovam quaiititatcm coiistai 
piot, quao, diiin ponitus ab arbitj'io noatro pondot, infinitas quasi ac 
,cs intogralcfl comploctitur, quao omnea aoquationi dilTcrontiali a 
veniant. 


1) Confer fnulitiilioncfi calcnli hilcyntlis, vol. 1, §443 — 038, ubi inngna prvrs oovimi, qufio : 
nontiiLiono coulincntur, iiivonitur. L^ONJiAitni Kvlkhi O^icm omnia, sorieg I, vol. 12. 11 
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Mdx i- iVc^y = 0 

totii vi .4 Aiialyseos in hoc consistit, ut acqnatio finita inter ■ 
. 1 * et )} cliciaUir, quaecandem inter illas rclationom expriniat, 
leulialis, Gtquidcmlatissimo sensii, ita ut constantom qxiain 
qiiuc ill (liil'cientiali non inest, continoat. Vcruni si liaeo qi 
lissitnc proponatnr, nulla piano atUiiic inventa est via ad oil 
voniendi; atquc omnes casus, qiios aclhucresolveroliouit, ad ii 
exigimni rcfliici possunt, ita ut in hac Analyscos parto, pori 
niiixiina adluic incrementa desiderentiir; noquo ob hano cans 
otnniuin huhis seientiae arcanoruin cognitio oxpoctari queat. 

II. Quae ([uidcin adliuc in hoc negotio sunt praostita, 
lios CASUS referri possunt, quibus acquatio diffcrontialis 

Mdx d- Ndy — 0 

vol apontc soparationcin vaviabiUum admittit, vcl per idou 
ad talonx fonnam vcduci potest. Quodsi oniin introducoiuVn 
novis variabilibus u ct z, aequatio dilterentialis proposita in ! 

Vdv -j- Zdz = 0 

trnnsmutai'i queat, in qua V sit functio ipsins v tanturn, ot . 
totiiin uGgotimn crit confectunq duni acquatio integnilis c 

\Vdv + jZdz — - Const., 

tliiac manifesto iJIain constauteni avbitraviani per gcucval 
iiivectiuii coinplcctitiir. Atque hue fere redeunt omnia artifloii 
afliiuc in rcsolutione huiusmodi aequationiim sunt usi. 

4. Nisi igitur acquatio proposita differentlalis spontc sc 
biliuiu admittat, totum negotium in hoc conauini est .solitui 
stitiitioncs, quae ad separationem viam parent, investigar 
snepius sumniam sngacitatem, qnam Gcometrao ad seopum 
bucruut, admirari oportefc. Interim taraen cum nulla certa 
modi mibstitutioncsinvcstigandi, liaec methodns minus ad r< 
accommodata, ox quo conatitui, aliam methoduni non novr 
tanicMi ctiainminc non satis cxcultam, accuratius perpend* 


;hocliim, vchifc ]mrteni, in se complcctitur. 

5. Aoquationo diffcrontiali acl lianc forma?n 

Mdx -j- Ndy — 0 

lucfc.'i, considcrcitiir foi’rnula Mdx -f- Ndy siiicj rcspeotu liabifco, qiioi 
iioscei'o clobcat, ct cxaniinotur, Htriim casit difl’orciitiale cniiispifiiii f(in 
ipsarurn a: ot y, noc no? Quemadmodiim iioc oxnmcn wit iiislitiionc 
pasmim abundc ost cxplical.nin; utramquo aoiUcot functionom M ( 
nrentiari oportot, ot oiun oanim clifTovcntialia Iniiiisinodi formain 
itnra : 

(IM -= 'pdx. qdy ct. dN rdx ~\- sdy , 

)iciatm', ntnnn sit q — )\ ncc iic? Quoclsi cnim fncrit q — ?•, hoc infull 
oritci'iinn, fovmiilam J\ldx-\~Ndij caao intograbiloni: at si non f 
r, aocpio ccrtum o.st, islain fovmnlam cx inilliua fiiutan functionis i])Sf 
b y (lifrorontiatioiKi c.sac ortam. tCx cpio tota quaostio acl duos casus i 
r, quofuin altoi* locum liahct, si fucrit q — r, alter vero, si hao qiianti’ 
r non fuorint inter so aoqualos. 

0. Acl aoqualiialom igit\ir, vol iuaoquulitatom, qnantitatiim q ot ?• aj 
:Uun, no opus qnidciu cst, ut functioncs M ct N })ojutus per cUiToro 
loin nvolvantur, sod sufficit in fiinctiono M, quao cum dx cst ooniiii 
ntitatoin x ut coustantoin spcciaro, eamquc tantiim oius differon’ 
tom quacu’orc, quao ox variabilitato ipsius ?/ tantinn nascitur, si qui 
modo moni])nun qdy obtiuctiir, valorem nutoin ipsius q sio orutum 

ptiono doiiotarc solco. Simili modo altera fuuctio N, quao cur 

coniuiiota, ita- clilTci'onUctui*, ut y pro constanto tractotur, ot ox v 
.ate solius X impotrotur clifl’orcntialis pars rdXi ubi valorcnn ipsius r pa 

(^) Qi-iodsi Gi’go formula Mdx -f- Ndy ita fucrit compa 

iit 

_ (d^\ 

\dy)^[dxh 

cst integrabilis, eiusquo intcgralo soquonti modo inveniri qDotorit. 
.0, si hoc critoriiim non locum habont, vidcamus quoniodo eit proceclonc 


Mdx + Ndy = 0 


ita fuci'it comparata, nt sit 



invcnirc eiiis aequationem iiitcgralcm. 


Si fucrit 


SOLUTIO 
'(IM \ _ /^A' \ 

>7) 


tunc datin' functio finita binanim variabiliiini x et y, quao diffoi 
Mdx ~ Ndy. Sit V ista functio, et cum sit 

dV = Mdx -H Ndy, 

orit Mdx cUfTcrciitialc ipshis V, si tautum x variabilo siiniati 
diffcrcnlialc, si tantum y variabilo capiatur. Hitio orgo vicissii 
si vcl Mdx intcgretur, speclata y ut constanto, vol Ndy ijitcgn 
ut constanto; sicquc Uacc opei'atio reducitur ad iiitograti' 
dift’creutialis unicam variabilem mvolvcntis, quao in lioc nog 
braicc aucccdat, sivo quadvatuvas cuvvavum roquinvt, conccdi 1 
autcm luic vatione quantitas V duplici modo inveniatuv, ot a 
vico constantis functionem quamcuuquo ipsius y, altera vevo i}: 
ita ut sit 

et F = jMdx + y et y ^ JiVdy -1- X, 


semper lias functioiies }' ipsius y ot X ipsius x ita dofinir 
Jjl/fZ.r Y jNdy -f X, id quod quovis casii facilo praost? 
cum quantitas V sit intcgralo fonnulao 3Idx -f- Ndy, ovidena 
propoaitae Mdx -f- Ndy = 0 intcgralcm aequationem fore V = 
eompletam, proptcrea quod involvit constantem quaiititat 
nostro pciidenteiii. 

COROLLARIUM 1 

8. In hoc probloniate atatim continotur casus aequationu 
Si enim fucrit M functio ipsius x tantum, et N functio ipsiiu 
utique 



et 



= 0 , 



cnsuFi 5iitn})licissiinus, quern problema in se com 


plectitur. 


COROLLARIUM 2 

uodwi .uuLom in aoquatiouc diffcrcntiali 

Mdx -b Ndy — 0 

functio 3oIin3 et N soiiua y, ntraque pars seorsini intogniljilis 
-quo aequatio intogmlis orit: 


iMdx -|- l^dy — • Const. 


COROT.LARimi 3 

laotorca vcvo nostniin problema rc-solutionem infinitanim aliannn 
mil fUlToroiitialiiim largitur, quaruii^ omnium chavactev communis 
nsistit, lit sit 

AUn __ li^\ 

\dyj~ \dxj* 

: I'lisolutio per intcgrationom formularum, unicam variabilom conti- 
oxpecliri potest 

SCHOLION 1 

Quotios ergo in acquationo cUfTcrontiali Mdx -1- Ndy 0 fuerit 

N\.. 

^-1, oiua rcsolutio millam habet difficultatem, clummoclo integratio 

m unicam variabilom iiivolventium concedatur; quam quiclem iuro 
licet. Intorim tamon detorminatio fnnctioiuim iJlarum X ct 7, quae 
.antium introcUici clobcnt, inolcstiam quandam crearc viclcri possot, 
nn singulis casibus mox cvanescere repcrietnr. Veriira quo magis 
lorafcio contraliatur, no duplici quidein iutegrationc cst opus. Post- 
il altera pars Mdx, speotata y tanqiiara consbanti, fuerit integrata, 
gralo sit = Q, statuatur 

V^Q^Y, 

tisper 7 ])ro functiono iiidefinita ipsiua y, in quam altera variabilis x 
on ingrediatur. Turn dilTerontietur denuo haeo quantitas C -}- 7, 
X tanquam constantem, et quia difforontiale prodire debet — Ndy, 


Mdx -I - ^'^/// 0 


ita fucrit coinpavat-ji, iit fsii 

cUl\ _ (d^\ 

dy)- UiV’ 

invcnirc ciiis aequationem integralem. 

S0J.UT10 

Si fiiorit 

(dM\ _ idN\ 

[dJI ~ \dx)^ 

tunc (ktiir functio finil-a binnriim varial)iliiiin x ci 
Mdx + Ndy. Sit V ista functio, et cum ait 

dy = Mdx -\- Ndy, 

crib Mdx difforontialc ipaius F, si tantimi x va 
(lift'orcntialc, si tantnm 7j vnriabilo capiatur. llir 
si vol Mdx intcgrctur, apeotiita y ut constanto, v 
ub constantc: sicqiio Imcc oxuuutLO rcducitiir 
diffci-cntmlis nnicam vavial)ilom involvoiitis, qti 
braicc succcdat, sivo quaclraturas curvannn rocju 
autom hac raliono qunntitas V duplici rnodo in 
vice const-nntis fiincUonom quamcnnqiio ipsius ?/, 
ita ut sit 

ot F pf rfa- -t- y ot F = 

sompci' has (unctioiics Y ipsiiis y ot X ix')siu.s 
jMdx -\- Y — iNdy X, id quod quovis caau 
cum qiiantit-ns 1' sib intogralo forinulao Mdx -|- . 
proposifcao Mdx -\~ Ndy — 0 intogralom aoquatio 
complofcam, proptorca quod involvit constanl( 
nostro pcmlontoni. 

COllOLLARIUM 1 

8. In hoc prohloinato statim continotur casi 
Si onim fnerit M functio ipsins a; tantnm, ot N 
utiquo 


j^id3^ -p ^dy 0 

crib M functio Holium x, ol N solins y, ufci’aque pars seorsiin ititcgrabil 
istil, atquo aoqnalio integralis orit: 


^lildx jNdy = Const. 


COROLLARIUM 3 


10. Prnctoi’ca voi'o nostrum problcina vesolutionem infinitariiiu aliaru 
quationum (lifforontialiuiTi largitiir, qiiariim omnium charnctiT commun 
lioo consislJt, ut sit 



rumquo rcsolutio ])cr iiitogreationcm foniiulanim, unicam variabilem coat 
ntiiim, oxpcdiri potest. 

SCHOLION 1 


11. QuoticH oi’go ill ucqufttionc dilTorentiaU Mdx Ndy 0 fuor 

i/) ~ rnaoiutio nuliani hubet clifficultatcm, dummoclo integrati 

’iniilarum nninvm variabilom involventium concedatur; qiiain cpiidem iin 
stuluro licot. fntoriin tamcn dotonninafcio fiinctionum illarum A'" ct Y, quf 
10 (jonstantium introduci dobent, molestiam quandam crearc videri posse 
ao autoni singulis oasibus inox cvanescerc repevietur. Veruni quo mag 
liaco operatio contrahatur, uc duplici quidem integratione est opus. Pos 
am oniin ultora pars Mdx, spcctata y tanquam constanti, fuerit integrati 
od intogralo sit = Q, .sfcatuatur 


V^Q^-Y, 

sito tantisper Y pi'o functiono indofinita ipsius y, in quam altera vaviabilis 
3rsus non iiigrccliatur. Turn diffeventietur denuo haec qiiantitas Q + 3 
ictando x tanquam constantem, ot quia differentialo prodire debet = N d; 


7. Si aequatio differentialis 

Mdx + Ndy ~ 0 

ita fucrit comparata, ut sit 

[dyj [dxj’ 

jnvenire eiiis aequationem iiitegralem. 


Si fuerit 


[dyj~ 


(dN 

{dx 


time (latur funetio finita binarinn variabainm a: et y, quae 
^ < J- r .A dy. Sit V isfca functio, et cum sit 

dV == Mdx + Ndy, 

^ Hino ergo vi 

ita ut sit ^ ^ftnicinique ipsius y, altera ve: 

F = + y et y ^ ^ ^ 

it” “ ““ - 

'^'>rn qnantitas V sit intet/ralft casu facile pra 

I^ropositao Mdx + Ndy 1 O inf 

('oinpletain. propterea'^n„o,i fore T 

peiulenteni. constantem quanti 

S r„ , ^orollarium 1 

■‘<i <-nim f-'tu-itVfurfoiS™ 

ul.quc 1 tantum, et N functio ipa 





Ill (SHt orgo oasiia aimpUcisHimus, qncm problcina in sc coinpieotitur. 


COROLLAllIUM 2 
!). Quoilsi uuUnn in acquationc rliffcrentiali 

Mdx -f- jYfZ// = 0 

i(M‘it M funoUo anliiis .r, ct N solins y, utraqiie pars scorsim integi'a 
Jitqno acquiitio intcgnilis orit; 

jMdx + ~ Const. 


GOROLLARIUM 3 

iO. Pj’iiotei’ca \'c?'o nostrum problcma rc.solutionem iiifinitanim alia 
iquationuni dilRrontialium (argitur, quarum omnium character comm 
i lioo consistit, ut sit 

\dy)-\dxj^ 

LninKpui resolutio ])or integrationem formularnm, nnicam variabilcm cc 
.mtiiim, oxjiodii’i potest. 

SCHOLION 1 

I I. Qiioties orgo in acquationo differontiali M dx -\- N dy = 0 fv 

(I/O ~ (’(^(^0' I'csolntio millam habet difficidtutem, dumniodo integr 

•nnulanirn unicam variabilcm involvontium concedatur; quam quidein 
istnlaro licet. Intoriin tamcn dotorminatio functionnm illarum X ct Y, c 
VA) constantium introduci dobent, molcstiam quandam crearc videri pos 
lao autom singulis casibus niox ovancscero rcporictur. Verum quo m 
. luK^c oporatio coiitraliatur, no duplici quidem integratione cst opus. P 
lain cnini altera pars jMdx, spcctata y tanquam constanti, fuerit integr 
nod intcgralo sit = Q, statuatur 

v = Q+ r, 

jsito tantisj^cr Y pro functiono indofinita ipsius y, in quam altera variabi: 
^•orsus non ingrediatur. Turn differentietur denno liaec quantitas Q 4 
actaiulo X tanquam constantem, efc qiiia differential© prodire debet = -A 


inlcgraliH orit Q -j- r = uonst., qiiam operationcm scquontibus c: 
Htrari convcniot. 

EXEMPLIBI 1 

12. Inlegmre hanc acquationem dijjenntiaUm : 

2(ixydx -\- axxdy — ifdx — ‘^xyydy ~ 0. 

Coinparata hac acquationo cvim fonna Mdx -\- Ndy 0, crit: 

M = 2axy — at N = axx — 

Primum igitur dispioicnclum est, utrimi ]iic casus in problcmatcj 
qncm in finom qiiaeranuis valorcs: 

qui cum sint acqnales, oporatio praescripta necossario succcdot;. 
nnicm, sumta y pro con.stantc: 

iMdx ~ axxy — ifx + Y\ 

cuius formae si cliffcrcntialc sumatur, posita x constanto, proclil 

axxdy — ^yyxdy -\- dY = YJdy^ 

et pro N valoro suo axx — Zxijy restituto, i\otdY = 0, ox quo uaai 
vol Y = const. Quaro acquat-io integralis quacsita habcbitur: 

axxy — y^x — Const. 


EXEMPLUIVI 2 

13. Integrare hanc acquationem dijjerentxalm.: 


ydy xdx~2ydx ^ 

Comparata hac aequationo cum foi-ma Mdx -j- Ndy ^ 0, crifc: 




x — 2y 

{y—^Y 


et = 


y 


{y—xf 


i cum sint acquales, nogobium succedct. Quaro accuuduiii regulatu 
bur, aunibo y constantc, integralo: 


rcpericbur: 


'^Mdx = I 


'xdx — iydx 


.• (lx /• ydx 

J 'i/~x (!/~W 




ins (lifloronbialo, aumto x constaiitc, prodiicoro debot alteram acqiia 
oposibao partoin Ndy; unde liabobibur: 


Mj/ = , orit rfy=0 et r = 0, 


xdy 


ydy 


ini igitur ait 


nabanbcni onim iu Y ncgligoro licob, quia lain in aoquationom iiito^ 
broducibiir, quippo quao crib: 

I (y — ,-«) — = Const. 

' y — X 


ISXJSMPLUM 3 

14. Iniegrarc, hanc aeguaiioncm diHerentiahm: 

(lx yyd^ I ^ — n 

a: XX 

Dinparafca liac aoquationo eiim forma Mdx -4- Ndy = 0, habebimus: 


M 


XX + yy -h yVixx + yy) 


at N = 


— 2/ — 4- yy) 


ido pro criterio oxplorando quaeratur: 


XX 


(jiii valoroH i-ctliitiU v.iui\ liaiil. nc-qiiulc.s, 

(") 


(IM\ ld.^\ :!// .O' I 

l{^^.) ;r' \ i 


jc'Moliliio orit in !nv('4l.i};n(,ur Hiiml.n 

Ul.i 


(Mx lx. I yj';; I 


At jxir intof^miwli forMiiilji.s iiniiiMni vni’inl^iloi 

pm ooiihUiUo Imbrl-m*, iTiMM-if.iii': 


• ' tv 


1 : j'.r 


ila 111 Nil: 

lm:r. ir .« I 

At Imiim (juaiititatiH dinoronlialis aHsiiiuIn x |irn immimI 

iVdu 


Udir 1 //*/) 

■XX 


nnnoHueimir: 


r-vdv , 1 .'/'/) 

^ XX 2XJ: 


m/tifj ill 

Kt-*’.*' I //.'/) -I 


qua fornia muu ilia (Kiinpamla lii't: 


dY: ■■ 


////!'( jm: \ - }fj/) 


.V.V'/.V 


th/ 


2xx 11 .r.r 1 ;/«/) ‘ V.i, 

uhi tormijii, ([ui milnio annlim'iit ;r, Hp(»n(i' mp 

> 1 Y 




pI )' ///. 


Quo viiloi'o ])ro y iuvoiitt), iihliiU'liiLur iipqutilin ini 


quemaamocium peipctuo opc 

uisc.ripUi Hit innUtuoiuIa, ita iit liiiic niilla amplius difiioultas moles 
•rsmit, nisi quao ox integratiouo formulanim imioam varial)ilcm invol 
iu\ ((iKiiuIoquc rcliuqnitur, dum iiitcgratio noque algebniice absolvi, n 
cifciili Iiypci'bolaovo qnaclraturam reduci patitur. Vermn turn super 
ndratiiivts nitnili modo tractari oportet, ct si quae difficultatcs rcliuqua] 
[) nf)n biiit! inothodo Hi]?it adserilmndac. Qiiani ob rom liic assumere : 
oUoH noqmitio did’orontialis 

M (lx Ndy — 0 
. fuerit ooinpmata, nt in oa sit 

(dm _ (il^X 

\dy)~[dx)* 

li(^M iiiiogrationoin csso in nostra potestate; unde ad eas acquationcs p 
line critorium non liabet locum. 

THEOREMA 

Kb Hi in aequationc di ft'orontiali 

Mdx -b Ndy = 0 

]L fiioi'it 

/(im __ /<m 

\dy)'-\dx]* 

Diper dalur multiplicator, per queni formula Mdx -f- Ndy multiplicatr 

KEMONSTRATIO 

Cnin non ait 

/dM\ __ ((IN\ 

\dy)~\dxl^ 

iiin formula Mdx + Ndy non erit integi-abilis, sen nulla existit functio 
m x ct y, Guiua dill’crontialo sit Mdx + Ndy. Verum hie non tarn forn 
dx -f- Nd'i/i quain acquationis Mdx + Ndy = 0, quacritur integral 

1) Unvwa IC.iLKitus hoc iWi non ostendit. Cf. § 48 nocnon JnstilntiancH calculi ink 
. I, § '150. Vulo j\oUun p. 337. 

<iu).siiAUi)i ]0ui.nni Opora omnia I 22 Commontationcs analytioao 
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ct ij iiiiiltiplicotiir, ita ut sit 

LMdx h LNihj — 0, 

ilfiiioiislranilum est, semper ciusmocli davi fiinctioucin 

hUdx + LNdy 

fiat inlcgrahiliH. Quo enim hoc ovenint, nccosso est, ut s 


/d-LM\ 

(d-LN\ 

\ dy ) 

dx 1 


vol i*[ ponatur 

dL ■-= Pdx Qdy, 

cum sit 



funetio L ita debct esse comparata, iifc sit: 



Ivvidons autcm est, Imnc conditiouom siifficero ad dofiiiii 
per quam si fornuila d/da: -f Ndij muUiplicctur, fuvt in 


COROLLAHimi 1 

17. luvcnto ergo tali muHiplicatoro L, qui reddat 

Mdx d- Ndy 

integrabilein, aequatio Mdx + Ndy = 0, in formam 

LMdx LNdy ^0 

tra.uslatn, intcgmri potent methoclo in problomato prae 




IS. (Juacratnr scilicet, spectata y tanqnam constf 
ad quod luliiciatur tails funetio Y ipsius y. ut, si agj 

J LMdx + 

denuo dilTerentictur, spectata iam a; ut constanto, pn 
ent aoqvmtio integrnlig ^ 

I LMdx 4- y Const. 


(IL — Pdx Qdy, 


iafc liiiic .'lequationi ; 


nic; 





I^P^MQ {dM\ (dN\ 
X '~\ dy} ’ 


inanifcstuin oat, ai casct 



./ sumi poaso unitatcin, vcl quaniitaiom constantoin quamcunquo, ' 

3 . 0 (it Q -.= 0 . 

SCtlOLION 


JO. Si ergo iiinc in gcncro mnltii»licator fj inveniri posset, haborotiir 
lis resolutio omninm acfiuatiomim (lilTcronl-ialiuni prinii gradns; id ( 
orarci quideni licet. Contciitos orgo no.3 (jsso oportet, si pro variia ensi 
)usquo uoquationum diffcrcntialinm gcncribus, hiiiusinodi factorcs 
^aio valcamiifi. Sunt autom duo acquatiouiun genera, pro quibus 
I’os coinniodo orui po.ssnnt, quorum altoriim oas coniprolionclit fioqiiatic 
ibus altera variabilis nnsquam ultra iimim dimcnsionein oxsurgil; altc 
genus ost acq\iatioiuitn liomogcncurun\. Praolor liaoc vovo duo go 
B alii cxistuut casus, quibus iuvontio talis /actoris absolvi potest, ' 
intiiis oxaiuinassci, iisu uon carebit, cum hnoo sola via patcro vide 
,m Analyscos part, cm, quao adluic dcsidoratur, excolondam ac porfi' 
Quam ob rom hie constitui, pliira acqiintioiiuin genera colligorc, ' 
uiusniodi muitiplioatorcm ad iiit-cgrabilitatoin porduoi po.ssuiit. 


PROBLEMA 2 

Jl. Cognito uno inultiplicatorc L, qui forinidam Mdx Ndy int( 
, reddit, invenire infinitos alios multiplicatorc.s, qui idem officiuinj)raos 


SOXUTIO 

^um formula L {M dx N dy) i^er hypotlicsin sit intcgrabilis, sit 

rale = z, ita ut sit 


.1 /CMV ll*U U il 


4 JUtIUblUllC .C V/U fj . 

quamcunqiio ipsius z, ct quia formula Zdz est ctiani iiitcgrabii 

Zdz = LZ UMdx + Ndi/), 

inanifcslum est formulam propositam Mdx -h Ndy quoquo lioi 
si pei’ LZ nuiltipUcctur. Dato ergo uno multiplinatorc L, 
Mdx -i-Ndy iiitegvabilem reddat, ex co innuiiiorabilcs alii facto 
possunt, qiii idem sint pracstitiiri, sumendo pro Z functionoi 
integralis 

jLiMdx -p Ndy). 
COROLLARllBI 1 

22. Proposita igitnr formula cliffcrentiali qiiacunquo Md 
solum unua, sed ctiam infiniti dantur miiltiplicatores, qui cai 
reddant. Quorum autem unum inveuisse sufficit, cum roliqui o 
determinontur. 

COROLLARTUM 2 

23. Si ergo liabcatm* aequatio clifl’ci’cntialis 

Mdx -p Ndy = 0, 

oa infmitis modis ad intograbilitatem porduci potest. Sivc ii 
mnltiplicator L, sive alius quicunque LZ^ aequatio intogralis 
redit; siquidcin illc factor L pracbet 2 = Const., hie voro jZc 
quod coiiveiiit, cum ^ Zdz sit bmetio ipsius 2 . 

EXEMPLUM 1 

24. Inveitire omnes mtdtipUcatores, qui reddant ha^ic form 

aydx -p (ixdy 

integrahilem. 

Unus multiplicator hoc praestans in promtu est, scilicet 
^ = fiatquo 

dz = ^adx ^ 

xy " ~x ' y » 


iidlrl. iiitii '/, I iiiiclioni'iM (|uniii('.uii(|iir ipHius ;; : lion chI iitsiua ^ 

|M(' uiiiiii'M tmill tjUiirsiU in Inu; forma ^cnornli 


fiiiicl.. 

.*■// •' 


ilitK'iiiiitf III'. 

Simplirinii':! crj'u nniKiplioatorrH ro|irri('.n(.iir, ni loc.o fiinotioniH poti 
(rriiMi(iio ijciiim j 'ffl' caiiiiil.iir; Hicfpic foniiiila I* //.ct/y/ intiigm 

!()il III' jM'i- hiiiic mull iplii'alorom laliiiH p/iUailom .a'" '///•'' K Hi ina'^is < 
iili «l<-:ii(liM'('ii( III', jiliii'i'M liuiu.sino(li ul-niin((im inliM’ hi^ oomhinari poloi 

linlioiil IN' 


I 1,^/1.. I j i ijp,,, I I 


K.\KM1‘M)M 2 

2.'j. hinnirr tniinis nnilH plivnUtrvs, (fid rcthldiil hdnr. dijl 

h III 

fi.r'* I //.t:''//*' 'ill/ 

I ifi ti/n(» III. 

Mil' ifi'Kini lu* uiiuh iiniUipHcnfor 


i priiflK'l 

>lo li(. 


L 


1 

.v*' ’ 





ftdi/ 

U ’ 


alx 1 jih/ 


‘lilu ii'iliir / }‘io fiiijcl iniH’ ipmruiH)iin ipniuK oinnon inultipUca 

lit inriiiiiil ur in Imr cxpi'r.sHioiu* jioncrali 


,/'• V 


I 


flMUll. X"ljf^. 


io.-n iMlimi funrIioniM Humnlnr polrslns ipimuniiupio innumori 

iiiH'liiiiit nr limit ipliaalorra, miioo ti'rmino (loiiBfcnutt^H .'K'*" Bum 

I II niiimTos ipioHuiiiupU’. 


communem rccipiani miiltipUciatorcm : quod si cveniat, aoquati 
ox huiustnocU fonnulis, tanqiiam mcmbris, coniposita intcgrabilif 
(him midtiplicator istc communis adhibctur. Quoin oasuin iam f 
cvolvainus. 

PllOBLEiVU 3 

27. Proposita sifc ista acquatio difycrcnfciali.s: 

aydx -f- fixdy yxi^~^y’'clx 4- ^xi'y^ Uly ~~ 0 , 
cuius integraloin inveniri oportcat. 


SOLUTIO 

Acl innltiplicatorcm idoncum inveniendum, quo haoc aoq 
iiitcgrabilis, conaidciotnr utrnmquc membrum scorsini. Ac 
meinbrum aytlx ftxdy vidimus intograbilo reddi hoc niultip 

postci'ius vci'o inembniin yx>^-^y''(lx -f- hoc 




m-v 


Quia nunc pro n et m munoros quoscunquo acciporo licot, hi d 
acqiialitaloin rcduci poteruut; undo fit 

ait — 1 — ywi — /< ct ftn — 1 •— (5nt • — r 

iclcoquo 


n 


hineque obtinctur 


ym — ft -)- 1 6)11 — i ' - t “ 1 

"a “ 


ao — {iy ad — fly 


His valoribua pro in et ?i inventis, isto multiplicator oommui 
nequationem infcegra-icm: 


n m' '' 


= Const. 



J Haeo ergo aequatio integralis semper est algebraica, s'upiideui pr.- 
i valores veri roperiantur. li igitur tantum casus singulari reduaiun.- 
nt quibus numori m et n vel in infinitum abeunt, vel evanescunt. 


COROLLARIUM 2 

n Vnfiniti autem ovadimt ambo numeri m ot n, si fuerit ai) = /i}'. Vcium 
isu ipsa aecpiatio differontialis in duos factoros resolvitur, banciue fu.- 

acquirit 

(a2/to + /3a>dj/)(l+^*'‘-‘r-‘) = 0 

uo exit y 

vol aydx -1- My = 0, vel 1 + M'r- = 0 > 


im rosolutiomim noutra diffioultate labovat. 

COBOLLARItBI 3 
30. At si fiat w == 0, sou 

y (if — 1) = 5 

,a»otu. nu— » ul valde p.vus. et cu. sil p. sen.u 

+ ^ 




n 


1 ■ lota Hoc ergo oasu erit aecpiatio integrali 

parto i in constantem involuta. Hoc g 


COBOLLARIim 4 

31. Statuatur ergo pM hoc casu 

^=y* + l v=Sk + h 

labeatur ista aeauatw differentiaUs. 


erit acquat.io intcgiulifi 


uun- \> Y ^ 1 


-|- -rxy^y^^ = Const. 


COKOCLARIUM 5 

32. Siinili inodo ai fuorit m = 0, sou 


ob 


_^y,«yS,u ^ 


si pofiatiir y = «/i; 1 ct y = H- 1, undo fit 

y(ik — ^ak , 

crit Imiua acquationia 

ayclx -h /3.rd^ -1- -1“ 


= 0 


intcgvalo 


1,^-ak^-fik q_ ~ CoilSt. 


SCHOLION 

33. Ncquc vero huiusmocU resohitio in moml)ra, quao per oundo 
plicatorem roddantvir integrabilia, ad omnia generis aequationes patet 
enim utiquo potest, lit tota uequatio per quampiam quantitatoin inu 
intograbilis ovadat, cum tamen nulla eius para indo aeorsim iutegrabili 
ex quo huic tractationi, qua hie sura usus, non niinis tribui oportot. 

PilOBLEiVIA 4 

34. Si proposifca sit aequatio differentialis 

Pdx -j- Qydx -h Pdy — 0 , 

iibi Q ct Ji denotant funotiones quascunquo ipsius x, ita ut altera 


[m (Jimonsione non naoea-u, uiveniru muiupm:.viv,M..u, . ..... .. 
■ *’ ni. 


SOLTJTIO 

Comparalia hac aequatione cum forma Mdx + Ndy - 0 tnt 

M = P + Qy et jV = P, 

fdM'' 


le (lot 


(dN\ (IR 


dx ‘ 


n 4. 

U 

.taatur iarn L pro multiplioatore quaesito, sitque 

dL = pdx + qdy, 

,ae luiio aoquationi satisfieri oportet 


Nv-Mq „ 

■— J dx~ ^ 


. n — funotio ipsius a; tantum, pro L quoquo tune 'l 

„ lam Hit Q. - i; _ ^ erit: 

turn aociipi potent, ita ut sit g 

Udh 


Q 


sen Qdx — dR--j; 

(lx L * 


)quo 

are intogrando habobitur 


dL Qdx__il^ 

T"” P ^ ' 




B 


,0 ouias logarithmus hyperboliouB est unitas, pio< 

,umto e pro numoro, omus lu^ 

^/\.i «• 


1 

r — i-e^ ^ 


rn»fr 






B 


4 r, 


.122 

ONirAum lilur.iQiw Opova omm 


cl’it iiequatio iutegralis 


7}l 


ad — /Vy 


Ix^y^ -i- Const. 


COHOLLAKIUM 5 
32. Simiii inodo si fucrit m = 0, sou 

a{v~\) — P (/( — 1 ) > 


ob 


ixyy^, 

in 

s! ponatur ju == ak -j- 1 ct r = pk H- 1, undo fit 

ySk — Suk j 

n — — 7,— = ■- /c, 

ao — fJy 

orit huuis aeqiiationis 

ayclx + pxiUj -b (- 

— - 1 - Ixyy^ — Com 


iutegralo 


SCHOLION 

33. Xcquo voro huiusniocU rcaolutio in mornbn 
piicatoi'om redclaiitur integiubilia, ad otnnis goiici'is ^ 
ciiitu utiquc potosfc, ufc tota aoquatio pcj* quainpinin 
iiitograUilis cvudat, oum tamcn nulla oitis para indo a 
ex quo liuic tractatiojii, qua hie sum usus, non nini 

PKOBLEIVIA 4 

34. Si proposita sit aoquatio difforentialis 

Pdx "h Qydx -P lidy ~ 0 
ubi P,Q ot H donotant funotioncs quascunquo ipsiu 


panilii liiH’ iiriiimliitiKi cum fonmi Mdx -\- Ndy ^ erit 
M /‘I - Qy ot N - 
ji/\ , ldfi\ dll 

O 

■„„„ /, |,in iimll.iplii'iaor^ iimuMto, sitcinc 

,//, pdx I- qily, 

,„j,. i„„|ualinni MuUiilii'i-i 

X,. Mq ,, 'IK .Kv-i^±m. 

.III (.antun, pro L cpoque fanctio ipsius 

:::'p;p...:'n.,ln>0U,H,. -deer.: 


JldL 


(J 


HOII (,»<«:.• 

lie I' 


iiilMKiiiiuln !uilM‘lulur 


ilh Qdx j}.ii 
h n ' 


», I"';'-'"’ 


mt‘» * 1'“’ 


inim.-ni, niiiiH login 


UyperboliouB est unitae, prod. 




J ii 


uln 


HUlro. lioo oU.llipH.’nt'" 


ov. aocpuvtio integraliBi 




li 




i j i.x.iu “r "* 


.... i!„m. 


46 


iio. ol [ifiqiiaLio iiaueiib luiiiiani ju upufsiuam, utv, 
tractetiir, clividi poterit per 7?, ut hum formam induat 

Pdx -}- Qydx H- dy -= 0, 

sen statini assumcrc licet i? -= 1, quo facto iiuiltiplicator crit 
integralis 

Pfh: I- y — CoiiHt. 

COROLLARTUM 2 
2G. Si ponatur hoc integralo 

ita ut z ait functio quaepiani ambaniin variabiliuiu, turn voi'o. 
nem quaincnnquc ipaius 2 : omnes miiitipiicatorcs, qui fornui 

Pdx 4- Qydx -j- dy 

reddunt integrabilem, in hac foma gc))ci’ali contijion 


PROBLRMA 5 

37. Si pi'opoaita sit acquatio diffcrontialis: 

Pif^dx 4- Qydx IHy —■ 0, 

ubi P, Q et P denotent functiones ipmscunqno ipsiiia a*, iin 
torein, qui oain rcddat iutegrabiloin. 


SOLUTIO 

Erit ergo M == Py” q. et R, liinoqnc 
((UP 


- (f)-f • 

Qiiare posito multiplicatore quaesito L et 

(Ih ~ ydx 4 - qdy. 


erit ex ante inventis: 

lip — PiJ^q — Qyq 


^■nPy^-^ -hO — 


dx ' 


oy i viAiOUUJ.J-llO KJ .w 

p = ^ et g = mSy^-^, 

(tX 


valoribua substitutis, procUbit: 


(in 


— mQ = nPy'^-^ + Q — ■ 

aequat-io ut subsistere possit, sumi debet m = ac tict 
n.a tZJi dS (l-n)(3</3- dR 

m = a T = — ^ ■ 

cwm intograudo provoniat 

1 (Qdc 

^ multiplicator quaesitus: 

,.-n ^ ( <idT 

I _ lL-c<>-’‘U“r 

sqiiatio integraliB erit 

= Const, 

COEOLLARIUM 1 

38 Si „ = 0, habcmus casum ante tractatum aeciuationis 
le per multiplicatorem ^ 

/’Pda: JV_ Const. 

ye^ ^ +J'^® 

COBOLIjARIUIVI 2 
1 nt aeqiiatxo differentialis sit: 

39. At Bit n = h ^ ^ . 

Pydx + 


0 , 


Pdx -I- Qiix ihi 
li ' ’’ jl 

cuuiH inlegi’filia nmnifciftlo ch<. 

(UmM: 

scnol.ioN 

40. Caotonirn lioc pmhldma os Mnldr^dcnUi I'acihi dcd 
cnim acciualio fli/Tcr(?ntinliH (jri' //". ol. hMlxOfil.ui': 

/V/;i: I (Jtj' |- It// "<(,/ 0 . 

Ponatui’ i/'" — 2 . o.rit (I - n) ij "dy dr., sic.(|ii(^ luuiiuil.io 

Pdx \ Qzdx \ I * ^Jldz 0, 

quae cum aequaliono |)ro))lnni}iiiH prnmtpdoMl-is (ronv/Milf. Ojii 
acquatioiics l•oforo^Hlllo Hj»l nd niHUJ)), (|ii() nlli'j-J! variabili 
unam ((iuionsionoiii aHcoiidil, Uwwo nx^thodd luic. pc'i- inidlipli 
mua. Forgo itaquo ad alUa'um goima juMjiial.iomini dilloroiili 
arum, quas otiain lia(5 motliodo tnuduri pusw', (lonul iif.. Ad lx 
quo natura funeiiouum liofnogoiicitriiin (Kxilaixd.ur, praomiM 
f|uirlGni opcralioiiom ox pnitiiN (»riix;i|)iiK ixil.two vdlitiiiiH. 

LICAIMA 

•11. iSi V ftiorili fiimil-ki IxitiiogoMon, tii (|iia Oinan \'arial)i 
n dimoiisioocs fiojjHtituant, oiiw din'orciitialf! 

dV Pd.r. 1 Qdy 
ita orit coinparatum, ut fli(d) 

Px IQy n V ■ 
Dl'JMONSTRA'i’K) 

Ponatiir y = .rs, ot fmioUo V induct hiiiiiHMindi fncjiiaiii 
quapiam functionc ipsuis z taiitiim. I line, cril. 


1) C'f. Cominoiilftlioii{.m U luiiuH volutninm, 


§22 2;). p. 


V 


— ■ \ 


1 


•,hI., nl- Hit- „ , ,, 

■i;5 ^. = P - VQz, 

1 [\H\ imilUi>li('ivn(!(»: 

nx-/j . rx [ Qxz -^-^- Pii'^-Qlh 

On -nV. 

(lOllOLl.AllIUM I 

or<-;i) lialu^num duiiH aoquationca: 

dv : ndx [ Qdy t'*' nv Pii' \'Qih 

,. .1, ,lo(imri potoruMt,; ro,)oriotv,r onim: 

. 1I-S - 

(1()U,()L1;ART,UM 2 

, oHl, [un«l,io lunnogoucv u .limoumonum, totisB ob 

/ H f . 




\il v ndX- • xiiy y"-:! / •' 

i:nuar:aoU..ilH..liiV«— 

for., vdx ■ xAy (Uvimbiloni. 

LMlOiiLKMA 0 

Hita inHiuatioiiii (Un'ori)nt-iali 

+ oiuBdetn ambae 


Sit. n numenm dimcnsiomini, utrique fuiiotioni M ot zV cotiv 
quc per paragrajdumi pvaccedcntoni 


ideoque 


jV.J/ \ iiMdx — xdAJ 
‘ (bj ! ~ ifdx — xdy 


idN \ ijdN — tiNdu 
® dx}~' ydx — xdij 


'rfil/i |'f/iV\ _ ii{iMdx -i- Ndtf) — -v di)} 
~d y ) \ dxl^ ]! d x — x d y 


Jain facile colligere licet dari inultiplicatorein, (pii eUatii sit fuiictii 
ipsannn .r et ?/. Sit ergo L talis fiinctio hojnogcnca in diinonsinni 
in § 1!) ponatur 

dL =- Pdx -h Qdy. 


crit [§ 42] 


ydL — mLdy 
ydx — xdy 


, ^ iiiLdx 

et Q 

ydx - 


- .vdL 
xdy 


hineque, cum esse oporteat per § JO 


iSP—MQ 

L 



obtinohitur utrinque per ydx — xdy multiplicando: 

^^ydL — uiLNdy — mLMdx + MxdL i v nr 

= n{Mdx -h Ndy)- xdM 

unde elicitur; 


(IL __ ( w + h) (Mdx 4- Ndy) — xdM — ydN 
fj Mx H* Ny 


quae formula manifesto fit integrahilis posito m -f 1, qi 

IL = — / [Mx -f Ny). 

Quam ob rem iniiltiplicator quaesitUxS habobitur 




Mx -j- Ny ' 


COROLLARIUM I 

45. Proposita igitur aequatione dift’orentiali homogeiiea Mdx 
ea facillime ad integrabilitatem rcducetur, proptoroa quod foimiu 


9, 0111119 iiiio.gra.lo, por meihothim supra traditain iiivontujii, dabit 
intcgralcrn ijuaesitain. 

COROLLA]?.! UM 2 

aum tanium incommodum ovit.ur, ubi fit M.v -|- N}/ ~ 0, veluU 
ationo yilx xdy - 0, (|uao«livuii dcberct pci’ 

:ry — :cy — Oxt/. 

19 diviHoviH inidti])Ium (jiiodciinqiio iicquc satiafacit, divisor xy 
(icioi, (luoinadinoduin por so ost pcrspicmiui. 

SCHOLTON 

inainia cat mcihudim, cjiui sagaciHHimus loh. Uarnoidliits oliin 
doiiea di/l’ci'oiiiialoH homogcncas ad soparabilitatoin variabiliuin 
.‘iiii. PropoNitii .soilicot hiiiuHiuodi noqiiationc 

M (lx -h AC/.// — 0, 

Midi rimdiionoR liomogciioae n dimeusiontini, pouorc iiibet 
faaio CiijKftionoH M ot N Iniiusniodi formas induent, ut sit 

M :rr ;r’' (J Ot. N X" P, 

0 ct V fiinctionibiis ipfiins taiitiim. Aequatio ergo proposita 
ahibit in hanc: 

Ud'x -!- Vily ^ 0. 
it dif lulx *|- xdu, luiboblituiH 

Udx Vndx -h Vxdn — 0, 

1 Kw) divisa fit soparabilis, hcu bacc fonna 

(U '1- Vu)d.v 'h Vxdu 
x{[J -y- Vit) 

At ost 

{U -I- Vu)dx -I- Vxdn = ~{.Mdx + Ndy) 


Expositiw igitur Ina cluobiis aequatioiuitn gcnoribua, (luac per ic 
(tiUorcH integrabilcH reddi possuni, vidcannis, acl quaenani alii 
inethoclus oxteiuli possit: ac primo quidem observe, oinnes ue 
rBiitiuk'S, qua(5 aliia methodic intogmri ))OSHiint, ctiani luie nr 
ucinn inulti))Ueatc>rcm t.ractari posse, id quod in sequente pro 
expUeabitur. 

PROBIJ^MA 7 

48. ProiJOHita aequatioiic diflcrentiali Mdx -(■ Nd-y — 0, s 
eius intogralia aoquatio coiuplcta, assignare oninc^y nuiItipIicaU 
Uonein differeiitialein rcdclant iiitograbiluin. 

SOLU^'TO 

Cum aequatio integralifl compleUi involvat quanUtaU 
arbitrariam C, quao in accjuationo difi'ercntiali non incst, i 
ini})lieata, cpiaovatur oiiis valor jm‘V rcyolutionom aoqimtiojns, 
eritqne V fimctio ipsanin) x ct y, {[uae insupor oonstaiitas ac 
rontinlis hi ae complcctetur. Turn isla aoquatio 0 -- V clift’er 
pi'odibit U = dV. Ac iaiii nccc.ssc est, ut dV divisorem liabont i 
difterentialem propositam. Sit ifca<|uc 

dV “ Jj {Mdx “h Ndy)f 

oritquo L multiplicator idoueim, (pii aeqiiationem diiTorontia. 
reddit iiitegrabilom. Doinde ciini, donotantoiJ functionom tpia 
V, sit ebiam forimda 

ZdV === hZ [Md'x d- Ndy) 

integrabilis, expresaio LZ oinnes nudtiplicatorca includet, c 
differenfcialis propoaita. Mdx -k Ndy ~ 0 fit integrahib's. 

COllOLLARIOT 1 

49. Quotiea ergo iiequatioiiis difTorentialis Mdx Nd] 
coinijlebum assignuri potest, toties non solum unua, sed piano 
catovea definire licet, quibus oa aequatio integrabilis reddatnr 


nvonta, liinc iiiotliodim luictemia tradita, cjuae ad duo tantum 
[jiiei’a adhuc eat apidicata, aon inedioeriter atiiplifioari potent. 

fSCHOLfON 

n lumen, nini ad spo.cialis^imii cxempla dcscoiidcre velinuis, 
fri'ientialcH, qiiaviiin integralia coiiipleta uMsignare lieot, ad 
n’lnn rcMlueiintiir. Ac primo qiiidoin oceurriint aoquationes 
l■^nli gniduH in Imc iorina conlonUie 

(I:>: {a -\- fix ■ yy) h dif {d -P ex f ^ij) 0, 

e ad Iminogencaa vovoeantur, otiain liac mctiiodo i)cr inultipli- 
i poloi'init. Doindo moinomlu digna ost liaoc i^ornni 

dy -\- l-‘ndx -p Qyydx — lidx, 

I nnn.s valor ^ingnlaria aatisl'acien.s, ox oo integrals oojnplelnm 
tpio Ids easibuM mnlti))lioaLov(*H iiloncos imigiiavo licobit. d'oi’tvo 
: niorentiu’ casna hniiis ao((uafcioiHH 

dy -p yyd'X -- ax^'dx, 

iiccntiana dictao, <(nibuH oa nd .sepaiubilitatem rednci potost. 
int ouHns huiu 9 aoqiuiUonis 

Ifdjf -p /^ydx Qdx, 

inlcigrabik'.a, ud iiuiltiplicatovmu iuvestigatiunom faint acconi- 
lova iiatclict via ex data rmdti()Iicatonim fonna ea.s aoqnationc.s 
ao pel' oo« iiaiit iiitograUilfts, undo fortasao hand spernonda 
emoiita hanrii'o lio(d)it. 

PHOHLEMA 8 

gita acquatioiic dift’erontiali primi grad ns: 

(a P fix p 7 //) dx -p {d -p ea* + Cy) dy = 0 t 
plicatores, qiii earn I’cddanfc integrabileni. 

:ar Opotu onuiia / 22 Ooniinoiitutiiwios nttulylioao 
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Rciducatur haec acquaiio ad homogencitatom ponencio: 

a: ^ / -i- / et ?/ ^ n -|- £/* 

ut prodeat 

(a pf yg - 1 - Pf -I- *■ “I" 

quae posito 


Q _p -U yjjf = 0 et 6 -^ £/ h Cf/ " 0, 
unde qnantitatea / e1. f/ detcrmina-ntui', utiqiie lit hoinogcnea, acilie 

(/3/. yw) -i- I- ^ 

ideoque per iriLiltiplicatorem 

T~(y~-Mi^* -I- 

integiabilis vedclit.nv. Hinc invontis litteris / et tj aequat.io ,,ropoaita 
evadet. hi divklatnr per 

^ {x I? -I- (y -I- ‘O (•'•■ — /)(;/'■ f 

SOU per 

-I - (r d- £) I- ^yy — d' ' 


d- pfi d* (y -(- £) /(/ -i- C(7{/‘ 


Cum autem sil 


l= ye^K -PC’ 


pvodibit divisor qnaesitus: 

^ . ay5 — aaC + «^e — 

^xx -I- (y + -I- iyy + ^-Ti 

— 2 + Svd — Uie + uyp. + aec „ , - 2paC + ne C -_g.yC;liyj 

+ T/;-PC ■ ' ye-PC 

[nvento autom uno clivisoi-e, acii inaltiplicatore, ox eo reperiontur 
possibiJes. 

COROLLAIUUH 1 

53. Forma ergo divisoris, per quern aequatio differentialis 
(a d- /3tc + y3/) dx -f d- d" C?/) dy = ^ 


)6graDUiB, 

+ (V -f «) + By + C, 

lies A, B, C supra sunt definita^. 


GOROLLARIUM 2 

diviBO. inventuB etiam Batisfaciat, si per ys - /5C multipHcetur, 

, quo PK = ye. divisorom fore 

/) (mff - «/)=» -1- » («» - ^ ■ 

GOROLLARIUM 3 

(uaro Bi aequatio propcsifa fuerit huiusmodi: 

[a + /(«. -I- «?/)] ’ 

ur integrabilis, si dividatur per 

(m(i-nt) {mx + ny) + dm-dn 

■mx + ny + ^^7*7* 


mg 


„ . 0 , 0 1- ‘P“ 


PROBLBMA 9 

,poBite hao aequatione differentiali: 

d,y -1- Pydx + QyyA« + -Eda: = 0 . 

B Bint funotiones ipsius ® qm ietam 

oxistente funotione rpsius *, mvenix 
,m reddant integrabilem. 


dv -!- Ih^lx -1- Qvvdx -\- lidx — 0; 


81 orgo ponabiir y = v — , haliobitiir 


dz . Pdx %Qvdx . Qdx .. 

- -• — -j- -j- - -i- — — (/ 

22 2 Z ZZ 


dz — (/’ -h 2 Qv) zdx — Qdx - 0, 
quae iutograbilia rocUUtur per mnltipUcatoreiTi 


p; /(/» f 2Qv)<lr 


Hie ergo multiplicator per sz iTiultipIieatiis conveniet acqu 
Cum ci'go ait, c — imilUplicator aeqmitioncm ])ropoai 


reddens, erit: 


Sit brevitabis gi'atm 


p-HP \ 2Q«)rir 


p /(/• » 


Quia uoquatiouls 


intogralo cat 


dz - ■ {P i- 2 Q?}) zdx — Qdx = 0 


Sz ■ J Q^dx - Const., 

oinnes niultiplicatoros quaesiti continebuntuv in hac forma: 


tunct. 


ubi per li ypothoain v cat fiinctio cogiiitu ipsius .r, idcoquo otiar 


COROLLARIUM 1 

67. Multiplieator ergo, qui prinium se obtulit, eat 

S 

(y — U)2' 

turn voro etiain multiplieator erit 

S 


COROLLAKJUM 2 


uiini >V cfli quantitafl oxpoimntialis, Dori potrst, iit hiiiiis- 

in (S' 7' induat cxiHtnnto T t'unctiono algcbmiaa, quo casn rnnltipli- 

J I 

7, : I(y — „)2 r in — tf) ( I — Ttf -r 7’7) 

?l)raicuH, quod in yiriovi forma fiori noquit. 

OOllOLJ.ARiUM :* 

fti hifi dijohus oasibiKs innltipJioabor sit fraotio, in c.uius solum 
rom variabilis ij ingredituv, ibiquo ultra quadratum non asoeiidat, 
lea alii linitianiorli multiplicatorcs exhiberi possunt; Sit enim 

ot fiw^tionia 7 — denominaloroin rnulliplieare licebit per 
(?/ — ■'o'* 



goneralior luultiplicat.oria forma; 

S 

W( )/— V) — y? VTy'—v )^ 4 CiSA'— 2 OS V(y— v) -h GVV{ff— vf 


S ^ 

^{'rAT~-l}T^-2 nVv T-'WSV iOVVv)ij -l Aw— nso-- BX^vv-lOSfi •!• iiOS'Vt) H- ov 

COROLLARIUM 4 

lodsi ergo liaec formula 

fly -[ - Pydx + Qyydx + Rdx 
Lyy My -)r 

jrabilis, donominatov ita dobet esso comparatna, ut sit 
i — BV + GW, SM == S(« — 2CV) — 2v{A — BV -1- GV V) 


PROBLEMA 10 


Ci. Proposita acquafcione rlifTerentiali praeccclonte: 

dy Pydx -f- Qyydx Rd.x -- 0 
invenire fiin<itioiiea /v, M ofc N ipRiiis x, ut ca por I'onmilani 

Lyy + My N 

fliviaa fiat integmbilis. 

SOLUl'IO 

Cum igitur intograbilia esse dobcat haeo formula: 

_+ dx{Fy + Qyy + R) 

Lyy + My -h N * 

per pi'oprictatom goucralem esse opportet, postcpuim por 

{Lyy 4 My -\- NY 

multiplioavcrimus: 

yydL ydM dN _ + QMyy — 2Rfjy 4 N 

dx dx (lx ” — PLyy 4 ^^QNy — It 

Undo pro cletorminatioiio functionum L, M et N has consequim 

1. (IL = PLdx — QMdx 

II. clM --^2RLdx~2QNdx 

III. dN = RMdx — PNdx, 


cx quarum prima deduoiimis: 


ot ex seounda: 


1/ - ^ 

Q ' Qdx 

RL dM 


qiii valores pro M et N in tertia substituti, dant: 


PdM RdL 
" 2Q Q • 


Dli: INTIilClRATIONR ATCQUATIONUM DIFRRRKNTTALIUM 
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1 ait, surnto clifl’orentiali dx constaiitc, 

inr — "I" PLflQ ddL dQdL 

Q' ■ 'QQ~~'^^Wdx> 

, HL PdL LdP PLdQ , ddL dQdL 
Q ' 2QQdx 2 QQdx 2Qhlx ''' 2 QQdx^ 2 ~Q^dx^ 


r PdQdL RdL 

''''iQQ' 2Qhlx Q 

illiuR dilYerontiali cltibot acquari, nmic fit: 


QQdH^ -- 3 QdQddfj PPQQdLdx^ — 2 QQdPdLdx 
3 dQ^dL -\- 2 PQdQdLdx — QdLddQ -|- 4 Q^RdLdx^ 
PQQLdPdx^ -h PPQldQdx^ -QQldxddP PQLdxddQ 
'S(lhdPdQdx^--:\ PldQHlx -f- 2Q^LdRdoP — ^Q^IlLdQdxK 


m iioquatio ni per — iriuIUplicetur, integmri )>otorit, orilquo oins 
V 


'.IdL LdhdQ dl^ PPLLdx^ LldPdx , PLUQdx ^RLLdx^ 

m ' IQQ 2QQ ' QQ ' ” Q 

nc fonnaiu abit: 

:.’2 2 QLddJ. — 2 UIaIQ —QdlP — PPQLLdx’^ - 2 QLLdPdx 

h 2 PLLdQdx p 4 QQPLUlxK 

mtur }j ••“ 22, accpiatio incluet haiic fonuam: 


4 Qddz — 4 dQ.dz — z{PPQdx^ -V ^IQdPdx ~ 2PdQd'X — 4.QQJldx^). 


COHOLLARIUM 1 

lotica orgo per probloina pniecedcna valor ipsius L asaiguari iJoteat, 
latio difrerontialia lortii orciinis hie iuvoufca, ot oa scewndi ordinis, ad 
1 roduxi, gciieralitei’ ]*esolvi poterit: qiiao resoliitio, cuni alia^J foret 
, probe eat notanda. 

corollakium: 2 

)ilicct si V fuerit ciusmodi fimctio ipsius .t, quao loco p posita, satis- 
Liatioiii 


.statuaturquc V - JQtSdx, quo facto crit pro iioHtiu aoq 
tpi'fii ordinis 

A — m'+OVV 
L- - ^ , 

tjui valor ciuu trca eoiiataiites arbitrarias compl(Jotatin‘, a 
tiouis intc^rulo conrpletiini. 

CJOROLLARIUM :J 

0 : 1 . Si sit P = 0, Q = \ ct R functio qimoomupK 
flifyerenUalia tortii gradus Imnc acci]>iet fortnain: 

0 — d^L -[- 4:R(lLdx^ -|- "ZLdlidx^, 

yjro cuius ergo integrali completo invcnictulo, ipiaeratur pi’ 
flimci wit -• <», C|uae satisfaciat luiic acquationi 


turn ponutur 
eritquc 


dv + vvdx lidx = 0; 
F — |e 

fj = {A - nv -\- 


COHOLLAR] UM 4 

04. Idem ergo integrale satisfaciet luiic acquationi 
grad us: 

2fCdx^ = 2LddL — dlJ -p AUhldx^ 
et, posito L — 22 , etiam luiic: 

= ddz -\- Rzdx^, 


pro qua ifcuque est 


2 — ^/{A — j5F -p CVV). 



Omnino animadverti meretur haeo integratio. quippe quae ex alus 
s vix quidom praestari potest. Hinc autem adipiscimuri) mtegrationem 
xm sequentis aoquationis diffei-entio-differentialis satas late pateiitis: 


ddz -1- Sdxdz -I- Tzdx^ = ' 

.cmpe quaoratur valor ipsius . ex hac aequatione differentiali primi 

dv -j- vvdx -1- Svdx + 'Pdx = 0, 

ento ponatwr brovitatis ergo 

y _ J 

% ]/(A + + GYV)i 

, constantos arbitrariae A, B, 0 ita aocipiantur, ut sit 


ag-ibb = e, 


adhuo duao constantes arbitrio nostro relinquuntur. uti natura into- 
is coinplotao postiilat. 

EXEMPLXJM 1 

. Propoeila dt hate aequatio differenltalis 


dy-vydx + yydx—‘^-^> 

it ergo, Probloma 9 hue transferondo, ^ 

' a: ’ 


ae 


P = 1, Q = 1 et ^ 

1 _ ^ fivit v = — • Quare fiet 

,qiiationi satis^aclt valor 2/ - a: 


,Sf 


J(-l) 




a:a; 


1) Siinformali8§08ot04pomntur 


ze 




(lx 


2"~ loco Z, 2 


, V + -I loco V et 


1 OWm ' 4 


H.D 


2 d 9 S 


■r. T 92 Commontationes aiialyticoo 
mraAMl Evmbx Opora omn.a 1 22 Comm 
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Hunc ftiitcni porro multiplicare licet poi' fun(;tioiiem cj^ii 
formac 

1 r 

^ XX* 

cvim Ycvo hacc fovma iutcgmri uequeat, alii niultiplicaloree 
ne(pieunt. Oh primuin ergo iiitcgrabilis est bacMj forma: 

+ yy’'^ - -f) ' 

cuius, si a; capitur constans, intcgralo cst 

quae diffei cutiata, posito ij conataute, pruobot 


f^<}x{xxy 4- 2 ^’j/ — X — 1) 
xx{xy — 1)2 


+ dX , 


q\iO(l aoquari debot alter! inembro 

^^^^[ydx + yydx-i^j, 

mule lit 


ip (“2/2' - 2 a.'!/ + 1) = e-” j 


sic({UG iiitegmie complctuin uostrae aequationis cst 

^6"* 
x{xy~ 1) 


-7—^ — fT + Je“* — “ Const. 


EXEMPLUM 2 

67. Invonire multiplicatores idoncos, qui reddant li 

integrabilcuP)' 


1) Vido iiolnin 2p. 300. 


U8 aiuguliiriH luno aoqjiationi aaiisfacicns cat 


jtonto 


k + y-c _ _ 

~ a -1- fix yxx 

\''CJP ~ay-\- a). 


n nunc ait. 1) ot Q -- 1, orit 


J -ik-dx + Zyrdx 


posito brcvitatia g?‘Htia 


:fc -i-«) =" 2 


n 


» ({ t 


t(_,. I ^ 

~ a -j- (lx -t- yxx 


* y. Ju + 0 x ■{ '/ 


. ^ - Ju + Ox i yxz . 


ilUplioator orgo priimun iuvontus cat 

„ > 

( (« • I- (lx + yxx) y — k — yxf 

i povro cliiui potest in functionein quamcmupie huitis quaiititufcia 


f — / 

J« I- ilx I- yxrl 


\n -I- {i'x ^'yxx)y— k—yx )i )’ 


icabiir orgo in 


i„— fe. in±t±I^'JL'ry^ 

^ (a -h fix yxx) y + n~k^- yx 


proflil>ib multiijlicatoj' algobraicxis; 


(1 -I- px + yxx 


UU:+WTy^^) U-~k- yx) ((a +px + vxx)y~+«.-k-yx)’ 


li reducitur ad lianc formarn: 


Hunc aiitem pono muitiplicare licet per fmictionetn ((uai 
formae 


1 r r 

c--.— 


x{xy — 1) 


cuiii ^-ero haec forma intcgra-ri noqiioat, alii !iuiltipUeatoreH i 
neqiieiiiit. Ob primum ergo iiitcgrabilis ost hiUiC fornui; 


dx 




cuiua, si a; capitur conatans, integralo eat 




» V 


qimo diffei-eniiata» posUo y con.stai)tc, praebet 


c'-^(lx{xxti -{-'i xy — X — I ) I j v- 


quod aequari dobet altovi mcmbro 


unde fit 


,v e~^dx , ^dx 


sicqiie integralo completum uoatrac ae(piationiH oat 

— 

x{xy~\) 


— 6'* , r dx rA i. 

;t H- \<r ^ — = Const. 

;« — \\ ' J XX 


EXEMPLUM 2 


07. Invenire imilfciplicatoces icloiicos, qni rcfklant ban 
integrabiJom^]: 


1) Vido notuin 2p. 300. 


nr lui. I 


S r 


•Mdx i 
^ ,lx I 


iln l.irvilnli^ I'.nilin 


1 (',/(/) »)' I ") 


I » 


f mtx 
,1 i itx «• J',rx 

,1 1 fix i 


\Stl.l' 

,li.,Uur .'mu iM-iMniiu invrnhiM r=.l 


f rt (IX 
.1 \ J'x I V .f X , 


• 1 1 ( i 


„ 1 fU i 

' ( (u i fix \ 


nrn» ‘I'lri putr il iu 


ruMrliuMriM .,,mn..M,nq.u. lu.i.m .ii.antitotiH 


1 


/• . V j; M 

r I jh- i •'* 


lUw n» 


I („ 1 fh- 1 rxx)n- 

* " * ■ (.1 I fix 1 


^ 


((.I 5 fix i 


i-rtliiriUir lul Imiir fnrntiiiH; 


; 2 yx + ^ -4c/ y -j- 4» )\ / ___ 

(a + ^^' + (y 2 (« + /^x + yxj) /V -("--1- 

Acciimtionis aiitem integralc complotum est 

® (a 4- /?•'>: -H y.4;:i-) ?/ — 1 ^— 

existeiitc h = — 4ay-l-4rt) et ^ . 

Ex quo aeq\iatio integralia completa erifc 

-JsTV-JtTz ^(g + {i. t + yxx ) y + n - fi_~ -^x ^ 

^ 2 (g + /3a; + yxx) y — n — (i-~2yx 

cuiua indoles est maiiifesta, duminodo 

n = — 4ay 4ft) 

sit numcrus rcalis. 

Quodai autcm valor ipsins n sit imaginarius, pufca n = 
f>p\-\ — cos. p ■\- ]/ — 1 sin. p , 
acquatio integvalis ita ad realitatem perduci i)Ote3t. Sit 

- ”\f a + foVy.r ^ ^ ^ 2(n + ^.r + VM)2/-/J 

critquc ea: 

(C 03 . p + y-l sin. p) ■ = Const. = A -I 

hinc fit: 

geos, p — ?n8in.p-P(wcos.pH-g sin. p) ]/ — 1 = ^Ig + Bm-\- 

aequontur scorsim membra rcalia et imaginaria: 

q cos. p ~~ m sin. p = Aq Bm, m cos. p 4- q sin. p 

quae duae acqimtiones congrinmt, si capiatur AA B. 
conatans arbitraria A ^ cos. 0, ut sit B = sin. 6 et casu, quo 
= m ]/ — 1, acquatio rcalis erit 

q cos. p — m sin. p — q cos. 6 + m sin. 0 seu g = w(sin.p 4 - 8 ^ 

^ cos. p 00 


ilis complota cst. 

2 (a -i' 'i- “I- 2yx~\- m cot 


vA'i- y;*-'+ 2^’ 

— C, ot haI)obitiir 

2'*'^ ''2-' 

a-|-/¥a:H-ya;a; 

[( not.'UKbim o.st, iiilngralo Hj>oom-Ic, cx quo h(\cc omnia tleduxi- 
iniiviuin, (jiio tamon non obsUnto iiulo intoguvlo ooinplotum in 
ihoro liouit. 


BXIOMn.UM :i 
fila (miuuUi)ii('- liUxatiana 

(ly -j- yydx — ax"'d.v == 0 , 

poHCTilis w, /juibus pxivi HCpfiwTP licp.l, iyivcnive. wAtUiplicuio) cs 

valor aoquutioni aatitifanioiiH, ot emu sit 

P = 0, Q ■-■■■ 1 et — aa;*'% 
itiplioatov, aoquationom intograbilom reddens, 


jquatio inultipIicot\ir, intogralo coinplotuni fit 

-iSvdx !. 

y—V 


e 


— ^ Const. 


Hinc m poiiatur 


zzz K, 


omiios nuiltiplicatoros in l\ac forma 

1 

M)/ -I- iV 

contcnli obLinobuntm* |§ (>0], ai capiatiir: 

_ jiY .j_ CVV) 

,][ ]i _ 2CV — {A — JiV -I- CKK) 

i\r ^ CV — -W ■- 20V) -I- {/I — BV 

Vcnim hi(? valor ipsius L sinml rat ijitogrnlo coni})lctuni li 
dift’oi’cntialis lortii gracUis: 

0 il^Jj — Aax”^ilJAlx^ — 2maljx'‘^-hlx^ 

liinc(iuo ctiam liuius sccuudi gradus: 

Edx^ -= 2Ltl(lh -- dJ^ — 4:aLLx«‘dx^ 

oxistonte 

JC = ^AG~ BB. 

SCHOLION 

60. Ro attoutius poi‘ponaa aeq\uitionem difforonUalcm to! 
metiiodo dirccta rosolvi, oinsquo integral© oompletum idoi 
assignatum, olici posse doprelicndi. Sit enim proposita haoc a 

d^Jj -\- ^HdLdx^ ~1- 2Tjdlidx'^ 0 , 

ubi R sit functio quuecunquc ipsiua a, sumto difforontiali d: 
qnaoro fimctionem ipsins ic, per qnam ista aoqiiatio mu 
integrabilis. Sit S ista functio, ct aequationis 

Bd^L -f- 4SMdUlx^ + 2SLdndx^ = 0 

intcginlo orit 

SddL — dSdL -p L{ddS + 4SRdx'^) — 20rfa 


io sit 


d^8 + ^SdlUx^ + 4:BdSdx^ = 0. 

1 nni-tiriilariter satisfacientem sumsisso. At 

qi^o^oeTMltiplicata, noglocta conatonte, dat integrale: 

SdldS-if;-S“ + 2<SS-K(}»“ = 0. 

I' S = eritquo 

2dv -h ^Dvdx -h 2Rdx = 0, 

egotium hue redit, ut p,o . saltern valor partioularia inveafcigetur, epui 

,ift huic aequationi difierentiali piatni gradus: 

dv -\- vvdx -h Rdx — 0, 


-p l/i/w.v I — 

;itur tanquam concessum »u,uo. Hinc nostra aequatio se.nel integrata 


dL _ 2vdxdL + L{2dvdx + 4wd.'r» + Hldx^) - 20e-»^»"“’drr». 
tur, ob 


_ — (Iv — vvdXt 

ML - ML - ^Ldxdv = 

grale manifesto est: 

dL - 27 >da- = Bdx + %Cdx J 

donuo multiplioaudo integralo, prodibit 

i, f p-^svdxdx ^ ]/ habebimus 
ti brevitatis gratia ponatui J e 

fj = (A + BV + 2OFT0 

uti ante invenimiis. 

PROBLEMA 11 

. Proposita aequatione Riooatiana 

dy + yydx = ax'^dx, 

, m-e.* 

TT T 


1 ) ViclG notam Ip- I*?- 


uy "I- — OC.I ‘"(i.v 


~ Kl. 

Cum eniin qiiacatio circa intcgralia piirticularia vcvsctur, niliil ii\torcst, 
ea sint realiu, ncc no. Quo autem faciliiis, ct una quasi operationo, hos 
quibus y per functionem ipaius x exprimore licet, oliciamuH: statuamui 


y 


— ca;-2« 



et sumto (lx constante, nanciscemur hanc ac(piationcm difforontialcni f 
gradus: 


— 2ncx~^^~^dx -|- 


ddz dz 

zd X ' z 


seu 


cuius valor fingatur: 


ddz 2cdz 2ncz 
dx^ ' x^*'-dx 


2 = Jo;’* -h -1- -f- -|- etc., 


quo dobite aubstituto obtiuobhuus: 


(371 — 1)(3« — 2)Bx^'^~^-\~{bn — 2)(G'/^- 
+27tc^.'i;-’'“'-i-2{3n--l)cR + 2(5n — 2)cC' + 2(7?i- 

— 2?fcc/J — 2nci^ — 2ncC' -- ! 

undo cooffioioiites ficti ita dotermiuantuv: 

2(2n-l.)ci? + »(«-l).4-0, «= 

2 {in - 2) 0 C' + (3n - 1) (3» - 2) /? = 0 , 0 = 

2 (6m - 3) cD + (C«. - 2) (6n - 3) 0 --= 0 , /J = p! 

etc. 

Statin\ igitur atqiio unus coofficiens evauescit, soqiieutes sinud omnes 
cunt, id quod Gveiiit his casibus: 


12 3 

7L = 0, n = -, ?t = g, etc. 

,234 

n = ] , = ^, w = g, n y, 


etc. 


aequationis exhibeii potest. Erit enim 


dz 


= - 1 - 
O hie valor parfcicolariB ipsiua ?/: 

r.rn- 2 'i — 2 "^ + 


COROL 1 -.A 1 UUM 1 


dBi ergo iste valor parUeularin ivmv.a y 
aultiplicator idonoim 


voectur = V, orit aoquationia 


_ ... 

-e (2/ — v)a 


ur 


= V, 

0 et 0 = 0 , erit alius factor siinpHoior [§ 08 ] 

I 


> 3 / 


GOBOIA-.AXt.lUM 2 


] est 


. , - £ p I (Ax- 4 - 

Ji^da: =^2y4=4)*'"‘“' 


2(3 


g_ 2 /i>f 7 ( 


» = e‘'‘“ " ’ 


:ro inveniri potest valor ipaius 


)rro 

. Ex^EHi Opera omnia I 22 OommeutationoB airalytioao 


48 


existeiite T functione algcbraica, cnt Hupci-ior inultiplicator 


COROLL ART UM 

73. InvGuto valoi’o 8cu inbcgraU particulari ac(|uatioju 
statim habobiLiir integralc coin}>lctum oiusdem, qiiippo qiio( 

g— 


I 

y — v ^ 


c~iSvitX)ix — Const. 


CASUS 1 quo 71 0 

74. Pro hac ergo noquafcione 

dy -f- }/ydx — ccdx^ 

ob R = 0, C = 0 etc., erit valor particuhiris ?/ = c. Quarc ) 


f,-nvax — Q-%cx et V-= \e-^^'’‘^^dx rjx ~ —e-^' 


undo integialo complotum cat 


)-3ci 


1- ^ = Const. 


y — c 2c 


86U 


Porro, ob 


" + ^ Const, 

y — c 


gJ/Pdxp/— — 0t V = C, 
2c 

oiit inultiplicator algobraicus: 


1 . 1 


q\u rcducitur ad 


1 


yy — cc 


uti por se ost perspiouuin. 



dy = 


0 ole. oril. vi\\ov particuhiris 

c J 


„ - 'i 1 , 

a;.v X 


.-2/l'f/J! ot V 

XX 


comploluin ost 


1 L = Const. 

^ * o « 


.a-.r.v — .'P - - c ‘ 2 c 


. == Const. 

a;.^7/ — c 


XX :c *l" <5 


lbi])lioator iilgobraioua : 


ivx jyy — 2xy '1- 1 — ^ ~ “** 


^^roposita 


dij-\-yydx ^ — ^ 


8, si divicUitur per 


{xy ~ I-)' 


ily -1- yy dx — ccx ^ dx ~ 0 


est = — — , etc., xindo intogralc particxilaro 

3 c 


et 


hincque 


2 _ 1 _ 
'a 


-- cx ^ \\cc,x 
y = CX “+ j = 

3ca;® — 1 3ca;^ — I 


= V 


f^ilvdx — g-6ca: 


J- Const. 


T 


g-Ocx* 


I 

3ca;3 — 1 




dx 


/ I \2 

Ucx« — 1 


_ _ c-ecx 


i 3c.'c'3 -h 1 


I8fi3 


1 

\3cx^ — 


Quaro integi'alo completum est 




-f- 


g-OfX* 1 


[^cx^'~\) y — dccx" 8(3c.x 3 — l) 18c8(3c.i:3— l) 


sive 


+ Zcx^)-\-'iCCX 8 _ 
^(l — Zcx^) — Scca: ^ 


Turn, ob 


^zlvdxy ^ 


I — Qccx” 

r8^~ 


protlibit divisor aoquationem iiitograbilem reddens : 


(?/ + 3ccx' — Qccx^yy 


7 Vvo luu*. oi>C<) iUMHiationo 

dy \ !/!td*- ^' 


A ,1 0 (.^,^. un(U'. 

^ - ■ '■ :w:’ ' 


// 


2 r.:i: " I » 


I I Wccx + l 


1 :i: 


:\cx^ -1- X 




(:ic;c“ -!- xf 


UO poi'i'o iilii-il'i"' '• 


V 1 '■ . ■ • • -y 


•■' (:t.:.:» I :.0= 


/,ao/ ' .. ’ f, 

^ *• “ , a — ncfiiC ^ 

(r 1 :U;;r-‘).V ' 


ol) 


iitul.‘ |/ 




IH«;8 


,U, ,,wiHor m-..,.,aU..no.n ,.roiK.«ilam intcgrab.lom leddons. 

I - !v 1 j 3 — 3cca; 

-l-:ic:id‘);/ 1 dir...- ■' •>'•“ > 


CASUS 5 qwi ' 

78. Pro liao orgo uotiuat-ioi'o ^ 


yy dx ~ o 


est B (7 — 0, etc., unde integralc particulare 

o C 


y CX * -j- 


cx 


_a _ 1 

® licc.i; ^ 


j_ I 

3ca;^ — 1 3r/a;^ ■— 1 


— V 


eti 


hincquG 


fl-iivdx _ _ ocx’ 

^ ® - 1 ^ 

L 

^ 3c 


i \2 

3 C.X- 3— 1 




-fJCI 


7 Zcx^-\-l 


(sca;®— \) 

Quaro integi’alo completuin est 


ISc*^ \3ca;'* — 


»-6cx» 


l) 

(3ca;3'— l) 2 /— 3cca:~ ® (sca;* — l) ISc^ (sca:'^— l) 


+ 


sive 


g(M: 3c.») + 3. c.q ^ 


/ 


2/ll 

— 3ca;^J — 3cc.x' ® 


Turn, ob 


g 2 f V d g y 


1 — Occ.r^ 

T8c8 


prodibit divisor aequaiioncm integrabilem reddens: 




'\a 


f 3cca; ^ j — 9cca:^?/^ 




dy -\- yy dx — ccx ^dx = 0 


, . . C -- 0 undo inf.ogmie particularc : 

W c, 


-!2(n« ^-1-1 ‘Jcca: * + !_,. 

y-:^CX ^ ~ -« ^ 


C X •'* -1- X 


3cx^ -f- 


fr.-2ftulr. _ * ^ 

{3cx^ + x)‘^ 


ITU olioitnr : 

r ,h x) 

V ■ \ ' w Z 

*' •!' aO'-^ I8c^(3ca-^ -1- x) 

ogriil(' ooiuplot'inn oi'ifc: 

<> I , 

• (■»•:: Const. 

^~^ccx 

1 

, , ,, .irx — Occa;-'* 

-- 187 » — 

viHor iilj-obniiourt uOfiuaUuiioin vropositam iiitograbilem retkions ; 
, 3 ), _.i.. »)((.:-3«x^)y-l + 3 c.- 5 - 3 o» M. 

2 

CASUS 6 quo . 

Pro liac orgo uoquationo 

8 

dy -\-yydx — ccx ®rfa: = 0 


- 

r ^ G 

-V 0 


2 ~ r 13 


■z'-z-X 


y = CX ^ 4 - 


6 r>e 


i 3 4 1 ^ 


_ ,■* lOcco; ® — 3c 
^cx ® H- n 


Oc 


SRoo 


26cca;® — lOcjc 


seu 


y=-- 


‘i 3 

25c®;k ® — Scco: ® 


2 _1 

25cca;® — • 15ci*® -I- 3 


= 


Unde integrale complotmn oritur: 


-ififtT*' (3 -i- I5ca.‘® -}- 26ccru®) ?/ + Deep: ® -1-2 Dc®p; ® 
c . j. __ oc 

(3 — Ificp;®-;- 2.6ccx^)if-^ ticcx ® — 26c®p; ® 

Et si huilis fractionia poiiatur 


numerator (3 -f- 16ca*® + 26cca:®) ?y + 6cca; ®-j-25c®.r ® = P 


denominator (3 — I6c.r® 26c<5.r®) y + Ijcox ® — 2/5c®a* ® *- 
erit divisor aequationem propositam intograbilom reddens = P 


CASUS 6 quo = 


79. Pro liac ergo aoquationo 


erit 


(ly + yydx — ccx ^‘dx = 0, 


jy 3A 1 /~i B 3/1 n rv 4 . 

/> = — ot 0=; — =: jrr — , P = 0 Otc. 
oc 5c 26 cg' 


hinoque integrale parbiculare prodit : 


y — CX ® -|- 


locca; ® + 12ca; ® + 3 


1 1 

26cca;®+ IDcp;® -|-3a; 


seu 


26o®a; * -P 30cca; ® + 16c» ®-l-3 

y 5 ~ — V , 


2Ccc«® -f- IDca:'® + 3a: 


complotum ootinetur: 

■1 1 . I 

IGca-’^-h 20cc:f°) \f>cx ® — 3Ucca; ® +2Sc''’a; * _ Con.st 

lOcA-^-l- ITjca' e- — 25c^r ^ 

\ 

ctoro oxpoDciitiali producUiiu ex luimcratorc ct cleno- 

bebil. clivisonini, per quern aecpiatio propotiita divisa evadit 


IMIOBLEMA 12 

,anto i iiumcruiu quciiiciiiiqitc iiitcj^nim, oxhibero rosoliitionem 
Duis; 

'i*J 

dy + yydx — — 0. 


8 ()LU'(';i;o 

r sit n ---■ 2 --q.-i- . roporiotur 
(M-IH A 

, (M-a) A 

■ 2-4 ( 2 i -h 

b' -I- 'I- 2 ) (i -h 

^ Y. 4 ' n'( 2 i - 1 * !)^d» 

(M-^) l)*(e— 0 O' — 2) (e— 

'■ 2-1 •a- 8 ( 2 i*l' 

etc., 


gralc purticulai'O oi’it; 

^-T .1 ■ I- -I- if A 

'( ' (jii ‘i? LzJ 

.j. q- -|- olc. 

mdem denouiiiiatorcm redueatur, stafcuamuH; 

m - - cA 

35 -- A 

- 2 ( 2 i~i- 1 } 

(i-l-l)i(t— 1)0— 2) 

^ ^ 2-(:'(2t+ l)2c 

^ a -h 2) 0 -p i)io—i) 0—2 )0^ ^ 

^ 2.4-0(2M~ l)=*c* 

etc.. 


.L. -I- + /)a;2n i .|. etc. 

Ponamus povro brovitatis gratia; 

I t — 1 i - z ij- ;i 

_|_ -f- H- + etc. P 

• _ • “ i * z!~ ’ "lil 

jSa:2t+i -p j — ^- etc. ^ Q 

— i — i— 1 -i — li — j-a 

-L -h i ^- etc. — 

-*• -j--^ -t-z -i-^ 

— ' ^ — etc. = 

atquo iiitegralo comploUim orit: 

Const. 

Tnin vero divisor, aoquatioiiein pro 2 )ositani reddens intc^ 

(Pi/ -sp) (<3^-0). 

COROLJLARIUM 1 

81. Quodsi ergo in acquatione 

-_H 

<^y -h H- ax^^^'^dx ~ o 

coefficiens a fucrit qnantitus nogativa, ut posito a — — cc 
realis, intograle coinpletuni hie iuvontinn formam habet roalcj 
facile exhiboi'i potest, paritoi' ac divisor, qui aequationcin int( 

COROLLARIUM 2 

82. At si a fuerit qnantitns positiva, puta a = aa, u 
aequatio: 

+ yy dx -{- dx = 0 , 

erit c = a ]/ — 1, et coofficiontes P, P, F etc. et ij(, (S, @ etc. 
unde valores particularos y = ^ et y — ^ prodibunt imagin 


IN riNi: \'i M*Ni: ai;< trA’rmNUM DiKKKKK'N'riAhiUM 


COltOl.liAUUJM H 

tllKMNI rilMU, i|UU < it \ . ■ /\ h,; 

...M,,, ul /' M .'t ^ 1 .' -a imiwnarmo. Quo.Ibi oiy- 


,, I, <15 1 a^ ^S){ot!15 a-a©,/ 1 

'.){ , ( ifult’it, rt. olt 

,, ,, N,' 1 . ai 1 61 / i,a '91 ®|/ 1 

,,..ia.aui iir.iimlioiit'iti int 

^ltu SS)„;i ( /.'nn ^'6) .'/ i M 1 6© 

t imilt'in I'u.iiu r f( \ 

,. 1' ■ I cotl. /» I ^ 


„ . I).*--’- !■ 

l.iMvitHliM yViUin ^ 


1 .) I Hini't'’*"!'*- 


'M'M ! /'* 


> i Hin '•••••• • 

iti Nv ‘1 w -5)1 1 ® 1 ' ' . (iDimli., 

P I I /') tii i s\ \)u ah ( 31 ^^ '» 


r il 


.. , Ill/ 1 , ot aoquaUono 


:::: 

jH) i ' 


« 

»■ I? II,”' 

.:H) »ih. /' 


iIvlll-AH 


•10 


Sit orgo a = cos. C> et p = sin. C, prodibitque ex utraquo 


R y — SR ^ sin.p + flin.C _ C — 7> 
Sy — © cos.yi + cos.C ’ 2 


COROLLARIUM 6 


86. Sumto ergo pro f angulo quocunque, si sit c = a )/ 
completnm aequationis propositae 


— 1 


^g = OOt.-^ 


sou 


iR sin. 


c— P 


© cos. 


? — p 


y = 


if sin. 


?--P 


5 cos. 


f- p 


oxistonto 73 « 2 (2i -{- 


PROBLEM A 13 


87 . Donotanto i numerum quemcunquo integrum oxhiborc 
huius aequationis: 


dy + yydx — ccx^^'^dx = 0. 


SOLUTIO 


Quia est n = rcsolutio clerivari potest ox sol 

dontis problematis, ponendo — i loco i, Quare tribuantur littori 
sequentes valores: 


z?= 


_p 

4 - 

+ 


JiLr-^L A 

2(2t— l)c 

(/+ I)g(t — 1) (t — 2) . 

2.4(2i — l)8c* ^ 

(t+2) (;+l)t(t — 1) {i_2) (t — 3) 

2-4.6(2i — l)8c3 


etc. 




+2(2i-l) 

. (i + 2) (t+l)<(*-r l)-/l 

®=+ 2 - 4 ( 2 {— Ifc 


a + 3 ) M /i 

“1 2 - 4.6 ( 2 i—l)®c* 

etc. 

doribus conatitutis, poimtw brevitotis gi’atia: 

^ 

-ibl -H2 M 

^ 

__ + ?Qc^- <l^'^ + ^ 

no statim habentur duae integrationea partioalarest 

et II.J, = t- 

ro aequatio intogralis oompleta eiit: 

-1 ^ 

Ti-i Qy — U _ Hnnst. 
ga(aMic* w^==Oon8D. 

, 0 . aequatione. propcsiU. integ.abUe. reddens, 

SP) {«</-&)• cOROLLAMUMl 

. Quodsi autem aequatio proposita fu^t hmusmodi. 

dy + yydx + aax^^^^^<^’ 

rariae, ob B, D, f etc. item 31 , «> t 
,rum valoreB sunt reales. 


COROLLAKIUM 2 

SO. At si ponatur 

p + Q - 2/?, p-Q = ip + n = 201 et - 2© 

quantitates P, S, D? et © nihilo niiniis fient, ut ante, rcalcs, ct divisoi* i 
tioneni reddens ijitcgrabilcnfi erit: 

{RR + SS) yy~2{im'\- A'©) y -1- 0101 H- ©©■ 


COROLLAIIIUM 3 

90. Turn vero, si poimtur brevitatis causa 


-1 

2 [2i — = p, 


aequatio integralis completa erit: 


undo elicitur: 


Ry-^ 

% 


= cot. 


2 




Sli tiin.^-” — (5 cos.^-^ 
^ = ^!«i„.L+i>_5oos>4^ 

ubi angulus ^ vicem gerit constantis arbitrariao. 


SCHOLION 

91. Solutiones horuni duorum postremoriim problematura non ta 
acciiratnin analysin sunt evohitae, quam per iiidiictioncni cx casibua pj 
laribus supra expeditis derivat-ae, quandoqiiidem progressio ab liis casil 
sequentes satis erat manifesta. Fundamentimi antom haruin sohitionuin 
potissinuim est situm, quod solutio particularis, undo omnia aunt dedu 
vera est geminata, cum quantitas c, cuius quadratum tantum in accpi 
differentmli occurrit, aequo negative, ao positive, accipi possit. Quoties 
huiusmodi aequationum binae solutiones particulates sunt oognitae, 
inulto facilius solutio generab's, indeque multiplicatores, eas integrabib 
c entes, end possunt, id quod operae pretiiim erit clarius exposuisso. 


dy -\- Fydx Qyydx Jtdx ~ 0 
iis solutionom gcnenUcm, et multiplicatoreiTi, qui earn intcgrabilcm 


soLU'rio 


■I ot N luiiusinodi fniictioncs ipsiua a;, quao loco ;/ substitnUc, am})ao 
propoaitac aati.sfaoinnt, ita ufc sit: 

dM ~\- PMdx -1- QM^dx Mx 0 

dN h -t- QN^dx -i- Udx -= 0. 

,j~M At— Nz 

, di\} — zdM + — ^’dz — zdN ~i- zzdN 

'^y-= (1-2P 

loi'ibus in uctjuatiouo pvopositti sul>»titiitis» ot toUi ucquationc per 
ultiplicata, prodibit: 

'4 — z{l —z) dN -1- (/l/~ A '}(^2 -I- /^(l— 2 ) iMdx — P{l—z)Nzdx 
■ QMjHdx--2QMNzdx -h QNNzzdx -f- li{l —zfdx 0. 

M ct dN suljsfcitiiiititMf valarcs cx binis siqiorioribns clifl’orontiuUbna 


— z) Mdx — Q (1 — %) M'^dx — H (I --z) dx 

— z) Ndx + Qz {1 — z) N^dx d- (i — 2 ) dx + (j)/ — N] dz •■= 0 

— - z) Mdx -i- Qx^^dx {- N (1 -zfdx 

— z) Ndx — 2 QM Nzdx 

■|- QN^^zzdx, 

itiono in ordinem redacta, oriotur: 

QziWs dx -1- QzNHx — iQMNzdx -|- ( ilf — A^) dz = 0 

tiv 

Q{M -- N)dx + ^--= 0, 

V 


undo aequatio integrata generalis orit: 

/0C3/-.v)dx :n= Const, 

y— iv 

Pro multiplieatore autem invcniendo notctiir, aequationcm propositam 

substitiitiono prinuiin per (1 — 2 )* esse iiiiiltiplicabam, turn voro divisai 

(1 —2)2 

z{31 — N) ovasisso integrabilcni. Statim ergo per 

mtegrabiUs; ex quo factor qui ob 2 = induet fori 

M^N 

-[y^M)iy~Ny 


PROBLEM A 16 
93. Proposita aeqiiationc') 

ydy + Pydx + Qdx ~ 0 , 

invenire conditionea functionum P et Qt ut liuiuemodi multiplioator {y - 
oam reddat intograbOem. 

SOLUTIO 

Ex natura ergo differentialium esse oportet: 

^d-y{y + M)'' = -^d-{Py + Q) {y + M)«, 
unde oum M sit functio ipsius x tantum, erit 

ny [y -b + Q) iV + » 

quae divisa per {y -f abit in banc: 

’^ = {n + l)Py+PM + nQ, 


1) Cf. Cowmentationem 4'iO (indicia JSnestroemtuni). Obseruaiiones ciTca nsQuationt^ 
tiakm ydy + Mydx + Ndx = 0. Novi Comment, acud. Pefrop. 17, 1773, p. 106. Cf. quoqn' 
tiones calculi integrulis, vol. I, § 493 — 627. LsONUAnDi KuhBRi Opera omnia, sorios I, vol. 23 ot 1 


maM 


■PM 




MdM 


0 


et Q = = 

^ + 1) dx 

loi’ibus substitutis aoq^uatio 

, , nydM 

2/(^2/ + ^^+1 n+l 

is, si multiplioetur per {y + M)". 

COROLLARIUM 1 

i, haec ae,uatio ost homogenea, ea quoquo fit integrabUis. si 

"+ 1) 2/2/ + ((- + 1)2/- M). 

hinc novae aequationes mothodo hoe traotabiles obtmentur. 

COBOLLARIUM 2 

loniam autom habemus duos multipHcatoroa 

I 

, <!»“ 

omplotum. Quare aeq.uat.io 

. I nydM MdM _ q 

p integrata praebet; 

[y + ( (- + 1) y--^) = 


PROBLEMA 16 

3ita aequatione 

ydy + ^ 

p pf O ut huiusmodi multiplioator 
tionei3 funotionum I et f4> 

[mi d- Uy -V Nr 


dat integrabilem. 


Ex natmu difierentiaUum Bit neoesse est: 

1 

1 


dx 




0.„ ,8i.u. i., ft P •* « 

evolutionei / dM .dN\ 

ny (yy + My + \yih + ’ 


= P {yy + My + N)’' + « ' 

et post diviaionom per {yV + My + 

dM . _ ( 2 «, + 1) Pyy + ^ 

^yyix~^ da; '' , 

Hino fieri oportot: 


-i- ^nQy 


I. wdJlf = (2™ + 1) 

II. ndN = - 1 - 1 ) PMdx -I- m 

0 = -P-^ nQM . 


Prima dat 
et ultima 


P = 


ndM 




.2>N 




Q = sen 0 = 1) Mdx ’ 


qui valores in media sntatitnti praebent: 

nhi. + l)MdM _JnNm 

ndN = — 'Zm’in (2a + 1) 

(2» + 1) MdN + ^NdM = (« + 1) 

qnae mnltiplioatapor et integrata praebet ; 

Si 

(2w + 1) ^ ^ Conat. + (n 1), 


1 

N = aj¥2'‘+^ -f- — 


'^dx = , 


ndM 


2ft -1- 1 


ofc Qdx -■ 


rJHzl 

■2w^-l “ 4(2w-}-l)’ 


difforcntialis: 


idy H 


nydM 

2ir-f i 


_Md_M _ 
4(2ft-rU 


.-•2n-3 


2ft H- 1 


M 2 «m dM = 0 


dditur, si jiuiltiplicoLur pov 

(yy ~f' d- . 


icrit 


OOKOLLAUIUM 1 


— 2?i — 3 , , 

- i. tt- — ^ SOU « — 1 , 

2 ft -1- 1 


n’cntialis cab liomogcnca, ob bi 

— 2n — U . 3 

-—--- = 0 .sou « = -y. 

Ubroquo aufcem caaii uuUa eaC difriciiltas, cum aoquatio facile 
t. 

COKOLLARIUM 2 

. — 2 71 — 3 

ia ergo ababrusi crunb casus, quibus oxponoiis 4- T~ 

1. Sit ergo 

1 r» I o.. — Wl 3 

= 2n = -;;yjrT-’ 

lifforentialis 

[m -|- 3) ydM + (w -I- 1) MdM + a(?a 4- 1) == 0 


,sui Opera omnia 122 Commonlnlioiics analyUooo 
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COROLLARIUM 3 


99. Quod ai iam pro M Eunctiones quaocunquo ipaiua ;) 
aequntionoa tarn complicatac formari potonint, quaa quoinod< 
traoUi-i oporteat, vix liquet, cum t-amon l^ao nicthodo oiirum 
promtu. 

SCHOLTON 

100. 8i quia iiaco vestigia ulterius prosequi volncrit, dubi 
quin iiaoc inethodus mox imilto niaiora sit ucceptura iiicroniei 
versa Analysis non mccliocriter promoveatur. Spccimina cti 
ita sunt coinparat-a, ut viani acl iiivcstigutioncs profundiorcs p{ 
praecipuc si itisuper alia uequationum (Jin’ercnfcialiiini genera « 
traetontur. Veruin liaec, quae hactenus protuli, siiffiocro v 
Ccometrarum acl ampliorcin huius methodi cnuclcationein ii 
scopiim mihi cqnidcin potisshnum proposueivun. 


OONSTBIIOTIO AEQUATIONIS 
Dri^FllUENTTO-DIP 
+ (,/3 + C«.) da dy 4- {D+E'‘' + 

SUMTO ELEMENTO da CONSTANT.!'. 


0 


. 1 * 0*7,1 Jiirlifis WnKSTHOKMIANI 

(;oiuinontat.io 274 mciu.iH j-n 

.„.iCo.n.non.a..ii ao,u,o,„iao .oiontian.™ m.«,oUUvnao 8 , P- 

Sinnnmvium ibUlom V. 2.^ -^4 


bummarium 


L negotium per mothoaos 

A finem porcUioi quoal; J idum iam pvidom nonnuUa eg. 

taiuBinodi aequatio.os 4^.^, mofcliodus, ai tliUgentos oxeola 

na ediclit; neq.o .Hum eat f oVDnit.it '».« ‘'•''i''*''*™ 

, inorementa Analysi «it allatma. , Auotoro siiit negleota. C 

f «;,rs “ — ■• """"" “• '"” 

,„lto inaiora inororaenta ait eoiinDontum. 




lido Commontationora 078 voluramie 123. 


aeqiiationem dilTeiontialem primi gradus: 


dz -l- 


(7? -H Gu)zdu , ^ __ - 

I) -f- Eu-^'Fiiu D + Ell -{- Full 


quao doinccps ad alias substitutioncs aniplissiimim nainpum pa 
ob rem non panim Ann-lysi coiiaultinn foro arbitror, si in gcncri 
tionis constnictiouem dociicro, id quod por ca, quao olim i 
Bicoatiana proposui, .sequenieni in modum pracstari potcrit^ 


2. Conoipio autom y detcrminari formula quapiani intcj 
quajitifcatoin 7i novam variabilom x involvoito, ita iit in liac im 
X ut variabilis, quanlitaa u vcro nt constans tractotur. Cum aut 
sivc analyticGj sivc por constructioiiem quudraturarum, fuorit a 
titati X valor quidam consinns clalus tribnitur, quo facto integi 
tabit fiinotioncm quandam ipsius u, quao sit oa ipsa, quam aoqu 
oxigit. Totum orgo ncgotiiim hue redit, ut formula ilia intogra 
u ot X involvons inveniabiir, quao ])oc modo tractata vonim va 
exhibeat. 

3. Ponamus ergo esso 

y = I Pdx {u -h a:)", 

in qua formula P denotot functionem quandam ipsius x ab n im 
qiiido?Ti demum definin oportob. Qimc cum fuorib cognita, in 
per quadraturas conoedetur, idquo pro quocunque valoro ipsi 
intogrationo ut constans spectatur. Turn integrali ita aumto, u 
valoro ipsi x tributo ovancsoab, statimtiir pro x alius quisiMam 
et conatans, ab u scilicet non pondens; quo facto aequabitiir y fui 
detorminatao ipsiua u, quae sit ca ipsa, qua aequatio proposita 


4. Etsi autem in integration© J Pdx (w + rc)« quantitas u 
babotur, taracu eius inoremoutum assignari potest, quod capit, s 
tur u + du, et integratio simili modo absolvatur. Ex princip 


]) Vido Conimeiitatcones SI, 70 iuthts volutiiinis, p. )0 ob p. 150. 

2) Cf. Comraoiitat-ionos 44, 46, 70 huius voluminis, p. 36, 67, 160 ; vido quoqxio 


; formula oodem modo tractetur, ipsiaue a: post integrationom yalor aeter- 
atuB tribuatur, cum fuerit 

2/ = J 

, quatonus variato u simul y variationem subit, 
dy = ndu J Pdx (it + 

TO Bimili modo difiorentiale ex variatione ipsius it ortum oolUgamus, 


nunc, 


si porro 
du conatans conaoquemur: 

ddy = n{n — l)du^\PMn + 


1 - • modo prae8oriptoitasumtis,utipsi a: valor 

5. Oum igito luf* 4 4 !ii«ofAnnp,R iosius u abeant, 


udam doterminatus tribuatur, sicque ea in meras fmiotiones ipsms 
ipbeamus hoa valores: 

y^lPdxiu + xY, | = »JPtl.(lt + ^)- 


du^ 

,SBe est, ut Vi aoquationis propositae sit 

A\Pdx (It -I- ®)“ + » + (» J-' = O' 

luibus intogralibuB sola * dobet, cam po* 

,otur. Haoo autem Juie determinatus ab it non pcndei 

Tulas intog].’ationes quantitat 

rit tributus. 


0 Uiiuuuusj. 

6, In genero autem, antequam 

evanesoot, Bed potiuB ouipiam p.o . valor lUe dcj' 

1 autem ita oomparata esse de , t. l ea quautitas m _ 

atus scribatur, evanesoat. Sit igi ur eiusmodi fimctio ipsms 

tom. 1. 

6 tarn pro eo valore ipsiu » <1 ^ 


1 ) Vido § 8 Commontotionis Mhuiiw volumwiB, p. 


7. Qiiamdiu ergo x acllmc cst vaviabilis, ct u ut constans spoctatur, 
cHt, at cxpressio R{u -i- aequctur huic fornuilao intogiali: 

j Rdx [u -I- (-f- Aiiu -l 2 Aux -\~ Axx 

+ nCuu f nCrix + nfSx 

\- n Bu 

-f n{n — l]Fuu -f ?i (n — 1} ICu ■]- n (?/ — I) . 

ciuus propterea diffcrcntialc aeqimri oportet luiic: 

{u + {udR + xdH + {n — l)R dx). 

Quia autcni R ab u penderc non dobet, condiiioncs satisfacicntcs liis ac 
nibus continental’: 

A A- nC 4- n (a — 1 ) F — 0 

dU = (24+ nC) Pxdx + w (B + (n — ■ 1) F) Pdx 

xdR + (j! — 1) Rdx — APxxdx + nBPxdx + n {n — 1) DPdx. 


8. Si valoi’ ipsius dR ex secunda in tcrtia yubatituatur, habobitu 
(?i - 1 ) i? = - {4 + nC) Pxx — n {n — 1) FPx + n {n —\)D} 
et quia ex prima est 

— A—nC=--n {n — })F, 

H = nP (Fxx — Ex + D). 


prodit 
Deinde oh 


2 4 4 w C = — 2 71 — ] ) Jf’ — K, C 

secunda indiiit lianc formam: 

dlt = nPdx {~(C + 2 (» — 1) Ji’) * + B + (to _ 1 ) E), 
quae per illam di\nsn dat: 


dj{ ^ ~4g+- 2( rt— l)j?')a;rfa;+ [R [n-~l)E)d x 
R Fxx — Ex A- E ~ 


Pdx = 


Rdx 


n{Fxx — lSx-i- dJ) 

n per primam aeciuationom definitur, unde fit 


n 


IT' 


. is prodierit imaginanue. puta » - ^ V ' 

,..'-i = coaIr4-V'-l 

,n = ,.-‘(008 1. !r + ]/-!“" 

, • «',Ti,inm ad imaginaria simplioia redueitur, 

tionis B luic redigitur, ut sit 

p Oxdx — Bax ^ 

j __ (u — ^ 

:l hano formam porduoituv: 

1 - 1 -1- r-^ l{Fxx-Bx + D)+[B-rf]!l ® 

B-B = 0, vidondum est, an fornndae 
+ D haboat duos 

GE 


L/iV 

I. CASUS QUO ^ = O’ 

i„ .,8„ ™»lv«.<l« «** 


ncquo 


Ji=.{D—Mx-\-Fx:t:) "" 


Fdx = ~dx{D — Ex -j' Fxx) 

a ut sit 

1 I* dx{u-\-xy^ 

^ « T.7Z 

{D — Ex -\r Fxx) 

uod integrate eiusmodi torminis ipsiua x coinprehondi debob, quibus qua 

-n 1-— 

{% H- {D — Ex ■^r Fxx) 

vanescab. 


11. Quotiea ergo formula D — Ex -j- Fxx duos facbores babeb real 
uplioi casu ovancacit, undo bini inbegrationis termini consbifcui possia 

,oc autom necosse eab, ut oius exponcns — n + 1 — qui fit 

“ 2F ' 

it positivus, quia alioquin quanbitas ilia, cui formula proposita ao 
tatuitur, non in nilulum abircfc. Hoc igibur casu construotio aoquf 
mllam liabebit difficultatcm, proptorea quod ob signum am])iguum oxp< 
omper valor positivus tril)ui potest. Sit onim cxponens illo = m, ob liab 

4 FFmm — 4 FFm -b 4 AF 2GF — CG 0, 

{uae aoquatio si habet radices rcnics, ol) torminum — 4: FFm nogai 
libera certe orifc positiva. Quoui casuni diiigentor prosequamur. 


12. Sib D — aa, E = 0 et F ~ — 1, ita ub haec aequatio sit roaoK 


^ y -\-{aa~ un) = 0, 


du 


du^ 


iritque 


1 + c -i-yfi + 2 C + gg ±iij, 

n, = ■ 2 

porestroali.,ni.i4 atau-^tiUsnegativamaior quami(l + 0)-. 

1 zF ^(M^204^£±lil , 

^ + 1 + 2 ^ ^ 

,., 1 ,„. — , «» r™ ““ “'“““' 

y = \\Aoc («+ j;)’‘(«a— ■'«®r''- 

0 ita capiato, ut 

%Uy J_ Caaj:::^^ = 0 » 

dl?' 

at w = 1 , 

^ r:= J (ia: ('W- + ^) 

^udv , = — jea; 

» i» .—. « "ir™ •™":;”“‘"'" " ' “ '“'- 

it si fuorit x-=(i ^ 

%au qui valor aaquationi utique safe- 
^ a, ent y = - ^orro intagrale complatum aruito. 

^neraUus quidem y = o.u, ex quo pono rn 

II =■- uz, unde fit 

ddz , _ 2aadt<_ _ ^ q 


i^'tittatjt Onoi’a omnia. I 32 


Coinmont£utioiuj8 


nnalytiooo 


51 


uudz 


rroque 


ti.sequenfcer 


aa — HU 


= ^du, 


z~y — pu 


paa 

u 


y z::^ yu — puu — Paa^). 


3) AJtorn pai'rf Jiuiua <!i.<isoj'tntionj9 poriit. Confer priiotoi* aninJiiHrinni Jittorn-s n(ll)uo ini 
linloro ad C4. ]■'. Muollonnn datna 

tUo 27. Julii 1702: . . . Fornor lUo Piece so jmg. 166 uufliort ist aiioli nooh lang niolif. zu 
1 os mii(5 auoh wolil oin liogon von moinom Munusoript odor nooh moltv woggcUommon odo 
t woi'don Boyn . . . 

ot dio 21. SoplombiH 1702: Abhnndhing Nr. VI so unvollstftndig, mug iiur so l)loii)on, wu 
n vorhandonon das folgondo eiuigormaBon cr^oliot; zuin woiiigslon joiios (lurch diosos vorsU 
rdon kan. Man kon auoli dioso AUhaudiung ols in 7.woy 'I'oHo gotoilt iiiiRoImii, diivon iiur dor 
dioaem 'J'om. oingoiiicUt war; uud ioh kan wohl don aiulorn von nonoin aufsotzon, und zu < 
['cndon Bund oinaehicicon. A 


db R,BS 0 LUTI 0 ^[B abqijatiokis 

dyj^ayydx^bx^dx 


GonunonUtio 284 inclicis Ekest«okmi..-i ^ ^ 

’niitiorum Potropolitanae fl (1762/3, 176 ) l). o 

Novi Oommontani acadomu. bc 


SUMMARIUM 


SUMMAKiuivi 

h„, 1.. ■>«— 

" ' T :»1 « — 

ram oMuum intograha fliim' „ommodi est assecntus, om „„dcodin«'-''“' ' 
ignari possit. MothoduB, qua 

moaequationompi-opositain. P asftuB alio«'>i alimnH'-' 

,mdi m'aduB involvit, tranrfonn-f. 1 oa * 


"^lionempropoBitam por ,,,n.nn.a 

di grad™ involvit, tranrform^. Lm colligataa V« 

autom sorios Ua ost unde integrate quaesitunij^ ^ 

asionomquo finitam Bupi >_ partieulana, n q j csl arga 

n omnia haeo intogralia no ^uotira q i„con..uod» 

mtialis propoeitac d : m tote--o‘« 

inariiB ita inqnmantur. nm exponat, ex aoS"'*" ^ ,i C„anl.taB b i. 

, . .,4. -rwlmo metnoauu i ailniBnai. >„:^4<vpa\i 


propoBitaeexi—^ ae..-; 

nariiB ita inqninantur. «t ex ^ ,i (leanlita^* b i. 

,r ita medetnr, nt f, oomptetnm '=1'™"*' quon««lo i^‘ao qu. 

rali qnopiam Partienlarr ^ ,ero an 

-a, quantitates »P“‘’t^^“Cgativo. finn^ 

«ponentiales, qnae, X^oe a«m matto''"“ 

,iL reaPter expidmi qneant. Deiuq 


iiigicdiUir, (jiuim aequo nogativo, ac poKitivo, ucclpom licot. Alin niotliodo uti 

iua opu ex oognitis dnolnia inlogralilnw ]mrtioulavii)iiH integmlo coinpioluni, nino 
vn jjitegratione, concUuH queat . Q\kmI cum ub eo, quod ))rioii mntbodo oral onil. 
;croparc iioqueat, ox ulriiwquo collatioMc mtcgmtionoui fu-iori iinpJioatnm oflioorn li 
do postvemo hiino intcgiatioucm inaximo momombiltuu doduoil-, ([uod sit, 

2 nr. ■> 

j’fl " dx 6 'c " z — n 

' nn r, /a II -I I iihi\ 

■ ““ On{ 2 aox" mz- -. — - ) 

I di tie } 


i quanlilatcs z ct u pt'r x ita dobiiimilur, nl sit: 


- H4l 


-3h+1 


-r, fM-i 


a uflo on • In na‘‘ce‘ 

— II 4 1 — 3n4l - r> II > I 

* Hn«c ■' «n- 


im igitur hao foitimo z ot it nden in in(iiiitum oxciirroro qiioaiit, oo magis ost mimiid 

2 nc •• 

ocl fonmilac c ~ integralo, idquo por oxprcHslonom satis siiuidicmu, oxliihoi'i po 

nn voro otinm hoe conHuoUo integnilinm forinno udvorsnri vidolnr, quod ijiian 
natans aibitraria 6', j)or iiitogittUonom ingressa, <(uao alio(|uiM undo fuliioitiir, liicj 
rmno iutcgrnli sil itnplicata. Quod singularo i)lmonomenon si atloiitius porpiMub 
jx j)atobit, iutogrationciu iUam vorilati consouUmcam ohho non posso, nisi donomina 

Z'S 


2 




, itdi 
MZ H 


— ed M 
dx 


oi'it qimntiUs ennstans, puUi A \ turn onim islud iutogmlo in formam imturalom a!>l 

2ac « 

-i- 

Au AO' 


uni nutoin r03 ita so habcafc, lioc modo oxplicuri potest; Quoniain quantitates z ol. -i 
I’icK cxpriniuntur, oasquo ipsas, quao initio ox ovolutiono acquationis din’oroiitiali 
ndi graduH aunt enita, vioissim patot, can it^pendom ai) x, ut sit: 

ddz 4- 2 dxdz + (w — 1) zdx^ ~ 0 


ddu — 2 ooa:''*'* dxdu — (n — 1) aca:”"^ %dx'^ = 0. 

line prior aequatio por w, posterior vero por z, multiplicotuv, ao pioduotonnn ililTor 
tbifc 

itddz — zddiie d- 2 dx{udz + zdv) -j- 2 (ti — 1) aox'^~^%zdx‘^ — 0, 


ITUiini' 


udz — zdu -H 2 acx^^-^uzdx = Adx. 


-n+l 

= », flat « = 2 = *"^ e‘ 


i) If (* II !i fl C rt 

fl '■ 2 a 0 tt 


■ Const., 


„ prin.>i,flB cBt oonlovmiB, aod atiam. faata diflorentiatione, ob 

„d2-8du = 2 

,,„gi„ «.,n«rn.at,n'. Hino autom iam aaquationis 

di/ - 1 - , 

quantitatie . valo.^ Bupeflo.. aerie. e.preB.o, ,„te,,ue 
,li„„ ita oxfliberi potent, ut sit. 

„ _ „.-i + ..4 + 

y = OX r agcia; * 

dz 2 c 

4 - — T “I" iae~" 

y CX -\ azdx t— X 

z{De” c-H) 

• ’ftAfa nd inteurale 

J„,,UP.„,sistansa,.bitiariapeiri„.^^^^^^^^^^ 

iim. 

„„l„„u,™.o.loco«.p"«»“‘”‘' 

[xlgobraicc por definiu q 

SOLUTION) 

atur , 

0 dx constante, erit 

:,. l. „ C— ”SI«" — . ■ 

020-006. Potr. 1769 == 


facta substitutione transibit aequamo j^J’oposim m Jiano. 


ddz 


2cx^^-'^(lz 


azdx 


■ -I- {n'—l)ex^'^dx + accx^'^-^dx -! — bx'‘^d 


Fiat w = 2 ft — 2 et & = acc, habcbitnrqno 

ddz + (ft — 1) acx^-^zdx'^ -b 2 dxdz = 0, 

quao ergo resultat cx hac aequationo propositae aeqnivalcntc 

dy -h ayydx = accx^'^'^dx 

facta substitutione 


dz 


)/=CX’‘-' -I---77.- 


azdx 

Fingatur iain bacc aeqiiatio: 

+ l - 6 » t + 1 7 » H 

2 = -i- -\-Cx ^ Dx ^ -\- etc. 




critque differcntianclo; 

dx 2 2 2 

dx^~^ 4 ^ 4' ^ 4 


■6>i 


Cum voro ex superiori aequatione per dx^ diviaa Hit: 
ddz . 2acx^^''^dz 


+ 


+ (n— — 0 , 


dx^ ' dx 

si series assumta substituatur, proclibit sccpicns acquatio: 

+ !»?^>) Bx' 

+ (265pj) 

W-8 -11-3 ; 

0 — ® — (3n — l)acBx ® — {5n — l)acOa’ 


-6n-3 


— Cln~l)acDx ^ — {Qn — l)acJdx 

»-> -m-3 - 

+ (?i — i)ac.i4a: * + (n — \)acBx “ + {n — l)acOa; 

" 5 » — 3 - 

+ {n — \)ac,Dx ^ + {n — l]acBx 


' H Hf»r ' 8 Ifl ‘ / 

-n-l 

Loro ac donominatoro per Aa: ^ diviao: // ^ ex*’*"* 

(r» n - - 1) (n jj - 2} ' U •‘■**^1’* i — l)(»u — — l) (2.~rt>i — 1) as*'’^** 

~8 Mali''' '* '2 " ‘ 8 \tt 2"' “b 10 24 ' 

) .-c "" , {nil - • I) (1» njj - • 1) .r" {«» — 1) (I) ?ni ~ 1) (2fi >i.» — 1) a:~^ ** 

nac ''' h’" ' io” tC Ui 

xpi-oaaio geiioraliloi’ in inliniUim oxourrons lit. linitu, si fuerit. 

(2 i -\- J nn — I ~ 0, 


iiiiniorutii qdcmcuuqiic integrum, lioe ost, si fiiorifc 


lUS / lllCJiU uuiiiViitu 

riinlL? 

ayydx = accx dx 

initis poterit exhibcri, sen valoi’ ipsiiis y per .r 
. ait m= 271 — 2-- erifc Iiuius aeqim- 

- 4 > 

ayydx — accx'^^^^dx 


icis exproasum: 


ayx acx 
-2 


1 _ 
2b 1 


-8 


‘ t(t>- l)(i» — . 

2'-t(2*+ Ip "a^c*' 2-».0('2i+ l)< o^c® '' 


0(2i+ l)< 


-2 


[ji -])(i4.2) <{i* -l)(t® —Uit 3) , 

2-4(2H*l)® '2*4.0(2H- 1)* o®c® ' 


nomiimtorom reductiono erit: 


-2 


*■ "r 


2 . 4 (2 14- IP (to 


2.-l-0(2t •!• Ip a®c» 


-2 -a 

i (j2 _ 1) (i + 2) cto. 


2.4(2i+l)® fl®'''-* 


2-.|.0(2j + 1)» o^o® 


— — 4 i — 4 

fc 771 — ImiuB aocjiiatiouis 


-«-t 


-1- ayydx = acca; 


5xpres9um: 


(iifx ~ 

■ 

<•(« !- !)(M 2),r“‘' ‘ ,-(P...-i)(i.{-.2){,-.1.3).r’‘’ + ’ 

. 1"= ._! 2.t(2t-l- «»ca 2. '■! -0(21-1-1]* 

'■{' -ID . ijil~ \][i-\-'A)x^^*^ ,*(. 3 _ 

“(“'1-1) 2.1{2j i- -i- 2.4.'tf(2i^D8- 


ad donojjiinaloroin roductiono, erit at/x = 

..l_ 2_ 

'■ -I- )}(' -I- 2) i(i I 1)(< - j. 2) * l)(/-i- 2)(» -f. ;{)(, -1- .l)a2‘' + > 

^(2/ 1-1) 2.4(2 i! -I- I)* n«; ■*" ■'2-4 - fl(2 H- 1)3 ' “ 

1 ^ 

'■ •! )) /(i*- l)(i -)■ 2)r-''** _. 

) 1) '«f- 2. I(2 i l)3’' rj>c3 '■ ■ 2.-}.(j72/' -I- 1)9 + etc 

lUKiiui if'il.ur fudi'it i lumuiruH integer, toUcs luiiuB aequationis: 

- U-2 I 2 

(iy -\~ayy(lx'-^-accx dx 
in U^rniiniH ulgebraiciH jioi-eHt cxpvimi. Q. K. 1. 


COIlOId.AHIUM 1 
UKiiiatin orgn })ro})OHita 

dy -|- ayydx = (iccx”'dx 

jiKim (ilgeiiniicnni admittit, .si fucrit oxponens ni vol terminus huius 


<1 s 12 _20 

■(), ' “7j, yp 

:>rit ?/( terniiiiuH ox line fractionum soric: 



4 


T’ 


H ® 

3 ’ T ’ '7 ’ 


IT’ ir 



OOXiOLLARIUlVI 2 

iihstituaiiuift in priori integmbilit-atis elasse loco i successive nuraeros 
, 4 etc. atque ro])orietur, ut seqiiitur. 
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Qtegrale ent: 


ayx = acx sivo y — c. 


Si ai — 1, huius aequationis: 

4 

II. dy ayydx = accx ^dx 


ntegrale erit: 


ayx ~ 


1 ^ 
^ 2 - 3 ' ac 


cx ® 3 acc 

7 sou y = = 2 y 

® 1 3ac.r^ — 

5 ac 


)i a — 2, huius aequationis: 


III. dy ayydx ■— accx ^dx 


ntegrale erit: 


1 

aca;® — 

2.1 

2-6 

l_ 

acx^ 

1 

?> 

1 


i — I 

V 


2.3.4 


Sal' * 

ac + 

2.4.5* ' 

a*c* 60c 

6*0^0* 


Si i!=:3, huius aequationis: 


ntegrale erit: 


IV. dy -{■ ayydx = accx ^ dx 


3.2 3.2.1.4 ^ 

2.7+2.4.73 HO 

_i 1 ® 

, 3.4 » ^ , 3. 4. 6.2 ® ’ 3. 4-6. 0.2 a> ^ 

2.7 ' 'ac +2.4.7* ■ o*c* 2.4.6. 7“ ' 0*0* 


^ 3 , 3.1 » ’ 

_i * ^ 

1 0 * ’ 3.6 « ’ 1.3.6 a) ’ 

7 ’ oc 7* ' a*o* ~7*~ ’ 



iniograio ont: 


1 

acx^ ~ 

4-3 

. 4. 3.2. 5 

1 

X 

4.3.2. 1.5-0 

2 


iTO 

1 

' 2-4. 

do 

2-4. 6. 0* 

. 

a^c* 

f 

■i.fi 

■■ 2.1) ■ 

x’ ^ 

, 4-5. «. 3 


4. r.. 0.7-3. 2 

x , 4.5.0.7.8.3.2.1 

ai! 

aT-tTip" 

■ as'cs 

2-4.0. i)8 

2.4.0.8.(J< 


iSi C), liuiufl aoquationis 

20 

VI. dif -\- ayydx = accx " dx 

intogi'alo orit: 

2 >1 

s i 

r>*ft.7*8.4-:»3; " , .^■0-7-8-0.-l.3-2 a: '' 5.6-7-8-0* K 

2.4.fl.U» ■ o>c* “2.4a).8^11«~ '^c* ^4-0-8*l( 


acx" -- 


.-i-l 

‘i-lJ 

I 

II 


u. .r ” 
i5--J-]ja ne 


fi-n .u 
2*11 (10 


fi.0.7-'lx " 


COIlOl.LARJUM 3 


4. In iKjHtoriori intcgmbilitatiK ordrnc substitimimis pariter loco i nuir 
0, J, 2, 3, 4 (4o. ao roporiotur, utHCCpiitur. 

Si i 0, liiiinN aoquationis: 

I. dy ']• ayydx — accx-^dx 

intogralo orik 


ayx 


I , 1-2 

ara-H-2Tf 


, , ac 1 , c 

= 14 sou y = — h — 

' a; ■ ax zx 


Si i 1 , huiii8 aoquationis: 

B 

II. dy ayydx = accx ^ dx 


acx 


8M 


ayx 


2^ 

2-4*3’ ao 


acx 


+ ^ -^Zao 


I 


^ ~ 2.3 ao 


1 + 


3ao 


intogralo orifc: 


nc .1 

a !ix 


:».i 


9 

1 . J - J . 

•.It...’ .. 


I 


I 


Ill 


! 


l-V- I I 

I- 


/ , iitiiiiH 

$ 

IV. ill/ 1 ni/f/ilr itrri- • il t 

1(1 

I * 

i.i, :i. i.ft.H . ‘ ■ I » n ’ I ■ ' i • . 

:>.V ^ ( • /■' .!• ’ > i II- ;> .i’. ’ ' 1 11 •. ,* 

t » 

:i ^ I * 1 ... i • » i . ** 

* I / ' . 1 . * -.M i* ' • t “ ■* ’ 
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ili'X ' 


('X IiIh <'M!(il)UM MtlMldj'iM ]in(t't. (‘IlillK (*|ir i >iii { 1 1 1 1 11 1 t M .1111111, <(>11 ijlllilill 

lidlK’in iiillllil ( uni, iiifi'j'ialia r\|ir«lif'- ("im.iri (nifirmiJ 


.SCildMdX 

i)(i Ilia (Kildiii {MuIm' iidfaniliiiti r .{, •-.{ iinn i > ■ 

idcn ai'i|U(' lah' iimIi'H', lu- aiM|iiiiliMiirin lal* m . i<l i{ii>>>i \ t-1 c 

(mall 

d.V I mi'iii 

(!iii (ilni Hill iafiicil // i\ Imni'n furilr inlrllicit »n . IniMui luii'* , lU 'tiin' 
i>ni|iri'li('n(li. .MmiiicHi lun ttiili'm Imh- t-.l i|iiih|))i- liiin', t(d<iii m Im nil*' 
iH iinii ('.dill ini'iii ur iihvm (■diiM{t(n!i iiiliilraini, i|iiid- m iliili i ml iiih iim 
in (|ii(i ni'il Clin 111 inliyial id nix rMMi|i)fiui' mi mil m . ( ri niu \ • i )iiu< 
It ilil<'},'i'iilia ciiiiiHviH cii-nm olil im-iil nr. cn 4 (im<i| t 1 am mnl is >|iiaii 
.'(', uccipci’d lici'l-, MC(|niil idiii' (lilTi'ii'iil iali, i{(iiu- taiilum «'« i iiiitiin I. n*>i 
i. 

I’ROmjC.MA 

Invcnld djM' pracccilcntia mclluuli infr^Mali |iailn’ulaii pi (I t t i||l ll I 
iUh ac(pialidniH f/_i/ [ 111/iiil.r invniiii- inir^Miili- 1 dniplt t mi 

(Icin ciiHiluiK*), 


Villi' iiiitiini )*. -lOfi. 


M P 


^oMito m 


CHHo ay 


2, iiitcgivile particulare nequationia pvopositae i 
y x ac.-t" 


invon- 


. r_. >«»• «V* ' 2 B„ 0-- — A- 


IflH 


2 t n. 




8u 


10« 
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1";^» S<:rilmnu.s brcviUlis grnti,, y .= P. Cmn igitur P sit ciusmodi valor, 
ajjubjloin a; dni.uft, qui ftatisfacijit uoquationi 




^h/ 1 ' fiyydx --= acGx‘^«-Hx, 
dP I. aP'^dx = accx^"-hix. 


iitrH iiitii inf.ognilo CDmpIotum aequationie propositae 
dy -I- ayi/dx -- accx^’^-'^dx 


I P \ - V, (|U() valoi'o loco ;// .siibaUliil-o liabobitntis hanc acquationeui 

dj* I- dv \- (iP'^da: -(■ taPvdx q~ aovdx = accx'^’'-^dx, 
voi’o ail 

dP -I - aP'^d-x = atxx^’-^dx, 


I 


n 


, orit 


dv -I- 2aPvdx -[- avvdx = 0. 


du — 2 aPiidx = adx, 


iiult.ipiiciit.ti ])cr c' licnota-nto c numoruni, cuius logarithmus hypei- 
4 (^hI • - 1, fit iiitognibilis; crib scilicet acquabioni.s 


ilo 

0 




aloro, oiim sit ^ Hubstituto, orifc intogmle complofcum aeqiiafcioiiis 
itao 


iMniiai'i' I ■> 111!' 


/) » I 


d.- 

u:dr 


.1 ti I i '•» * 

(nil I) '• ('III H(""" u • 

Hn <ii' '*'1 li'*! '»’• * 


til ii 1 1 ' •••. •. Ill' 
•11. ii... -i. 


> (i 


| 7 V/.r 


I 


Iz <'t- t 


.aim 


a ft 

H' MiiliMlit iilo lidlii'liil iir nin 


7 r.r’* ' j 


dz 


( ) 


•• 


iii/.i 


Al.i'i'Ki: 

illliillHxIlllt) lm<' nifidiK’ CN utid |mi I ii-iiliu I ih’.i-iillHi itih’ 

pI(^lllU), il U <hl(>l>i|ii lltIrjM itllliii-i iiiii > iMilii .1 1 1 •>! f \ }•> > Ii h M ' U i(< .'1 all' 
11 iixidj'n lijl 111', in liof iiitxlo |ii i \ uii fni iiniiitih ml''' 

4 

iiiiiHin<i(ii <‘h(. I'll J r '■ (III X : : i jiiui' ,il j ■ ■ >iit |>ii I « ipii n I m- 

iiivolvirur. (him ciiim uciikhIki 

iltf I tii/jidx hmm’" ’»/i' 

iviiriiilii, hI V(* ft iiflirimil j.i\ c iM> »hti jimi m , It.il >■ um ni i« jui- 

ntlia |iiu'f ii'uliii'iii, i|iinniin priiis rsi 

// /’ (‘■r ’' ' : - 


a I ^ I I) (11*1*1 li 

Ha nr. ' h« in„ 


j 

f»«. > 


ole. 


u 


'■ I I 

u 


{nn 1 ) 


»N t 1 
•i 


!{UM 


.r 



{nn - }) 


— I) .y ^ 
HWt (tV'" 


oto., 


iliiii vkIuitm ;; rl, ii linil.iiiii iiil,(,i- ho (liirofiiiil,. lOlit oi'go lam 


Ml 


///' { ai'^th: 

ifQ I u(^y'(l:^: acr.x'^'^-'^dx. 


A‘ 


I' U 
Q !J' 


• ' iinumlii* Mil inlt'i'inliM |>ro|KiKitH0 ([luini fori 

» iiM'iimiiiini i, ijiiiu in cii ulnHjm' pjirlioiilai iuin // /’ (‘.t ?/ Q ronUiK 

in-MijM- M} li/ll /i‘ 0, Iniro Ml A' cr^io • /h/ ■ - I* — // liirn 


(• <ia! 


.V 


QU r 
u \ * 


dfl 


inotQ (,hii{ ttUQ -JidP i-dr-]- run 

(A*- -I)« 


itit Haul Ml- lii(' viiIoii'm HU]>m invonti 

(//’ I accx*^" 

ijlU' 

. ar-^dx n(,y-Iidx , (P ■Q)dH (QJi— i^th 

■ II .{ II > {H -ly " ' 




)ut<' iiMH' ri'NiiIlal liari; 

[P Q)dii al{dx{P — Qf, 

M (livinn [HT li {P Q) 

1 , i f, 1 . i:. I. H. m-, Vi(l« [ 1 . am voliuniniH. 


UAIOVJUj LI I CVLV/ 


'- 10 =:^ 


2 tf cx” 


n 


-f- lu — Iz. 


M'it 


— ^aex 

^'^hdx-l-dz — (n/z(lx)\z Ce ” u 

A:^'~^udx-\- du — ayudx) :u z 

‘um u et z per x constant, liabebitur acquutio inte- 

dz-j-acx'^-^zd x — atjzdx _ (P — }/ )z O E I 

du — acx'‘“bi<ix — ayudx {Q — y)u 


GOROLT.ARIUM I 

quoin supra pro y invenimus, ita orat coinparatus, 


y = cx^-^ 


{K-\-L) . 

ax {M -i~ N) * 


(0/i-l) <n^- l) ( On^-1) (25»M) (40a^~l) , 

JIT 2 Hu, lOtt 2't/t '.\2n 

(In — I)(?m — I) (0/m — 1) (26«« — I) «"■■*'* 

2 8 m llTT 24 « 

(nn~l)(0}m — 1 ) (25/ai--I) {49rtrt— I) , 

n 10 m 24 m 32>i a^d^' 


57171 — 1 ) 


24m 


^f <;3 + etc. 


^rit alter valor particularis 


ij — cx^-"^ 


[K-L) 
ax{M — N) 


il II ; iii/iiil.r 


in'r.r" ‘tl.v 

] ili'l II III lull : 

(t/ 1 .1 • o .1 »/) ( .1/ , iV) A’ // 

((f I I ' (I I' //) ( .1/ jV ) i\ \ fj 

i(<i I... .. ( ' 

•I I i‘ * ' ' ( -1/ ■ A ) A 1 1 

' ' „ . ' i ./)(.!/ S) I A' // 

niKn|,l,Ai:n‘.\l :l 

, ,( iiMdMlU. Ill ■111 l\ Ml, Itrl r /, l‘t. A 1 1 1 1 II 1 1 i 1 ill U'H 1 1 1 111^1“ 

I / | I ,1 \-| i rralr.M. 'I'lmi Miiii'in 

. (till I I A I Mil M : 

iti.i'S oxiiM A’ 

I ' ' , W| I ..w,.V) I /.(' l' 


(dUiii.i.AiJirM :i 

I, III IimIi.mIih InuT iii-i(iial io iiilcjtriiliilii: 

,l 1/ il’/i/ili' ilhlt.f - ' *'/-»■ 

. .(u . uif- -'i,ili' niliHili-ttUM i-lll'); 

f . ii.fiiM A 

< J = ur!,S A 



,n-\) (9»n-l) (251111-1) .r'®" , 
^ 1(^ 24a ' a®t® 


(727i-l) (97i?i-l) (25?m-l) (49> m-l) 
“8w T^?r ' 24 ft 32 11 




etc. 


(25nn-l) 

24n 


.y-3« 

a '^3 


+ etc. 


particularia, quae simiil aint algobraica, non 


OHOLLARIUiVI 4 
-r 1 


2 i + 1 


, clenotante i numcrum qucincnnque 


ulgobraicae pro litteris K, M ct N rcpcrinntur. 
icquationis luiiiis 


- ayydx ~ (tccoii^'*~‘^dx 


ro acquationis 


•yydx f abbx^’^'^dx - 0 


Ivitur. 


SCHOLION 

dilfcrentialispropositacrf?/ -I- ayydx = acox'^''-''^dx 
■uodo expressinms, poterimus formulae intcgralis 


- ‘la ex 

'c " dx 
zz 


i ex posteriori assignare, huiusque adco intogra- 
laximopcre difficilis videatur, cxhibcrc. Posteriori 
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